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1. Introduction

If ¢ > 0, a subset M of a metric space is said to be e-connected if for
each pair p, g e M there is a finite sequence g, - - -, @, such that each
a;e M, ay = p, a, = gand the distance from a,_, to a,is less than ¢ whenever
0 < ¢ =mn. Itis known [1, p. 117, Satz 1] that a compact metric space is
connected if and only if for each £ > 0 it is e-connected. We present here
a proof of an analogous characterization of locally connected unicoherent
compacta.

THEOREM. A connected compact metric space X is unicoherent and locally
connected if and only if for each ¢ > 0 there is a 8 > 0 such that if each of H
and K 1s a closed d-connected set and H o K = X then H n K is e-connected.

The above theorem may be regarded as the principal result of the
present paper; a nonmetric variant of it is also proved.

2. Separation spaces

According to A. D. Wallace [3], a separation space is a system consisting
of a set X and a relation | on the subsets of X obeying these axioms.

(1) 9/X.

(2) If each of A and B is a subset of X and 4|B then B|A.

{(3) If each of 4 and B is a subset of X and 4|B then 4 n B = §.

(4) If each of 4 and B is a subset of X, A4, is a subset of 4 and 4B,
then A4,|B.

() If each of A, B and C is a subset of X and 4|B and A|C then
Al(Bu C).

The symbols ‘4|B’ are rendered verbally as ‘4 and B are separated’
or ‘A is separated from B’. The usual topological concept of separation
obeys the separation space axioms. Two additional concepts obeying the
axioms are used in this paper. The definitions and theorems for separation
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spaces which we will need are as follows. Proofs of the theorems are in [3].
For the remainder of this section assume that X is a separation space.

DEFINITION. A subset M of X is Sa.ld to be connected if M is not the
union of two nonempty separated sets.

(2.1) If p e X and G 1s a collecvion of connected sets each containing p
then O @ is connected.

DEriNiTION. If M CX, C is said to be a component of M if C is a
connected subset of M that is not a proper subset of any connected subset
of M.

(2.2) If M CX, each point of M 1is in a component of M and no two
components of M intersect.

(2.3) If A is separated from B and if C is a connected subset of A v B
then C C A or C C B.

(2.4) If K is a connected subset of the connected set M and W s a compo-
nent of M —K then M —W 1is connected.

3. A separation concept defined by an open cover
of a topological space

STANDING CONVENTIONS. X is a topological space. E is an open cover
of X.

DEeFINITION. The statement that A is E-separated from B means that
each of 4 and B is a subset of X and no member of E intersects both 4
and B.

(3.1) The E-separation concept obeys the axioms for a separation space.

Proofs of the theorems in this section are easily devised and are omitted.
In the sequel the words ‘connected’, ‘separated’ and ‘component’ refer
to the usual topological separation concept. When the E-separation concept
is used we shall refer to ‘E-connectedness’ and ‘E-components’.

(3.2) Each element of E is E-connected.

(3.3) Suppose H and G are collections of subsets of X such that if
A eH and B e then A 1s E-separated from B. Then 0 H and v G are
E-separated.

(34) If A, BCX, then A is E-separated from B if and only if C1 4
is E-separated from Cl B.

(8.5) A subset A of X 1s E-connected if and only if Cl A is E-connected.

https://doi.org/10.1017/51446788700007497 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700007497

(3] Locally connected unicoherent continua 259

(3.6) If M CX and G is a collection each member of which is an E-
component of M then v @ is both open and closed in M.

(3.7) It M CX and W 1s an E-component of X —M then the boundary
of W is a subset of the boundary of M.

(3.8) If A and B are E-separated, A and B are separated.
(3.9) If a subset M of X is connected, M is E-connected.
(3.10) If M C X, each component of M is a subset of an E-component

of M.

DEFINITION. An E-chain from p to g is a finite sequence B,, - -, B,
such that each B, is in E, pe By, g€ B, and B;_; n B; # ¢ whenever
je{l,- -, nh

(8.11) If p,qe M CX, p and q belong to the same E-component of M
if and only if there is an E-chain B,,---, B, from p to q such that
B;_yn B; "M 5§ whenever je {1, - -, n}.

NortaTtIoN. If 4 C X, define

St(A,Ey=uv {UeE:UnA #0}.

(3.12) If each member of E is connected and A C X is E-connected then
St(4, E) is connected.

(3.13) If P, R, ZC X, Z +# 9, and no E-component of Z intersects both
P and R then Z is the union of two E-separated sets, one not intersecting P
and the other nov intersecting R.

For theorems (3.14), (3.15) and (3.16) suppose that D is an open cover
of X that refines E.

(3.14) If A and B are E-separated then A and B are D-separated.

(3.15) If M is D-connected, M is E-connected.

(3.16) If M C X, each D-component of M is a subset of an E-component
of M.

We drop all standing conventions.

(3.17) A closed subset M of a topological space X is commected if and
only if, for every open cover E of X, M is E-connected.

(3.18) Suppose X is a compact Hausdorff space, M is a closed subset of
X and p is in M. For each open cover E of X, let M (E) denote the E-component
of M that contains p. Then

N {M(E) : E is an open cover of X}

1s the component of M that contains p.
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4. Strong unicoherence

We define four concepts: wunicoherence, open-unicoherence, strong
unicoherence, and strong open-unicoherence.

A topological space X will be called unicoherent {open-unicoherent}
if it is nonempty and connected and if for each pair (H, K) such that each
of H and K is closed {open} and connected and H u K = X it is true that
H A K is connected.

A topological space X will be called stromgly umicoherent {strongly
open-unicoherent} if it is nonempty and connected and if for each open
cover E of X there is an open cover D of X such that for each pair (H, K)
such that each of H and K is closed {open} and D-connectedand H UK = X
it is true that H n K is E-connected.

Because of (3.15) the definition of strong unicoherence is equivalent
to the one resulting from imposing the additional requirement that D
refine E. A similar remark applies to the definition of strong open-
unicoherence.

(4.1) A strongly unicoherent topological space is unicoherent.

ProoF. Suppose X is a connected nonempty space which is not uni-
coherent. There are closed and connected subsets H and K of X such that
X =HuK and HnK is the union of two nonempty sets 4 and B,
separated in the ordinary sense. Define

E={X—4,X—B).

E is an open cover of X. Suppose D is an open cover of X. Each of H and
K is D-connected (3.9). Their intersection is not E-connected. X is not
strongly unicoherent.
The implication in (4.1) cannot be reversed, for the compact subset of
RxR
{(z,sin (1fz)) ;0 <z =1}U{(0,y): -1 =y =1}

is easily seen to be unicoherent but not locally connected and so, by (4.7)
below, cannot be strongly unicoherent.

(4.2) A strongly unicoherent space is strongly open-unicoherent.

PRrRoOOF. Suppose X is a strongly uniccherent space and E is an open
cover of X. There is an open cover D of X such that if each of H and K is
closed and D-connected and H UK = X then H n K is E-connected.
Suppose H and K are open and D-connected and their union is X but their
intersection is the union of nonempty E-separated sets 4 and B. By (3.4)
Cl 4 and Cl B are E-separated. By (3.5) each of Cl1 H and Cl1 K is D-con-
nected. But C1H n C1K = C1 4 u Cl B, which is not E-connected. This
contradiction shows that H n K must be E-connected.
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That the implication in (4.2) cannot be reversed is shown by the follow-
ing example of a strongly open-unicoherent space that is neither unicoherent
nor open-unicoherent. The space consists of the integers 1, 2, 3 and 4. The
topology is

{{1, 2,3}, {3,4,1}, (1}, {3}, 0, {1, 2,3, 4}}.

DEFINITIONS. Suppose X is a set and each of D and E is a collection
each member of which is a subset of X. D is said to star refine E if
{St(C, D) : C e D} refines E.

A topological space X is said to be fully normal if for each open cover
E of X there is an open cover D of X that star refines E.

(4.3) A fully normal stromgly open-unicoherent topological space is
strongly unicoherent.

Proor. Suppose E is an open cover of a fully normal strongly open-
unicoherent space X. Let F be an open cover of X that star refines E. Let
D be an open cover of X that refines F and is such that, if H and K are open
D-connected sets whose union is X, their intersection is F-connected.
Suppose M and N are closed D-connected sets whose union is X and whose
intersection is the union of nonempty E-separated sets 4 and B. Since F
star refines E and since 4 and B are E-separated, St(4, F) and St(B, F)
are F-separated. Define

A, = St(4, D); B, = St(B, D).

Since D refines F, 4, and B, are F-separated. Each of M u 4, U B, and
N u 4, v By is an open D-connected set, their union is X, and their inter-
section is the union of nonempty F-separated sets 4,and B,. Contradiction.

(4.4) A fully normal locally connected open-unicoherent topological space
1S strongly unicoherent.

Proor. Suppose X is a fully normal locally connected open-uni-
coherent space and E is an open cover of X. Let F be an open cover of X
that star refines E. Let D be the collection to which U belongs if and only
if U is a component ot a member of F. D star refines E. Since X is locally
connected, D is an open cover of X. Suppose each of H and K is closed
and D-connected and H u K = X. Define

H, = St(H, D); K, = St(K, D).

By (3.12) each of H, and K, is a connected open set. Since X is open-
unicoherent, Hy, n K, is nonempty and connected. Suppose H n K is the
union of nonempty E-separated sets 4 and B. Define

Ay = St(4, D); B, = St(B, D).
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Let p be a point of Hy n K. There is a U in D that contains p and intersects
H, and a V in D that contains p and intersects K. U u V is a connected set
that is the union of the nonempty sets (Uu V) n H and (Uu V)N K.
By (2.3) their intersection is nonempty, that is,

D=AnU)vAnV)u(BaU)u (BaT).

Thus p is in a member of D that intersects one of 4 and B. Therefore
pedyu B, and Hyn K,CA,u B,. Since 4, and B, are open and
H, n K, is a nonempty connected set that intersects both 4, and B, and
is contained in their union, 4, and B, have a point ¢ in common. St({¢}, D)
intersects both 4 and B. Since D star refines E, there is a W in E that
contains St({¢t}, D) and therefore intersects both 4 and B. This contradicts
the assumption that 4 and B are E-separated. 4 and B do not exist and
H n K is E-connected.

DEeriNiTION. If D is an open cover of a topological space X, the state-
ment that M D-separates p from g means that M C X and X—M is the
union of two D-separated sets, one containing the point p and the other
containing the point g.

(4.5) If each o1 E and D is an open cover of the comnected nonempty
topological space X and D refines E then these are equivalent:

(a) If each of A and B is an open D-connected set and A v B = X then
A n B is E-connected.

(b) If M and N are disjoint closed sets neither of which D-separates p
from q then M U N does not E-separate p from q.

ProoF. (a) = (b). Let H be the collection of D-components of X—M,
let K be the collection of D-components of X—N, and let J denote H u K.
By (3.6) J is an open cover of X. Call two subcollections F and G of J
S-separated if U F n v G = (). This definition makes J a separation space.
Notice that if a subcollection G of J is S-connected then U @ is D-connected
and, if two elements of J intersect, one is in H, the other is in K and their
intersection is a subset of X— (M u N).

Suppose M U N E-separates a point p from some point ¢, that is,
X—(M U N) is the union of two E-separated sets 4 and B, 4 containing
# and B containing ¢g. Suppose also that neither M nor N D-separates p
from g¢. There is a member U of H containing both p and ¢ and there is a
member V' of K containing both p and ¢. If U = V then U is a D-connected
(and E-connected) subset of X — (M u N) that contains both p and g,
which contradicts our assumption that M u N E-separates p and g; so
U #V. Let W denote the S-component of J—{U} that contains V. By
(3.2) and (2.4) J—W is S-connected. Each of v W and u (J—W) is open
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and D-connected and their union is X. By (a), u Wn u (J—W) is an
E-connected subset of 4 U B and is accordingly entirely a subset of one of
A and B,say A.SinceUe WandVeJ—-W, UnVCA.SoqeUnV CA,
which contradicts g € B.

(b} = (a). Suppose each of A and B is an open D-connected set,
Au B =X and 4 n B is the union of E-separated sets one of which
contains a point p and the other of which contains a point ¢. X—4 and
X —B are disjoint closed sets neither of which D-separates p from ¢. By
(b), X—4)u (X—B) =X—(A ~n B) does not E-separate p from gq.
Contradiction.

DEerFINITION. If X is a topological space and p € X, the quasi-component
of X that contains p is the common part of all sets containing p that are
both open and closed.

It is not hard to show that a topological space is locally connected if
and only if each quasicomponent of each open set of the space is open.

(4.6) A regular strongly open-unicoherent space is locally connected.

Proor. Suppose, on the contrary, there is a regular strongly open-
unicoherent space X that is not locally connected. Then X must contain
an open set V', one of whose quasicomponents is not open. Let p be a point
of ¥, that is not in the interior of the quasicomponent Y of V', that contains
p. Since X is regular, we may choose successively open neighborhoods
Vs, V3, and V, of p such that C1V,CV,, C1V,CV,, and C1V,CV,.
Define

E={¥,,X-ClV,}.

E is an open cover of X. Since X is strongly open-unicoherent, there is
an open cover D of X that refines E and is such that if each of F and G
is an open D-connected set and F u G = X then F n G is E-connected.
Let A be an element of D that contains p. Thereisa point7in (4 n V,)—Y.
Since Y is a quasicomponent of V; and pisin Y andrisin V,—Y, V, is
the union of disjoint open sets K, and K,, K, containing p and K, con-
taining 7. Define
H =K nCV,;H =K, nClV,.

Since each of K, and K, is closed in Vy, each of H and H, is closed. Let
C be an open cover of X that refines each of D, {X—H , X—H,} and
{X--ClV,,V,}. Since X is connected, X is C-connected (3.9), and there
is a C-chain from p to r (3.11). Let By, - - -, B, be a C-chain from p to 7
such that no C-chain from p to » has fewer terms that are entirely a subset
of X—ClVj. Since H, and H, are C-separated, no B, intersects both H,
and H,. Hence there is an integer 7 and a point ¢ such that g € B,—ClL V,.
Since € is a refinement of {X—ClV,, V,}, B,C X—ClV,. Define
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i—1 n
S,=UB;; S, = U B,.
P =i+1
S, and S, are nonempty since pe S, and r € S,.
Suppose there is a C-component of ClV,—V, that intersects both
S, and S,. By (3.11) there is a C-chain Ty, -+, T,, from a point of S,
to a point of S, such that each T, intersects Cl V,. There is a chain from p

to 7 each term of which is one of By, - -+, B, _;, By, ", B,, Ty, "+, T,,.
Such a chain has fewer terms that aie a subset of X—ClV, than does
B,, - - -, B,. Since this contradicts our choice ot B, - - -, B,,, our assumption

that there is a C-component of Cl V3—V, that intersects both S, and S,
is not valid.

It follows by (3.13) and (3.6) that Cl V;—V, is the union of C-separated
closed sets M and N, M not intersecting S, and N not intersecting S,.
M does not intersect the D-connected set S, u B, and N does not intersect
the D-connected set {p}u S, u B,. Thus, neither M nor N D-separates
p from ¢. This contradicts (4.5).

(4.7) If X 1s a regular fully normal space, these ave equivalent:
(a) X s strongly unicoherent.
(b) X is strongly open-unicoherent.
(c) X is unicoherent and locally connected.
(d) X 7s open-unicoherent and locally connected.
Proor. That (a) implies (b) follows from (4.2). That (b) implies (c)
follows from (4.3), (4.1) and (4.6). The equivalence of (¢) and {(d) (even in

the absence of regularity and full normality) is a result of A. H. Stone
[2, p. 432, Theorem 3]. That (d) implies (a) follows from (4.4).

5. Strong unicoherence in compact metric spaces

Throughout this section assume that X is a metric space with the
distance from p in X to ¢ in X denoted by |p—g].

DEeFINITION. The statement that 4 is e-separated from B means that
each of 4 and B is a subset of X, ¢ is a positive number, and [p—¢q| = ¢
whenever p € A and g € B.

(6.1) Suppose e > 0 and E () is the set of all open subsets of X of dia-
mezer less than e. Then A is s-separated from B if and only if A is E(e)-
separated from B.

It follows from (3.1) and (5.1) that the e-separation concept obeys
the axioms for a separation space. The definition of connectedness corre-
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sponding to this separation space is easily seen to be equivalent to the
definition of e-connectedness given in section 1.

(6.2) If X is compact and E is an open cover of X, there is an ¢ > 0
such that if M is an e-connected subset of X then M is E-connected.

The reader may prove (5.1) and (5.2) and then use them to show

(6.3) If X s a nonempty compact connected metric space, these are
equivalent:

(@) X is strongly unicoherent.

(b) If € > 0, there is a & > O such that if each of A and B is a closed
d-connected set and A 0 B = X then A n B is e-connected.

The theorem of section 1 follows from (5.3) and (4.7).

6

I am indebted to the referee for the following observation. Call a
connected nonempty topological space X semi-strongly {open} unicoherent
if for every finite (or, equivalently, two-element) open cover E of X there
is an open cover D of X such that if each of H and K is closed {open} and
D-connected and H UK = X then H nK is E-connected. Then the
theorems and arguments of this paper go through with strong unicoherence
replaced by semi-strong unicoherence and in (4.3) and (4.4) full normality
weakened to normality (since finite open covers of normal spaces have
finite star refinements). The list of equivalent conditions in (4.7) can be
extended to include semi-strong unicoherence and semi-strong open-
unicoherence.
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