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Abstract

Let M be a bounded domain of R? with a smooth boundary. We relate the Cheeger
constant of M and the conductance of a neighborhood graph defined on a random sample
from M. By restricting the minimization defining the latter over a particular class of
subsets, we obtain consistency (after normalization) as the sample size increases, and
show that any minimizing sequence of subsets has a subsequence converging to a Cheeger
set of M.
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1. Introduction and main results

The Cheeger isoperimetric constant may be defined for a Euclidean domain as well as for a
graph. In either case it quantifies how well the set can be bisected or ‘cut’ into two pieces that
are as little connected as possible. Motivated by recent developments in spectral clustering and
computational geometry, we relate the Cheeger constant of a neighborhood graph defined on a
sample from a domain and the Cheeger constant of the domain itself.

Given a graph G with weights {5;;}, the normalized cut of a subset S C G is defined as

a(S)

NG RIC)

(1)
where S¢ denotes the complement of S in G, and
5)=> > 8. oS)=>_ > & ©)
ieS j#i ieS jes©

are the discrete volume and perimeter of S. The Cheeger constant or conductance of the graph
G is defined as the value of the optimal normalized cut over all nonempty subsets of G, i.e.

H(G) =min{h(S;G): S C G, S # o}. 3)
A corresponding quantity can be defined for a domain of a Euclidean space. Let M be abounded

domain (i.e. an open, connected subset) of R4 with a smooth boundary d M of class at least Cc2.
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For an integer 1 < k < d, let Vol; denote the k-dimensional volume (Hausdorff measure)
in R?.

For an open subset A C R? we denote by Py(A) its de Giorgi perimeter (see [25,
Definition 2.3.1] or [23, Definition 1.6]), which is equal to Voly_1(0A N M) when A is a
(bounded) open subset of M of class cl 25, Proposition 2.3.3], and we define its normalized
cut with respect to M by

Py (A)

h(A; M) = — ,
min{Vol; (A N M), Vol (A¢ N M)}

where A¢ denotes the complement of A in R? and with the convention that 0/0 = oo. So,
when A isa C! open subset of M, we also have

Voly—1(0A N M)

A M) = T NoL (A A M), Volg (AS A M)

The Cheeger (isoperimetric) constant of M is defined as
H(M) = inf{h(A; M): A C M}.

Equivalently, the infimum may be restricted to all open subsets A of M such that 9A N M is a
smooth submanifold of codimension 1. This quantity was introduced by Cheeger [15] in order
to bound the eigengap of the spectrum of the Laplacian on a manifold. A Cheeger set is a subset
A C M suchthat h(A; M) = H(M); there is always a Cheeger set and it is unique under some
conditions on the domain M [12]. For A C M, we call dA N M its relative boundary.

1.1. Consistency of the normalized cut

Suppose that we observe an independent and identically distributed (i.i.d.) random sample
X = (X1, ..., X,) from the uniform distribution i on M. For r > 0, let G, , be the graph
with nodes the sample points and edge weights 6;; = 1{||X; — X ;|| < r}, which is an instance
of a random geometric graph [36]. Let w; denote the d-volume of the unit d-dimensional ball,
and define

Ya = /Rd max ((u, z), O{[|z| < 1}dz, “

where u is any unit-norm vector of R?. Actually, ;4 is the average volume of a spherical cap
when the height is chosen uniformly at random. The volume V (4, d) of a spherical cap of the
d-dimensional unit ball at height 0 < & < 1 is given by

T[(d—l)/2 arccos(1—h)

— ind
= T@T 02 Jo sin“ (¢) dt,

V(h,d)

which leads to
d=1)/2

T @+ DI(d+ D)2

We establish the pointwise consistency of the normalized cut, which yields an asymptotic upper
bound on the Cheeger constant of the neighborhood graph based on the Cheeger constant of
the manifold. This is the first result we know of that relates these two quantities.

Vd
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Theorem 1. Let A be a fixed subset of M with smooth relative boundary. Fix a sequence
r, — 0 with an'H/logn — +o00, and let S, = AN Gy,,. Then, with probability 1,

wdq
h(Sy; Gn,r,,) — h(A; M),
Ydrn
and, consequently,
lim sup —% H (G, ) < H(M).

n—oo Yd'n

We do not know whether the Cheeger constant of the neighborhood graph, for an appropriate
choice of the connectivity radius and properly normalized, converges to the Cheeger constant
of the domain.

1.2. Consistent estimation of the Cheeger constant and Cheeger sets

We obtain a consistent estimator of the Cheeger constant H (M) by restricting the minimiza-
tion defining the conductance of the neighborhood graph (3) to subsets associated with subsets
of RY with controlled reach. The reach of a subset S ¢ R¢ [21], denoted by reach(S), is the
supremum over 1 > 0 such that, for each x within distance 7 of S, there is a unique point in S
that is closest to x. We assume here that M C (0, 1)¢. When this is not known and/or not the
case, we may always infer a hypercube that contains M—Dby taking a hypercube containing all
the data points, with some leeway so that the hypercube contains M with high probability when
the sample gets large—and then rescale and translate the points so that M is within the unit
hypercube. So this assumption is really without loss of generality. We also impose a regularity
condition on the boundary of M, namely that dM is of class at least C2. In particular, the
differentiability of d M implies that the reach of d M is strictly positive.

Theorem 2. Assume that M C (0, )¢ and that r, — O such that nr,zldJrl — oo. Let p, — 0
slowly so that r, = o(py) and nrﬁd'*'lp,‘f — ooforalla > 0. Let R, be a class of open subsets

R C (0, D)? such that reach(dR) > py. Define the functional h,ji over R, by
hi(R) = ﬂh(R N X Gn,ry,)
Ydrn

if both R and R contain a ball of radius p, centered at a sample point, and h,‘E(R) =00
otherwise.

(i) With probability 1,
Igngl h,i,(R) — H(M) asn — oo.
€Rnp

(i) Let {R,} be a sequence satisfying
R, € Ry,  hi(R,) =min{hi(R): R € R,}. (5)

Then, with probability 1, {R, N M} admits a subsequence converging in the L' -metric.
Moreover, any subsequence of {R, N M} converging in the L'-metric converges to a
Cheeger set of M.

Note that the infimum defining R, in (5) is attained in &R, since the function hi takes only
a finite number of values.

Part (ii) of Theorem 2 hints at a consistent estimate of a Cheeger set of M, but R, N M
depends on M, which is unknown. On the other hand, reconstructing an unknown set from
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a random sample of it is an independent problem for which there exists multiple techniques
and important literature—see, e.g. [6] and the references therein. In the following result we
construct a random discrete measure which does not require the knowledge of M, and prove
that, seen as a sequence of random measures indexed by the sample size n, any accumulation
point is the uniform measure on a Cheeger set of M.

Theorem 3. Let {R,} be a sequence as in Theorem 2(ii), and let {R,, } be a subsequence of {R,}
with Ry, N M — A in L'. Define the random discrete measure Q, = (1/n) Y"_, 1g, (X;)
8x,; and the measure Q =14, (-)pu. Then, that Q, converges weakly to Q is an event which
holds with probability 1.

As an example of an estimate of a Cheeger set of M, one can consider a union of balls of
radius «, centered at the observations falling in R,. Under appropriate conditions, it is known
that this estimate converges in L1 see [6].

Let us mention that with our result, only the ‘regular’ part of a Cheeger set can be
reconstructed. Indeed, in dimension d > 8§, the boundary of a Cheeger set is not necessarily
regular and may contain parts of codimension greater than 1; see, e.g. [9].

1.3. Connections to the literature

Our results relating the respective Cheeger constants of a domain and of a neighborhood
graph defined from a sample from the domain are the first of their kind, as far as we are aware.
The connections to the literature stem from the concept of normalized cut taking a central place
in graph partitioning and related methods in clustering; from a recent trend in computational
geometry (and topology) aiming at estimating geometrical (and topological) attributes of a set
based on a sample; and from the fact that we can use the conductance to bound the mixing time
of a random walk on the neighborhood graph.

1.3.1. Clustering. Inspectral graph partitioning, the goal is to partition a graph G into subgraphs
based on the eigenvalues and eigenvectors of the Laplacian [16], [39]. It arises as a convex
relaxation of the combinatorial search of finding an optimal bisection in terms of the normalized
cut. Given a set of points X1, ..., X, and a dissimilarity measure (or kernel) ¢, spectral
clustering applies spectral graph partitioning to the graph with nodes the data points and edge
weight §;; = ¢(X;, X;) between X; and X; [40]. For instance, if the points are embedded
in a Euclidean space, the kernel ¢ is often of the form ¢(x,y) = ¥ (|]x — y||/o), where
o is a tuning parameter, and v is, e.g. the Gaussian kernel v () = exp(—t?) or the simple
kernel ¥ (¢) = 1j0,1;(¢) [3], [33]. The consistency of spectral methods has been analyzed in this
context [4], [22], [35], [38], [41]. In particular, Narayanan et al. [32] proved a result similar to
our Theorem 1 in that context.

About cuts, Maier et al. [30] also proved aresult similar to our Theorem 1 when the separating
surface dA is an affine hyperplane. Closer to our Theorem 2, Narayanan and Niyogi [31]
established rates for learning a cut for classification purposes—so the setting there is that of
supervised learning, with each sample point X; associated with a class label Y;.

1.3.2. Computational geometry (and topology). The Cheeger constant H (M), and Cheeger
sets, are bona fide geometric characteristics of the domain M that we might want to estimate,
following a fast developing line of research around the estimation of some geometric and
topological characteristics of sets from a sample, e.g. the number of connected components [5],
the intrinsic dimensionality [29] and, more generally, the homology [10], [11], [13], [14], [34],
[37], [44]; the Minkowski content [17], as well as the perimeter and area (volume) [8]. In the
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related field of stochastic geometry, Khmaladze and Weil [27] established limit properties of
Poisson point processes in the context of the change-set problem, where the Poisson process
has two homogeneous components, with different intensities inside and outside of an unknown
convex compact subset of R?. Their proof techniques involve integration over tubular neigh-
borhoods similar to those that we use in the present paper.

1.3.3. Random walks. Random geometric graphs are gaining popularity as models for real-life
networks. Some protocols for passing information between nodes amounts to performing a
random walk and it is important to bound the time it takes for information to spread to the
whole network; see [2] and the references therein. It is well known that, given a graph G, a
lower bound on H (G) may be used to bound the mixing time of the random walk on G. This is
the path taken in [2] and [7] when M is the unit hypercube and the graph is G,, ,,. However, in
both papers the authors reduced the setting to that of a regular grid without rigorous justification,
leaving the problem unresolved (in our opinion) even in this particular case.

1.4. Discussion

From the above discussion, we see that there are only a handful of other papers relating cuts
in neighborhood graphs and cuts in the corresponding domain from which the points making
the neighborhood graph were sampled from. To the best of the authors’ knowledge, our paper
is the first to establish a relationship between the Cheeger constant (optimal normalized cut)
on the neighborhood graph and the Cheeger constant of the domain, and the first to propose a
method that is consistent for the estimation of the latter based on a restricted normalized cut,
and also consistent for the estimation of Cheeger sets. Our results generalize with varying
amounts of effort to other related settings. However, we leave important questions behind.

1.4.1. Generalizations. With some additional work, our results and methodology extend to
settings where the kernel (here the simple kernel) is fast decaying and where the data points
are sampled from a probability distribution on M that has a nonvanishing density with respect
to the uniform distribution. It would also be interesting to consider the setting where M
is a d-dimensional smooth submanifold embedded in some Euclidean ambient space. Our
arguments seem to carry through using a set of charts for the manifold M, as is done in [9,
Lemma 3.4].

1.4.2. Refinements. Though we focused on sufficient conditions for r,, to enable a consistent
estimation of the Cheeger constant of the domain, it may also be of interest to find necessary
conditions. Partial work suggests that an — 00 is necessary, and may be sufficient if the
divergence to infinity is faster than a sufficiently large power of logn. The arguments in
support of this, however, are substantially different than those we use in the paper, which hinge
on Hoeffding’s inequality for U -statistics.

1.4.3. An open problem. An intriguing question is whether along some sequence of neighbor-
hood graphs, the normalized Cheeger constant converges to the Cheeger constant of the domain.
To paraphrase the question we leave open: is there a sequence {r, } such that, with probability 1,

Wd

lim
n—oo )/d rl’l

H(Gn,r,,) = H(M)?

A positive answer would establish the consistency of the normalized cut criterion for graph
partitioning. Also, a lower bound on H (G, ,) would provide a lower bound on the eigengap
between the first and second eigenvalues of the Laplacian, which in turn may be used to bound
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the mixing time of the random walk on G, ,,, as done in [2] and [7] when M is the unit
hypercube.

1.4.4. Consistent estimation in polynomial time. Our estimation procedures, though theoreti-
cally valid and consistent, are not practical. It would be interesting to know whether there is
a consistent estimator for the Cheeger constant that can be implemented in polynomial time.
Note that computing the Cheeger constant of a graph is NP-hard (which motivates the use of
spectral methods), and even the best polynomial-time approximations we are aware of are not
precise enough to allow for consistency [1].

1.5. Content

The rest of the paper is devoted to the proofs of the three theorems. In Section 2 we establish
the convergence of the discrete volume and perimeter to their continuous counterparts of a fixed
subset of M with smooth relative boundary, using Hoeffding’s inequality for U-statistics [26].
Then, by the lower semicontinuity of the map A — h(A; M), we deduce the supremum-limit
bound of Theorem 1. In Section 3 we prove Theorems 2 and 3 by utilizing results on empirical
U-processes [18] on the one hand, and compactness properties of the L!-metric [25] on the
other hand.

1.6. Notation and background

The uniform measure on M is denoted by w, so that (A) = Voly(ANM)/ Vol (M); and the
normalized perimeter is denoted by v(A) = Voly_1(dA N M)/ Voly(M). Let tyy = Voly (M),
and define the discrete volume and perimeters as

™ ™

S(ANXp; Gn,rn)7 v(A) = d+1

un(A) = ———— -~
" wgn(n — 1)7‘,‘11 yan(n — Dry

o (AN Xp; Gn,rn)»

where § and o are given in (2), X, is the sample, and G, ,, is the neighborhood graph. Also,
define the discrete ratio

vy (A)
ha(A) = — —,
min(u, (A), pn(A°))
and note that oy
hn(A) = h(A N xn; Gn,rn)v
Yd'n
where £ is given in (1). For further reference, we define the volume 774 (n) of a spherical cap at

height n by
7q(n) = Volg{x: |lx|| < I and (u, x) = n},

where u is any unit-norm vector of R4. Note that the constant yq defined in (4) may be
expressed as

1
J/d=/0 g (n) dn.

The reach coincides with the condition number introduced in [34] for submanifolds without
boundary, and the property reach(d A) > r is equivalent to A and A€ being both r-convex [42],
in the sense that a ball of radius r rolls freely inside A and A°. (We say that a ball of radius r
rolls freely in A if, for all p € dA, there is x € A such that p € dB(x,r) and B(x,r) C A.)
It is well known that the reach bounds the radius of curvature from below [21, Theorem 4.18].
In particular, if reach(d A) > 0 then d A is a smooth submanifold (possibly with boundary).

In the rest of the paper, the generic constant C may vary from line to line, except when stated
explicitly otherwise.
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2. Proof of Theorem 1: consistency of the normalized cut

For a subset A of M and a real number r > 0, define the symmetric kernel

$ar (6, ) = 3{1a(x) + LalIx — yll < r}, (6)

so that 1, (A) may be expressed as the following U -statistic:

™
A= —— Xi, Xj).
() = o gm,rn( i X))
Similarly, v, (A) may be written as
™ -
Vp(A) = ———————= %" b, (Xi, X)),

]/dl’l(n— 1)7'” i#j
with the symmetric kernel
bar(x,y) = 3{1a()1ac(y) + 1a()LacON{]lx — yl| < r}. (7

We will need the following Hoeffding inequality for U-statistics [26], which is a special case
of [18, Theorem 4.1.8].

Theorem 4. Let ¢ be a measurable, bounded kernel on R? x RY, and let {X: k € N} be i.i.d.
random vectors in R%. Assume that E[¢(X1, X2)] = 0 and that b := | ¢|lec < 00, and let
02 =var(¢ (X1, X2)). Then, forallt > 0,

P[; Zqﬁ(X' X)) > t:| < exp(—n—tz)
nn—1) oy A 502 + 3bt

To prove Theorem 1, we establish the almost-sure convergences of w,(A) to w(A) and of
v, (A) to v(A) for a subset A C M with smooth relative boundary. To this end, we combine
upper bounds on bias terms with exponential inequalities for U-statistics. The bias terms
involve volume bounds which we present next, and integrations over some neighborhoods of
the boundary of a regular set, namely tubular neighborhoods or simply tubes, which comes
after that.
2.1. Volume bounds

For any r > 0, define
M, ={x € M: dist(x,dM) > r}. (8)

The following two lemmas provide bounds on the volume of the intersection of balls with some
subsets of M.

Lemma 1. Let R be a bounded open subset of R? with reach(dR) = p > 0. Set A= RN M.
For any r < min{reach(0M); p}, any0 <n <1, and all p in dA N M,, we have

2w 1rdtl
IVolg(B(p + nrep. r) N A®) — mq(myrd] < =2=10
P

where e, denotes the unit normal vector at p pointing inward toward A.
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Proof. For ease of notation, set B = B(p + nre,, r). Let (e, ..., ég) be an orthonormal
frame at p, with é; = e,. Denote by X, ..., X4 the local coordinates in this frame, such that
p has coordinates 0. Then dA N M can be expressed locally as the set of points x such that
7 = F()El, . ,)?d_l) for some function F, and, if we set @ = ()Zl, . ,)?d_l) then

Volg(B N AS) = /B 1{7¢ < FG9D) dx
= /B[l{id < FEDOMFY <0} + 1{x? < FGD)11{x? > 0}]dx.
Since
maonrd = [ 11 <ojar,
it follows that ’
| Volg (B, N A%) — ma()rd|

< / [1{x¢ > FGEDM{FY < 0} + 1{5? < FGD)1{x? > 0}]dx
B

5/ 15| < |FED))) di
By,

< 2/ [FE D) dx@.
(15D <r)

Expanding F at 0, we have, for all X with ||x|| < r,

d—1
FEP) =Y Gij)x'xl
i,j=1
for some & := £(¥@). Since the reach bounds the principal curvatures by 1/p [21], we have
SUp ,epanm, 1G(PII < 1/p. Then, using the change of variable u = rx, we deduce that

| Volg(B(p + nrep, r) N AS) — wa(mrl| < 2wq—1 sup  |G(p)|lrd™!
pedANM
d+1
- 2wy _1r
1Y

Lemma 2. There exists some constant C > 0 such that, for all r and « satisfying 0 < 2r <
o <reach(0M), and all x in M,

Vol (B(x, @) N M,) > Ca?.

Proof. The main argument is to include a ball of radius «/4 in B(x, o) N M,.. We can proceed
in the following way. First, because p := reach(d M) > 0 for any x € M, there exists y € M
such that x € B(y, p) C M. Second, since dist(y, 9M) > p and p > 2r, we have y € M, and
B(y, p —r) C M,. Hence,

B(x,a)NB(y,p—r) C B(x,a) N M,.

If y = x, the result is trivial. Otherwise, let z := x + (r + «/4)(y — x) /||y — x|| and note that
B(z, «/4) is a ball of radius «/4 included in B(x, @) N B(y, p — ).
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2.2. Integration over tubes

We introduce the notion of tubes and some of their properties; see [24] for an extensive
treatment. Let S be a submanifold of R?. The tubular neighborhood of radius r > 0 about S,
denoted by V(S, r), is the set of points x in R¢ for which there exists s € S with ||x —s| < r
and such that the line joining x and s is orthogonal to S at s. When S is without a boundary,
V(S, r) coincides with the set of points x in R? at a distance no more than r from S. If §
has a boundary then the tube coincides with the set of points at a distance no more than r,
with the ends removed, corresponding to the points projecting onto dS. Assume that S is of
codimension 1, and oriented, and define e, as the (unit) normal vector of S at p € S. When
r < reach(S), V(S, r) admits the following parameterization:

VS, r)={x=p+te,:pel, —r<t=<r}

Denote by II, the second fundamental form of S at p € S. The infinitesimal change of
volume function is defined on S x (—r; r) by #(p, t) = det(I — ¢Il,); the dependence of
on S is omitted. Given an integrable function g on V(S, r), we have

/ g(X)dx=// g(p, ¥ (p,t)dt vy (dp),
V(S,r) SJ—r

where v, is the Riemannian volume measure on S.

Lemma 3. Assume that S is a submanifold of R? of codimension 1, with p := reach(S) > 0.
Then, for all r < p,

d—1
sup sup B(p,t) < (1 + E)
0

pes —r<t<r

and i
d—1)(1 -
sup sup [8(p, 1y < G DA/

peS —r<t<r p—r

where ¢ is the derivative of © with respect to .

Proof. By [21, Theorem 4.18], the reach bounds the radius of curvature from below so

that the principal curvatures (1, ..., k@1 (the eigenvalues of the second fundamental form)
are everywhere bounded (in absolute value) from above by 1/p. Therefore, for r < p and
—r<t=r,

d—1 d—1
0 < 9(p, 1) = det(d —111,) = [ (1 —«Pp) < (1 n 5) .

: p

i=1

For the derivative of ¢, we have

P

dp.) S —kDr

o' (p.1) ‘S s

Hence,

I/p _@-nd +r/p>d*1'

Iﬁ/(p,t)lSl‘/‘(p,t)(d—l)l_r/p < g
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The celebrated Weyl’s tube formula [43] provides fine estimates for the volume of a tubular
region around a smooth submanifold of R¢. We only require a rough upper bound of the right
order of magnitude, which we state and prove here.

Lemma 4. For any bounded open subset R C R¢ withreach(dR) = p > Oandany0 < r < p,
Volg(V(3R, 7)) < 29 Voly—1 (3R)r.
In particular, Lemma 4 implies that
u[V(@OM,r)] < Cr forall r <reach(oM), ©)]

where C is a constant depending only on M.

Proof of Lemma 4. Using the uniform bound of the infinitesimal change of volume given in
Lemma 3, we have

Vol (V(OR, 1)) =/ /r P (p, u) duvy (dp)
OR J—r

d—1
< Voldl(aR)2r<1 + 5)
0
< 24Voly_1 3R)r.

2.3. Bounds on bias terms
Recall the definition of M, in (8).

Lemma 5. Let ¢4, be defined as in (6). There exists a constant C depending only on M such
that, for any A C M and r < reach(oM),

B, (X1, X2)] — w(A)] < w(AN M),
wqr

Proof. Assume without loss of generality that Ty = 1. We first note that
Elga,r (X1, X2)] = E[1a(XDI{1 X1 — X2l = r}].
We partition A into A N M, and A N M¢. By conditioning on X, we have
ElLany, XU X1 = X2l < 7}l = 0ar w(A N My) = war? w(A) — 0ar® u(A N M),
ElLanme (XDH{IX1 — Xall < r}] < war’ n(AN MY).

This completes the proof.

Lemma 6. Let A = R N M, where R is a bounded domain with smooth boundary and
reach(dR) = p > 0. Let ¢4 , be defined as in (7).

(1) There exists a constant C depending only on M such that, forany A C M and r <
min{p/2, reach(dM)},

™ -
WE[m,r(Xl, X2)]—v(A)

< C(Voldl (ORNV(IM, r))+Voly_, (aRmM)5>.
0
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(i1) There exists a constant C depending only on M such that, forany A C M and r <
min{p/2, reach(dM)},

™ - Vol;_1(0A N M,)
——E X1, Xo)] —
T [Pa.r (X1, X2)] Vol (M)

> _Cu(A).
P
Proof. Assume without loss of generality that t)y = 1. Let S denote R N M. Then

El¢a .- (X1, X2)] = E[La(X)1ac (XD U{|| X1 — Xa|| < r}] = /DVOId(B(x» r) N A% p(dx),

where
D ={x e A: dist(x,dR) <r}.

Since r < p, the projection on dR is well defined on D, and any x in D can be written as
x = p+tep for p € IR, with e, the unit normal vector of d R at p pointing inwards.

We partition D into D N M, and D N M{. Denote by S, the projection of D N M, on S. We
have

0
/ Vol (B(x,r) N A®) dx / / Volg(B(p +tey, r) N A)D(p, t) dtvg (dp)
DM, J

1
r/ / Vold(B(p—nrep,r)ﬁAc)ﬁ(p,rn)dnvo(dp).
. Jo

Therefore,

1
—_ f Vol (B(x,r) N A% dx — y,v(A)
rd+1 DNM,

1 1
< /S /O Nola(B(p — nrey, r) 0 AS) — g (nyrd |9 (p. rn) dnvo (dp)

+

1
/S /O w(n)ﬁ(p,rn)dnva(dp)—mv(A)‘. (10)

Lemma 1 provides the inequality |Voly(B(p — nre,, r) N A®) — wy()rd| < 2w4-179 /p,
and the first inequality of Lemma 3 states that sup,cgsup_, ., #(p,7) = (1 + r/p)d=1.
Since r < p, SUp e SUPg<p<1 P(p,nr) < 24=1 Hence, the first term on the right-hand side

is bounded by
r 1 d r
2wq-1| — ¥ (p, rn) dnvs (dp) < 2%wq—1| — | Volg—1(S,).
o - J0 L
To bound the second term, a Taylor expansion leads to the relation ¥ (p,rn) = 1 +

¥ (p, r&y)rn for some 0 < &, < 1. The second inequality of Lemma 3 states that

d—1A d—1
sup  sup Iﬁ’(p,t)lf( YA +r/p)
peS —r<t<r p—-r

so that sup ,c g SUPg< < [9'(p, r&,)| is bounded by (d — 1)2%/p since r < p. Recall that the
constant y, is expressed as y; = fol 7w4(n)dn. Then the second term on the right-hand side
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of (10) is bounded by
‘ / , /0 ' ran) dvo (dp) — mv(A)‘ +r /S , fo ma DI (. £ | dnvy (@)
< yal Volg_1(S,) — Volg_1(S)| + (d - 1)2%(%) Volg_1(S,)

-
< ya Volg_1(SNME) + (d — 1)2%y, (;) Voly_1(S;),

where we have used the fact that S \ S, C M; since SN M, C S,. Collecting terms, the term
on the left-hand side of (10) is bounded by

,
va Yolg—1(S N M;) + C; Vol;_1(S;)
for some constant C independent of M.

For the integral over D N M{, since D is included in the intersection of tubes of radius r
about 0R and dM,i.e. D C V(OR,r)NV(OM, r), we have

/ Vol (B(x,r) N A%) dx
DNME

0
< / / Vol (B(p +te,, r) N AP (p, 1) dtvs (dp)
IRNV(OM,r)

—r

1
— r/ / Voly(B(p — nrep, r) N A9 (p, rn) dnvs (dp)
IRNVOM,r) JO
< 297 ar™ Voly_1 (AR N V(IM, 1)),

where we have used Lemma 3 again to bound |9 (p, rn)| by (1 4+ r/p)¢~' < 2971 in the last
inequality.
Combining the two inequalities on the integrals over D N M, and D N M}, we obtain

1 _
‘W Elpa (X1, X2)] — v(A)‘

< Voly_1(S N MS) + C = Voly_1(S,) + 29wy Voly_1 (AR N V(M. 1))
0

< C(Vold_l(aR NVOM, r)) + Volg_, (5)5),
0

which proves the first bound stated in Lemma 6.
To prove (ii), using the bound on (10), we deduce that

1 - 1
———FE X1, X > Vol (B(x,r)N A d
'}/drd+l [¢A,r( 1 2)] - ]/d}"d+1 /;mMr Od( (x r) ) X
C
> Volg—1(S) — |:V01d—1(S N M)+ R VOla’—l(Sr):|
Yd P
> Voly_1(S N M) — C L Voly_y (5)),
P

and, since S, C S, the result follows.
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2.4. Exponential inequalities

Proposition 1. Fix a sequence r, — 0. Let A C M be an arbitrary open subset of M. There
exists a constant C depending only on M such that, for any ¢ > 0 and all large enough n, we
have

nrye

d.2
Pllia(4) — i(A)] = ¢] < 26xP<_—C(1 " 8)>~

In particular, ifnr;f/ logn — oo then u, (A) converges almost surely to L(A) when n — o0.

Proof. By the triangle inequality we have
ln(A) = (A = [ (A) = E[pn (A)]] + [E[n (A)] — n(A)].

For all n large enough such that r,, < reach(d M), the second term on the right-hand side (the
bias term) is bounded by Cr, with C depending only on M. Indeed, Lemma 5 states that the
bias is lower than (A N Mrcn). The tubular neighborhood of d M of radius r,,, which contains
AN M; , has a volume bounded by Cry, by (9).

Assume that n is large enough such that 2Cr, < ¢. We then apply Theorem 4, which is
Hoeffding’s inequality for U -statistics, to the first term (the deviation term) on the right-hand
side with the kernel

¢ :=dar, — Eldar, (X1, X2)]

and 1 = wgr?e/2. The kernel satisfies ||¢|lo < 1, and simple calculations yield

/L(A)wdr,‘f a)drg

var(¢(X1, X2)) < El¢a ., (X1, X2)*] < < .
™ ™

From this we obtain the large deviation bound. The almost-sure convergence is then a simple
consequence of the Borel-Cantelli lemma.

Proposition 2. Fix a sequence r,, — 0. Let A be an open subset of M with smooth relative
boundary and positive reach. There exists a constant C depending only on M such that, for
any ¢ > 0 and all large enough n, we have

d+1,2
nritle >

P[[v,(A) — v(A)| = €] < Zexp(‘m

d+1
n

In particular, if nr&™" /logn — oo then
vp(A) — v(A) asn — oo almost surely.
Proof. By the triangle inequality we have
[vn(A) = v(A)| = [va(A) — E[va (A)]] + [E[v, (A)] — v(A)].

Using the control on the bias in Lemma 6(i), the second term on the right-hand side goes to 0
as n — oo. Then, for large enough n, we apply Hoeffding’s inequality, Theorem 4, to the first
term on the right-hand side with the kernel

¢ = ba., — Eldar, (X1, X2)]
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and 1 := ygr?T v(A)e/2. The kernel satisfies ||¢|loo < 1; hence,

- ) - 2y (A)rdH!
var(¢ (X1, X2)) < Elga.r, (X1, X2)*] = El¢a., (X1, X2)] < T",

where the last inequality follows from the upper bound on the bias of Lemma 6(i) for large
enough n. From this we obtain the large deviation bound, and the almost-sure convergence is
a consequence of the Borel-Cantelli lemma.

2.5. Proof of Theorem 1

The first statement of Theorem 1 is an immediate consequence of the exponential inequalities
of Propositions 1 and 2.

To prove the second statement, under the conditions of Theorem 1, for any subset A
with smooth relative boundary, with probability 1, lim, k,(A) = h(A; M) while h,(A) >
waH(Gy,r,)/Varn, so that limsup, wgH(G, r,)/varn < h(A; M). Then we obtain the upper
bound of Theorem 1 by taking the infimum over all such subsets A.

3. Proofs of Theorems 2 and 3: consistent estimation

Consistent estimation in the context of Theorem 2 is possible because the class R, is
sufficiently rich as to include sets that approach Cheeger sets of M and its complexity is
controlled, so as to allow for a uniform convergence both in terms of the discrete volume and
discrete perimeter. We exploit this control on the complexity of R, in building a covering for
R, which is done in Section 3.1, later used to obtain uniform versions of Propositions 1 and 2.
Then Theorem 2(i), which states the convergence of a penalized graph Cheeger constant towards
the Cheeger constant of M, is proved in Section 3.7. Finally, Theorem 2(ii), which characterizes
the accumulation points of a sequence of minimizing sets, is proved in Section 3.8. The
convergence of the discrete measures associated with a sequence of minimizing sets (Theorem 3)
is proved in Section 3.9.

3.1. Covering numbers

For p > 0, let R, be the class of open subsets R C (0, 1)¢ with reach(3R) > p. Let
dy (R, R") be the Hausdorff distance between two sets R and R’, i.e.

dy(R,R) =inf{r >0: RC R ®B(r)and R C R ® B(r)}.

Denote by N (e, R, di) the covering number of R, for the Hausdorff distance, i.e. the minimal
number of balls of radius ¢ for the Hausdorff distance, centered at elements in R, that are
needed to cover R,.

Lemma 7. (i) There exists a constant C depending only on d such that, for any ¢ > 0 and any
p >0,

1 d
log N (e, Rp,dn) < C<—> .
&
(i) If 0 < & < p then, for any R and R in R,, if du(R, R') < ¢ then RAR' C V(dR, &) N
V(R ¢).

Proof. Let xy, ..., x, be a e-covering of (0, l)d, SO U;’:] B(x;, €) covers (0, 1)‘1 andn <
Ce~4 for some constant C depending only on d. For any set R in R p» define

L(Ry={i=1,....,n: B(x;,&) N R # @}.
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Then, clearly, by the definition of the covering, R C Ui el (R) B(x;, ¢), and

U B(x;, ¢) C R ® B(2¢).
iel;(R)

Therefore,
dH< U B(x,-,a),R) < 2e.
il (R)

Since, when R ranges in R, the cardinality of sets of the form Uie I.(R) B(x;, €) is bounded by
2", the collection of Hausdorff balls of radius 2¢ and centered at sets of the form [ J, e B(xi, ),
where I is any subset of {1, ..., n}, covers R,. By doubling the radius of the balls, we can
take centers in R, which proves the first part of the lemma.

The second part follows from the fact that if reach(dR) > p then dR @ B(p) = V(9R, p),
assuming, without loss of generality, that d R has no boundary.

We mention that the bound on the g-entropy of R, is rather weak. Standard results by
Kolmogorov and Tikhomirov [28] suggest a bound of the form C(pe)~@~1D/2. Such a result
would change the exponent for r,, in Theorem 2 to (3d + 1)/2.

3.2. Perimeter bounds of a regular set

The classical isoperimetric inequality provides a bound of the volume of a Borel set R in
terms of its perimeter (see, e.g. [20]):

dw Vola(R)' =14 < Voly_1(3R). (11)

But, in the case where d R has positive reach, the perimeter may in turn be bounded by the
volume, as stated in Lemma 8 below. The proof uses the following inequality: for all Borel
sets R and S,

Voly—1(d(RU §)) 4+ Volg—1(0(RN S)) < Voly—1(dR) + Volz—1(3S). (12)
Lemma 8. Let R be a bounded open subset of R with reach(dR) = p > 0. Then,

d Vol (R
Vol,_;(3R) < 4Yol(B)

Proof. Since reach(dR) = p > 0, a ball of radius p rolls freely in R. Consequently, R can
be written as a countable union of balls of radius p, i.e.

R = U B(xi, p).

i=1

Set R, = |J/_, Bi, where B; = B(x;, p).
Using the decomposition R,+|; = R, U B4, on the one hand, we have

Volg(Rut1) = Volg(Ry U But1) = Volg(Rn) + wgp® — Volg(Ry N Byy1),
and, on the other hand, using inequality (12), we have

Voly—1(Ry+1) = Voly—1(3(RyUBu11)) < Volg—1(dRy)+dwap?™' —Volg—1(3(R,NBy11)).
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Consequently,

d d
Volg—1(dRu+1) — P Volg(Ru+1) < Volg—1(dR,) — P Vola(Ry)

d
+ [; Vol (Ry, N Bp41) — Volg—1(3(R, N Bn+1))i|-
But, using the isoperimetric inequality (11), we may write

d
- Vol (Ry N Bpt1) — Volg—1(3(Ry N But1))
d _
< Vola(Ro 0 Br1) = dewy/* (Volg(Ry N Byy1))! =14

B d
< (Volg(Ry N Byy1))! ”d[; Volg (R, N Byy)'/? — dwj/”’}
<0

since, in the last bracket, Vol (R, N By+1) < Volg(Bu+1) = wq pd. Therefore, for all n > 1,
we have

d d
Volg—1(dR+1) — P Voly(Rp41) = Volg—1(0Ry) — P Voly(Ry).

But, since R; is a ball of radius p, we have Voly_1(dR1) — d Volg(R1)/p = 0 and so

d
Voly_1(0R,) — — Volg(R,) <0 foralln > 1.
0

Since R, converges to R in L', it follows from the lower semicontinuity of the perimeter,
see, e.g. [25, Proposition 2.3.6], that lim inf,, Voly_1(dR,;) > Voly_1(dR). This concludes the
proof.

3.3. Exponential inequalities

We prove the uniform versions of Propositions 1 and 2 for the class R,.

Proposition 3. There exists a constant C depending only on M such that, for any ¢, r > 0 and

all n satisfying nré p?e?*? > C and ¢ > Cr, we have

nrdg?
P[nggp [un(R) — n(R)| > 8] < 26XP<—m>-
Proof. The bias term is dealt with exactly as in Proposition 1, yielding
|E[1n (R)] — u(R)| < Cor,

valid for all R € R,; so, assuming that ¢ > 2Cyr, we may focus on bounding the variance
term

Hn(R) — E[, (R)].
Define the kernel class

F = {¢rr: R € R,), (13)
where ¢ , is defined in (6). Let U, (¢) be the U-process over F defined by
1
U = — Xi, X ;).
@) =) ;m i Xj)
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Observe that
sup |in(R) — Blun (R)| = —— sup |U,(¢) — u®*(@)|.
ReR, war” peF
Consider a minimal covering of R, of cardinal K by balls centered at elements Ry, ..., Rg

of R, and of radius n < p for the Hausdorff distance. By Lemma 7,

1 d
log(K) < C1<—> .
n

For any R in R, there exists 1 < k < K such that dy (R, Ry) < n, which implies that
RARy C V(0Rk, n). Also, by Lemma 4, there exists a constant C, depending only on the
dimension d such that Vol (V(d Rk, 1)) < Can/p forall 1 <k < K, which implies that

C
(V@R 1) < %’7 forall | <k < K,

since n < p, and where C3 now depends on M.
We have
PR, ¥) — Prer (X, | = 3I1R(X) + 1g(y) — 1, (x) — 1, (ML [lx — y]| < r}
%(IRARk xX) +1rar, N llx =yl <1}

IA

Next, consider the inequality

|Un(Pr.) — 12 @R < Un(@r.r) — Un @R )| + 1Un (PR, 1) — £E% (PR, )]
+ 1122 (@rer) — 122 (@R |-

For the double expectations, we have,

122 (Brr) — 122 (@GR < U BRr — PR
= E[1par, X)X — Xoll <7}]

= / u(B(x, r))u(dx)
RARy

IA

/ W(BCx, P)p(de)
V(ORk,n)

a)d}’d
——u(V(ORg, n))
™

d
< Cyur?n
o
with Cy still depending only on M. The last inequality is a consequence of Lemmas 4 and 8§,

and the fact that Vol (Ry) < 1 since Ry C (0, 1)4.
For the empirical averages, we have

|Un (¢R,r) - Un(¢Rk,r)|

IA

’

1 1

< >——— > Arar (X)) + lrar X)) HIIX; — X, < r}
2n(n—1) oy
1 1

=370=D ;awm,n)(x,») + Iy@ren X)UIX; — Xl <)

= U, (dv@iaRre,n)-
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Therefore,
sup |Un(dr.r) — L2 (¢r.r)]
ReRr,
rdy
< ILI}&X Un(dvoRe,n) + C4— +  max \Un(Pr,.r) — LE* (DR,

Consequently, for any ¢ > 0, we may write

P sup 11ta (R) — Elpn (R]| = ¢
ReR,

:p[supwn(@ ®2(¢>>|>‘“”’ 5]
™

peF

<P U, ($ ) > war®e _ . rin
max — _—
=P max Un(@vrim 2o L

d
B ®2 > wgr- &
+ P[lgiaSXK |Un(¢Rk,r) 1 (¢Rk,r)| = 2ty

d d
r-e r
w4 . Tl]

2oy o
a)drde
2‘L'M ’

1<k<K

< K max P|:U (¢V(8Rk ,1)) >

2
+ K max P[|Un(¢Rk,r) — 1P Pr)l
by the union bound. To bound the first term, note first that

var(@v@re,n) (X1, X2)) < El¢v@ar,n (X1, X2)% < Elov@are,n (X1, X2)1,

with
d d

wdr rén
Eldvre.n (X1, X2)] = ——n(V(@R. m)) = C47,
M

for the same reasons as above. Now take n = p min(wge/(8Catpr), 1). Then, forany 1 <k <K,
by Hoeffding’s inequality for U-statistics (Theorem 4), we have

a)drde V n a)drde
Pl Uy (dviren) = — C4— | =P Un(dv@iRre,m) — ELUn(@var,,n)] =
2Ty 0 4ty
n(warie /4ty)?
= exp| — d d
5(Car?n/p) + 3(ware/4Tpm)

- < nrd8>
<exp|—
Cs

for a constant Cs5 > 0 depending only on M. To bound the second term, since

d
wqr
var(or,,r (X1, X2)) < Elgg, (X1, X2)] = o

we may apply Lemma 4 again to obtain the bound
d d 2
warte n(wgr®e/2ty)
P||U, D > < —
|:| n(d’Rk, ) n (¢Rk,r)| sl 2TM :| = exp( Swdrd +3(a)drd8/2'L'M)

< nrd82
X —_—
=P\ T + o)

for a constant C¢ > 0 depending only on M.
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With the choice of 1 as above, the cardinal K of the covering is such thatlog(K) < Cy (sp)_d
for some constant C;7 depending only on M, and we obtain the bound

| [ (R) — E[n (R)]] = = P<__> P(_—)
P| sup R E R & K ex + K ex
ReR, " Cs Ce(1+¢)

4 nrée?
<2exp| C7(ep)™" — I ES)

< 2 nrd£2
X _
=SSP T+ o)

dgd+25d - (g for a constant Cg depending only on M.

if nr

For the perimeter, we only control the variance, as the bias may not be controlled uniformly
over R ,,. Indeed, consider the case where M is a hypercube with rounded corners so as to satisfy
the condition on its reach, and let R be another hypercube with rounded corners included in M
sharing one of its faces with M. Then, given a sample X1, ..., X,, it is possible to translate
R inside M just enough that the translate does not share a boundary with M, while its discrete
volume and perimeter are left equal to those of R.

Proposition 4. There exists a constant C depending only on M such that, forany e > 0, p < 1,
r < min(reach(M), p/2), and all n satisfying nr2@+1pd*1¢d+2 5 C_ we have

nrd+1 o2
P[Rsellﬁ,, [va(R) — E[v, (R)]| = 8] < 2GXP<—C(1—+pg)>-

Proof. The _proof follows that of Proposition 3, with t_he symmetric kernel ¢_> Rr.r defined in (7)
and the class ¥ defined in (13) with ¢ g, replaced by ¢r .. Observe that

[Va(R) = ELva (R)]| = —a— sup |Un (9) — n®2(9).
ydr peF

As in the proof of Proposition 3, we start with a minimal covering of R, of cardinal K by balls
of radius 5 for the Hausdorff distance. For any R in R, at a Hausdorff distance no more than
n of an element Ry of the covering, we have

MR ()1ge(y) — 1g, () Age (W] = MR (xX) — 1r, () [Age (y) + 1g, (X)[1ge (¥) — 1ge (¥)]
= 1rAR, () 1re (¥) + 1rar, (W) 1R, (x)
< ARAR, (%) +1gAR ().
Hence,
IR (X, ¥) — PRer (X, V)| < 20RARLr (X, Y) < 20v(@aRe.n) (X, ),
and, therefore, following the same arguments,

- - Clrdn
1B (Dr.r) — B2 (Pror)| < 2uBX(Dvar,.n) <

for a constant Cy depending only on M; also,

|Un(@R.r) — Un(@Rer)| < 2Un(vaRe.n)-
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Hence,
P[ sup 1un(R) — Elva (Rl = ¢
RER,
<K p| U, (4 ) > )/drd+1£ c rdn
max — —C—
~ 1=k>K niPVORem) = 4ty 12,0
d+1
- - Ydar &
K P||U, 2 — u®? > 4 )
+ max [I n(@Rir) — L7 (DR ) = Yoy ]

Take n = p min(y re/(4Ctpr), 1). For the first term, for any 1 < k < K, we have

d+1 d
Ydr & r-n
P|:Un(¢'V(3Rk,n)) > W - lg:|
yardtle
< PlU(dv@©Re,n) — ELU(dv @R, 7)] = T

e n(yar®*'e/8tu)?
of
= P\TS(Crn/p) + 3(rar e /8741

( nrdtig2 >
=exp| ————
Ca(1+¢)
for some constant C» > 0 depending only on M. For the second term, since, by Lemma 6,

when r < p/2,
C3rd+1

Var(d_)Rk,r) =<

for a constant C3 depending only on M, we have

d+1
: - yar®''e
P[|Un(¢Rk,r) — 122 (PR = 2—]
™
- (var*le/2tm)’
€X' —n
= P\ TS (Cor T p) + 3(rar e 21y

- nrid+lpg?
exp| ————
=P\T 0+ po)

for a constant C4 > 0 depending only on M. Finally, with the choice of 1 as above, the cardinal
K of the covering is such that log(K) < Cs (r,os)_d for Cs depending only on M.
Then

© olu (¢ ) . ydrd+18 c I’dl’} - I’lrd+182
max _— —_— €X _——
1ok | T PveRem) = s Y | S\ T+ o)

if nr2d+1lpded+2 5 Cg and

d+1 d+l pe?
_ - var®T e nr_pe
X eliv - SO -
ax [I n(BRer) = 1 (BRe )| = 2tm }—CXP< C7(1+,08)>

2d+1 jd+1od+2

if nr P > C7, where Cg and C7 depend on M only. Combining these inequalities
completes the proof.
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3.4. A uniform control on %, (A)

As argued earlier, the boundary of M makes a uniform convergence of the perimeters of sets
in R, impossible. Our way around that is to compare the discrete perimeter of a set R with its
perimeter inside M,, , thus avoiding the boundary of M, i.e. Voly—1(0R N M,, ), leading to a
comparison between /1, (R) and h(R; M,,). We relate the latter to h(R; M) in Section 3.5.

Lemma 9. Under the conditions of Theorem 2, with probability 1, we have

liminf inf (h,(R) —h(R; M,,)) > 0. (14)
ReR,

n—oo

Proof. Take R € R,,, and define

An(R) = min(un (R), un(R%)), My (R) = % min(Volg(R N M;,), Vola(R® N My,,)),

as well as
VE(R) = —— Voly_ (3R N M), ).
™
Then
hn(R) — h(R: My,) = ———(un(R) — v (R) + — 2B xRy — a(R))
V= ® B R @

=:n(R) +&,(R).

Define the event
An(R)

7 (R)

= =

NSRS

forall R € !Rn}.

We will see that P[Q2,,] — 1.

Bounding £, (R). By the definition of R, the sets R and R® each contain a ball of radius oy,
and, by Lemma 2, the volume of the intersection of this ball with M, is bounded from below
by Cq pff for a constant Cy depending only on M. Hence,

AX(R) = Crpl. (15)

Also, on €2,, A,(R) > A% (R)/2. With these last two inequalities being valid for all R € R,,
for ¢ > 0, we have

I = P[[Rienjl; 0(R) < —e] n szn]
< P| inf (1,(R) = v;(R)) < —Caep} |

< P inf (v (R) = Elva(R)]) + inf (B[v,(R)] — v} (R) < —Caepfl |
ReR, ReRy

for a constant C; = C1/2 > 0. Using the bias bounds of Lemma 6 together with the perimeter
bound in Lemma 8(ii), we have

. 'n
inf (E[v,(R)] —v,(R)) > —C3—.
ReR, Py
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Hence, since r,, = o(p?) for any o > 0, for fixed ¢ and large enough n, we have, by assumption,
for all large enough 7,

d
I < P[ inf (v, (R) ~ Elvy (R)) < —ngp”}

Cze,od
< P|: sup |v,(R) —E[v,(R)]| > Tn ;
ReR,,

where the second inequality comes from the fact that R, C R,. By the fact that nr2¢+! p —

oo for any @ > 0, the conditions of Proposition 4 are satisfied, so

Pn

prd 1 p2d+1 g2
C4(1+8) )

I <Cq4 exp(

for some constant C4 > 0 and all large enough n. Finally, we have

d+1p2d+l p2d+1,—d
B Pn _ _ nr2d +16n Tn +00,
log(n) log(n)

since r, = o(py) for any ¢ > 0 and r, — 0 polynomially in 7; thus, we deduce that, for all

>0,
ZP[[R?;; £o(R) < —e] n Q,,] <

Bounding &,(R). (We reset the constants, except for C1.) By the perimeter bound of

Lemma &, we have
Vol;_1(0R) - dVOld(R) _ Cy

™ TM Pn Pn

for a constant C» > 0 depending only on M. So, together with (15) and the fact that, on €2,
A (R) = 2 (R)/2,

vy (R) <

v, (R) od—
n - < Cip, 2d—1
An(R)AS(R)

for all R in R,,. It follows that

2d+1
b= P[[ inf £,(R) < —e] n Qn] < P[ sup [an(R) — A5 (R)| > 22 ] (16)

ReR, ReER, C3

Define Voly(R A M, )

Olg n
pE(R) = B0,
™
Then

[An(R) = A (R < 1ptn(R) — iy (R)| + | n (R) — 1y, (RE)]
< | (R) — w(R)| + |14 (R®) — (RE)| + 2u(My, ),
with /,L(MC ) < Cyry, by (9). For fixed ¢ > 0 and large enough n, 2Cyr, < 2‘”18/C3, again
by the fact ‘that on — 0 subpolynomially in r,,. We therefore obtain

p2d+1g
L= 2P[ sup |un(R) — (R)| > = }
ReR, 4C3
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where we have used the fact that R® € R, when R € R,, together with R,, C R,,. We then
apply Proposition 3, whose conditions are satisfied for fixed & > 0 and large enough r, again
because p, — 0 very slowly, arriving at

nrzpﬁdngz)
Ci(1+¢)

I, < Cqexp (—

for some constant C4 > 0 and all large enough n. As before, when ¢ is fixed, the exponent is a
positive power of n, so

;P[[Rgn £,(R) < —s] n Q,,] < oo.

Bounding P[2;]. Since A} (R) > Cp,f for some C uniformly over R € R, (see (15)), we
have

P(Q;) = P[ sup Pn(R) = 2, (R) > l} < P[

P 5 sup |4 (R) = 33 (R)| > Cpf
ReR, n

ReR, ]

‘We then proceed as in bounding (16), obtaining
> P(Q) < oo.
n

Conclusion. We have

P[ inf (hn(R) — h(R; My)) < —28:|
ReR,

< P[[Riengf% 6 (R) < —e] N Q] + P[[Rig%n £.(R) < —s] N Q] P[],
so that the left-hand side is summable. Therefore, we complete the proof by applying the
Borel-Cantelli lemma.

3.5. Some continuity of the Cheeger constant

Our proof of Theorem 2 relies on the continuity properties of the normalized cut and of
the Cheeger constant. Lemma 10 below compares the conductance function on M and on
a bi-Lipschitz deformation of M. For a Lipschitz map f, let || f(lLip denote its Lipschitz
constant. If f is bi-Lipschitz, we define its condition number by cond(f) := || fllLip | f -1 Lip-
Lemma 11 below states that M, is a bi-Lipschitz deformation of M; hence, Lemma 10 yields
the continuity property of Proposition 5.

Lemma 10. Let f be a bi-Lipschitz and C' map on M. Then, for any C' open subset A of M,

X{h(f(A); Jf(M)) h(A; M)
h(A; M) " h(f(A); f(M))

} < cond(f)d.

Proof. For any C' open subset A of M, f(A) is also C! since f is bi-Lipschitz and C!.
Moreover, df (A) = f(0A) and f(A)°N f(M) = f(A°NM),andso,fork=1,...,d,

LA~ I Volk(A) < Voli(f(A)) < I fIIf;, Volk(A).
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Therefore,
Volg—1(f(9A N M)
min{Voly (f (A)), Vola(f (A¢ N M))}
- /15" Vola—1(9A N M)
£ i min{Vola (A), Vol (A° N M)

cond(f)? h(A; M),

h(f(A); f(M))

IA

and vice versa.

Lemma 11. Fixr < s < puy, where py = reach(dM). Then there is a bi-Lipschitz C' map
between M, and M that leaves M unchanged, and with condition number at most

2r s 2r N
1+ + 1+ + .
s—r oM — S s+r oM —S
Proof. Let § denote the distance function to dM on M. For x in M such that §(x) < s, let
&(x) € M be its metric projection onto d M and let u, be the unit normal vector of M at &(x)

pointing outwards. Let g: [r, s] — [0, s] be a nonnegative, increasing, real-valued function of
class C! such that

g(r) =0, g(s) =s, g (s) =1, g lloo > 1, g'wm)y>1 forallu € [r,s].

Let f: M, — M be the map defined for all x in M, by

E(x) —g(8(x)uy ifd(x) <s,
X if x € M.

o]

By construction, f is of class C Von M,, bijective, and with inverse f -l. M — M, of class
C! defined for all y in M by

S JE) =gt O)uy  ifs(x) <,
! (y)_{y if y € M.

By [21, Theorem 4.8(1)], x — &(x) is Lipschitz with constant at most 1 on M and is C! on
M\ M,)M by [21, Theorem 4.8(5)]. By [21, Theorem 4.8(8)], x +— &(x) is Lipschitz with
constant at most pys/pp — s on M \ Mj, on which it is also C! since dM is C? by assumption.
Since the reach bounds the radius of curvature from below [21, Theorem 4.18], for any x and
yin M \ My, we have

1
lux —uyll < —N1EG) =W
1274
(see also [42, Theorem 1]), and the map x — uy is Clon M \ M for OM is C2. From these
facts, it follows that f is of class C! on M,. We now bound the Lipschitz constants of f
and f1.

First, for any x and y in My, || f(x) — f(¥)|| = |llx — y||. Second, for any x € M, and
y € M, \ M, we have

IfD) = f@OI=1fO) =xll = llx =yl +ly = fFOI = llx =yl +8(y) — ().
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where we have used the fact that, under the assumptions on g, g(#) < u for any u in [r, s].
Expanding g at s, we have g(8(y)) = s + g'(@)[6(y) — s] for some & € [r, s]. Thus,

1) = FOOI < lIx = yll + (I8 lloc = D(s = 8(»))
< llx =yl + g'lloo = DEE) = 8(y)
< llx =yl + 1g'lloo — Dllx — vl
= llg'llollx = yII.

Third, for any x and y in M, \ M,, we have

IFC) = FODII = 1§Cx) — g3 (x)ux —&(y) + g8 (y)uyll
= [lx + [6(x) — g8 (xNux —y — [6(y) — g(6(y)]uyll
S e =yl 4+ 180x) — g(6(x)) = 3(y) + g + sllux — uyll.
Expanding g at §(x), we may write g(8(y)) = g(8(x)) + g’ (@)[8(y) — 8(x)] for some & in the
segment connecting §(x) to 8(y), which is included in the segment [r, s]. Thus,

K
oM — S

£ ) = fFODI < llx =yl + (18 lloo = DIS(y) — 8] +

llx = yll

s
< |:1+(||g/||oo_l)+ }le—yll
PM —S

N
= |:||g/||oo + o _Jllx =

Consequently, we have shown that f is Lipschitz with Lipschitz constant bounded as

S
I flLip < 18"l +
oM —

Similarly, for any x and y in Mj, I~ Yx) — fF~'»| = llx — y|l. For any x € M and
y € M \ MS,

I ) = £ N =17 0) —xl < e =yl + 87 6O)) — (),

where we have used the fact that, under the assumptions on g, g~ ' (u) > u for any u € [0, s].
Expanding ¢! at s, we have

GO =5+ [8(y) — 5]

g'(g~1 @)

for some # in [r, s]. Thus,

IIfI(y)—f1(X)I|SI|x—yI|+[1— }(s—rs(y))

llg"lloo

1
<lx=yll+ [1 - ,—}(5(16) —3(y)
118" ll oo

1
<|2= ——Ix=Vl.
[ ||g/||oo:|
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Next, for any x and y in M \ Mj,

L' = 7 O = 16() — g7 E))ur — E() + g EON)uy |
= x +[8(x) — g GO Iux —y = [8() — g~ SNyl
<lx =yl +18(x) — g7 (6() = 8(3) + &~ GO + slluy — uyl.

-1

Expanding g~ at §(x), we have

O =g 160 + [8(y) — 8(x)]

v
g'(g~ @)

for some # in the segment connecting g_l(B(x)) to g_l((S(y)), which is included in [0, s].
Thus,

IF~ ) — ol < llx =yl + (1 —

)|6<y)—8(x)|+ S x =yl
PmM —S

llg"lloo

1 Ky
<|{2-7——+——|lx—yl
lg'llc oM —s

Consequently, we have shown that f~! is Lipschitz with Lipschitz constant bounded as

N

-
lg'llc oM —s

”f ”Llp =

Now, consider the function g: [r, s] — [0, s] defined by

r s+r
gu) = — S —r)*+ (u—r).
(s—r) s—r
Then
I " s + r
g(r) =0, g(s) =s, gs) =1, g <0, 1<g'w)<gr)= —
so that we may apply the above bounds to deduce that
2r B 2r K
||f||L1p<1+_+ and | fMLp <1+ ——+ .
r s+r oM —S

Proposition 5. We have
H(M,)=0+0(1)HM) asr — 0.

Proof. Consider the bi-Lipschitz C! transformation f defined in Lemma 11, with s as a
function s(r) such that s(#r) — 0 and s(r)/r — oo as r — 0. Then, under these conditions,
the bound of Lemma 11 implies that cond(f) = 1 4 o(1). Then, using Lemma 10, we deduce
that

H(M,) HM)
ax{ H(M) ' H(M,)

which immediately yields the desired result.

}=1+0(1) asr — 0,
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3.6. L!-metric on Borel sets

We will use the L!-metric on Borel subsets of R?, defined by Vol;(AAB) = f [14(x) —
1p(x)| dx. This metric comes from the bijection between Borel sets A and their indicator
functions 14, endowed with the L!-topology. Strictly speaking, this is a semimetric on Borel
subsets of R? since Vol;(AAB) = 0 if and only if AAB is a null set.

The following propositions are adapted from Theorem 2.3.10 and Proposition 2.3.6 of [25],
respectively, and are also proved in Theorems 1.19 and 1.9 of [23]. Proposition 6 is a
compactness criterion, and Proposition 7 results from the lower semicontinuity of the perimeter
measure with respect to the L L_metric. We recall that, for an open subset A of M, Py;(A) denotes
its de Giorgi perimeter.

Proposition 6. Let (E,) be a sequence of measurable subsets of M. Suppose that

lim sup Py (E,) < oo.
n—oQ

Then (E,) admits a subsequence converging for the L' -metric.

Proposition 7. Let E,, and E be bounded measurable subsets of M such that E,, — E in L.
Then

lim Voly(E,) = Voly(E) and liminf Py (E,) > Pp(E).

n—>oo n—>0oo

Consequently,
liminf h(E,; M) > h(E; M).
n—o0
3.7. Proof of Theorem 2(i)
Lower bound. For each n, let R, € R, be such that

B (Ry) = 15293 hi(R).

Then
RE(Ry) — H(M) = [h(Ry) — h(Ru; My, )1+ [R(Ru; My,) — H(M,,)]
+ [H(M,,) — H(M)]
= nf (n(R) = h(R: My,) + [H(My,) = HODL,

since [h(R,; M,,) — H(M,,)] > 0 by the definition of H (M,,). On the last line, by Lemma 9,
the first term has a nonnegative inferior limit, and, by Proposition 5, the second term tends to 0.
Hence,

lim inf min hﬁ (R) > H(M) almost surely. a7

n—>00 ReR,

Upper bound. To obtain the matching upper bound, fix a subset A C M with smooth relative
boundary and such that 0 < Vol;(A) < Vol;(M \ A) < Voly(M). Then, for large enough n,
there exists R, in R, such that R, N M = A, implying that

min A (R) < h,(A).
ReR,
By Theorem 1, h,(A) — h(A; M) almost surely, so

lim sup mirlg hi(R) < h(A; M) almost surely.

n—oo ReJ n
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By minimizing over A, we obtain

lim sup min hﬁ(R) < H(M) almost surely. (18)

n—oo RER,

Combining the lower and upper bounds, (17) and (18), we conclude that

lim mgl hﬁ(R) = H(M) almost surely. (19)

n—>o0 ReR,

3.8. Proof of Theorem 2(ii)
Let R, be a sequence in R, satisfying

] .o
hy(Ry) = min f, (R),
and set A, = R, N M. Fix a subset A ¢ M with smooth relative boundary and such that

(A% < oo. Then, for large enough n, there exists R in R, such that A% = RN M. Hence,
ha(Ap) < hy(A9), and, since h, (A?) — h(A?) by Theorem 1, we have

lim sup Voly—1(dA,) < lim sup /(A,) min{Vola(A,), Vola(AS N M)} < 1h(A°) Vol (M).

n—o00 n—o00

Therefore, by compactness of the class of sets with bounded perimeters (Proposition 6), with
probability 1, {A,} admits a subsequence converging in the L'-metric.
On the one hand,

h(An; My,) — H(M) = [h(An; My,) — H(M;,)] + [H(M,,) — HM)],

where the first difference term on the right-hand side is nonnegative by definition, while the
second difference term tends to 0 by Proposition 5. So, with probability 1,

liminf 7(Ay; My,) = H(M).
On the other hand,
h(Ap: My,) — H(M) = [h(Ap; My,) — b (An)] + [h; (An) — H(M)]
<- Rigﬁﬂ(hﬁ(R) — h(R; My.,)) + [h};(Ay) — H(M)],
50

lim sup h(An; M,,) — H(M) < —liminf inf (hi(R) — h(R; M) + [0 (An) — H(M)L,
© ReR,

n—00 n—
which goes to 0 as n — oo from (14) and (19). Hence,
lim h(A,; M,,) — H(M) almost surely.
n—od
Now let f,, denote the bi-Lipschitz function mapping M,, to M defined in Lemma 11 with

r and s replaced by r, and s,, and where the sequences (r,,) and (s;,) are such that r, — 0,
s, — 0,and s, /r, — oo asn — oo. Define B, = f,(A, N M,,). By Lemmas 10 and 11, we

have
2r s d 2r s d
h(By;, M) < |1+ + 1+ + ,
s—r oM —S S +r oM — S
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so h(By; M) — H(M) almost surely as n — oo. Moreover, by Proposition 6, with
probability 1, there exists a subset By, of M and a subsequence {By, } such that B, converges
to Boo in the L!'-metric. Since h(-; M) is lower semicontinuous by Proposition 7, with
probability 1,

liminf A(B,; M) > h(Bso; M).

n—oo

Since we also have lim inf,,_, o h(B,; M) = H (M) almost surely, it follows that 2 (Bso; M) =
H (M) almost surely and so B, is a Cheeger set of M.
Moreover, since f, leaves M, unchanged,

Vol (A ABy,) < Volg(M \ M) > 0 asn — oo.

Hence, with probability 1,14, — 1, — Oin L. Consequently, the sequences {A,} and {B,}
have the same accumulation points, and so any convergent subsequence of {A,} converges to
a Cheeger set of M.

3.9. Proof of Theorem 3

Let A, = R, N M, and assume without loss of generality that A, — An in L'. For all
n > 1, and all f in the class of bounded and continuous functions on M, say Cp (M), we have

Onf — /M f)1g, (x)p(dx)

< sup |Py(f1g) — u(f1R)I,
ReR,

where P, is the empirical measure of the sample X1, ..., X,. Using the bound on the covering
numbers in Lemma 7, it is a classical exercise to prove that the collection of functions x
f(x)1g(x), where R ranges over R, is a Glivenko—Cantelli class, whence

— 0 almost surely as n — oo.

‘an - /M FOO1, (1) (dx)

Next,

‘fM J )1k, (x)p(dx) — Qf‘ = ‘/M F Ly, ()p(dx) = Of | < [ flloo(AnAAso),

which tends to O by the definition of A,. Thus, we have shown that, for all f in Cp(M),
P[O,f — Of] = 1. Using the separability of C,(M) [19, p. 131], we deduce that

Plforall f € Cp(M), O, f — Of]1=1,

so that the event ‘Q,, converge weakly to Q’ is of probability 1.
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