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Weyl Images of Kantor Pairs

Bruce Allison, John Faulkner, and Oleg Smirnov

Abstract. Kantor pairs arise naturally in the study of 5-graded Lie algebras. In this article, we intro-
duce and studyKantor pairswith short Peirce gradings and relate them to Lie algebras graded by the
root system of type BC2 . _is relationship allows us to deûne so-calledWeyl images of short Peirce
graded Kantor pairs. We useWeyl images to construct new examples of Kantor pairs, including a
class of inûnite dimensional central simpleKantor pairs over a ûeld of characteristic /= 2 or 3, aswell
as a family of forms of a split Kantor pair of type E6 .

1 Introduction

Assume for simplicity in this introduction that K is a ring of scalars containing 1
6

(although we will relax this assumption in a few parts of the paper). A Kantor pair
over K is a pair P = (P− , P+) of K-modules together with two trilinear products
{ ⋅ , ⋅ , ⋅}σ ∶ Pσ ×P−σ ×Pσ → Pσ , σ = ±, satisfying two 5-linear identities (K1) and (K2)
(see Subsection 4.1 or [AF1]). _ese structures arise naturally in the study of 5-graded
Lie algebras, by whichwemeanZ-graded Lie algebras of the form L = L−2⊕L−1⊕L0⊕
L1⊕L2. Indeed, if L is a 5-graded Lie algebra, then the pair (L−1 , L1) has the structure
of a Kantor pair, called the Kantor pair enveloped by L, where the two products are
restrictions of the product [[x , y], z] on L. Conversely, given a Kantor pair P, there
exists a 5-graded Lie algebra (not generally unique) that envelops P. _is relationship
between 5-graded Lie algebras and Kantor pairs, which we view schematically as

(1.1) 5-graded Lie algebras↝ Kantor pairs,

is an important tool in the study of each of these structures, and it generalizes the
well-known relationship between 3-graded Lie algebras and Jordan pairs [N2, §1.5].

To describe some background, we note that in his foundational paper [K1], Isai
Kantor studied a class of triple systems that we call Kantor triple systems. He devel-
oped the relationship ofKantor triple systemswith 5-graded Lie algebras that possess
grade-reversing period 2 automorphisms. He used this relationship to obtain a classi-
ûcation of ûnite dimensional non-polarized (see Subsection 3.1) simple Kantor triple
systems over an algebraically closed ûeld of characteristic 0.

Kantor triple systems constitute one of the largest classes of nonassociative objects
for which such a classiûcation result has been obtained. _e class includes Jordan
triple systems as well as triple systems constructed from associative algebras, alterna-
tive algebras, Jordan algebras andmany other interesting exceptional objects.
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Given a Kantor triple system, one can, as in the Jordan case, construct a Kantor
pair by doubling (see Subsection 3.1), but not every Kantor pair arises in this way. So
in this senseKantor pairs are generalizations ofKantor triple systems. Moreover, pairs
aremore natural objects to consider from the viewpoint of graded Lie algebras, since
5-graded Lie algebras need not possess grade-reversing period 2 automorphisms (see
Remark 4.9 (iii)).

Kantor pairs also arise using signed doubling of some analogs of Kantor triple
systems called (1, 1)-Freudenthal–Kantor triple systems, including Freudenthal triple
systems (with a suitably modiûed product). (See Example 4.31.) Freudenthal triple
systems have been studied mathematically by many authors and have appeared re-
cently in several important physical models (see [G,BDDRE,MQSTZ], and the refer-
ences therein).

In this paper, we introduce short Peirce gradings (SP-gradings) of Kantor pairs.
We describe a relationship between Lie algebras graded by the root system ∆ of type
BC2 and SP-graded Kantor pairs. Using this relationship we deûne aWeyl image uP
of P for each SP-graded Kantor pair P and each element u of the Weyl group of ∆.
We develop the properties ofWeyl images and use them to construct new examples
of Kantor pairs.
Although we obtain our results and examples for themost part without assuming

thatK is a ûeld, this article is the beginning of an investigation of central simpleKan-
tor pairs over a ûeld, so we have particular interest in that case. Our results here will
be used in awork in progress by the ûrst and third authors thatwill contain a structure
theorem for central simple Kantor pairs over a ûeld of characteristic /= 2, 3 or 5. _e
theorem asserts that these pairs occur in four classes: a class of Jordan pairs, the class
of (ûnite dimensional) forms of split Kantor pairs of exceptional type (see Subsection
4.7), a new class of Kantor pairs constructed from hermitian forms, and a new class
that we introduce in Section 7 using Weyl images.

We conclude this introduction by brie�y outlining the contents of the paper. A�er
some preliminaries on root graded Lie algebras in Section 2 and trilinear pairs in
Section 3, we recall or prove some basic properties of Kantor pairs in Section 4. One
such property is that the relationship (1.1) restricts to a one-to-one correspondence
between central simple 5-graded Lie algebras up to graded isomorphism and central
simple Kantor pairs up to isomorphism.

In Section 5, we introduce SP-graded Kantor pairs and BC2-graded Lie algebras.
An SP-grading of a Kantor pair P is a Z-grading of P whose support is contained in
{0, 1}; whereas a BC2-graded Lie algebra is a Lie algebra graded by the root lattice of
the root system∆ of type BC2 with support contained in∆∪{0}. (_e latter deûnition
is convenient for us, but not standard. See Subsection 2.2.) We establish the relation-
ship mentioned above between BC2-graded Lie algebras and SP-graded Kantor pairs,
and deduce some of its properties. (It can be viewed as the rank two version of (1.1),
since 5-graded Lie algebras are precisely the same as BC1-graded Lie algebras.)

In Section 6, we deûne and study Weyl images of SP-graded Kantor pairs. To de-
scribe these brie�y, let P be an SP-graded Kantor pair and let u be an element of
the Weyl group W∆ of the root system ∆ of type BC2. _en P is enveloped by a
BC2-graded Lie algebra L, and we use u to adjust the grading of L in an evident fash-
ion to obtain a BC2-graded Lie algebra uL, which in turn envelops a Kantor pair uP,
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called aWeyl image of P. _is gives us a well-deûned action of the group W∆ on the
class of SP-graded Kantor pairs, and one sees that Weyl images of central simple SP-
graded Kantor pairs are central simple. A particularly interesting case occurs when u
is the re�ection corresponding to the short basic root, in which case we denote uP by
P̆ and call it simply the re�ection of P.

_e reader may initially suspect that the re�ection P̆ of an SP-graded Kantor pair
P is just P with a diòerent SP-grading. However, it turns out that P and P̆ are not
in general isomorphic even as ungraded pairs. _is suggests a strategy for giving
new constructions of Kantor pairs: start with a Kantor pair P, choose an appropri-
ate SP-grading of P, and form the re�ection P̆ of P with that grading. In the last two
sections we look in detail at two examples of this strategy where we obtain a pair P̆
with quite diòerent properties than P.
First, in Section 7, we start with a nondegenerate bilinear form g∶V− × V+ → K.

Let g̃ be the symmetric bilinear form on Ṽ = V− ⊕ V+ that extends g and is zero on
V σ × V σ , σ = ± and let fo(g̃) be a Lie algebra spanned by endomorphisms of Ṽ of
the form x ↦ g(x ,w)v − g(x , v)w, where u, v ∈ V . If there exists e = (e− , e+) ∈
V−×V+ such that g(e− , e+) = 1, then fo(g̃) has a natural BC2-grading, so it envelops
an SP-graded Kantor pair FSkew(g). _e pair FSkew(g) is known to be Jordan [LB],
but its re�ection FSkew(g)˘ is not in general. Moreover, in the case whenK is a ûeld
and dim(V σ) ≥ 3, Kantor pairs of the form FSkew(g)˘ make up the fourth class of
central simple Kantor pairs appearing in the structure theorem mentioned above.

In Section 8,we use a non-singular bilinear form g∶M−×M+ → K,where each Mσ

is a ûnitely generated projectivemodule over K of rank 6. Following the approach in
[F],we use the exterior algebras⋀(V σ), σ = ±, to construct a formE = E(M− ,M+ , g)
of the split Lie algebra of type E6. In the case when K = C, this is a basis-free ver-
sion, with full proofs, of the construction of the complex Lie algebra E6 given by
Élie Cartan [C, §V.18, pp.89–90]. If there exists e = (e− , e+) ∈ M− × M+ such that
g(e− , e+) = 1, then E has a natural BC2-grading, which is strikingly similar to the
grading of fo(g̃) arising in Section 7. _e SP-graded Kantor pair enveloped by E has
the form⋀3 = (⋀3(V−),⋀3(V+))with an easily remembered basis-free product and
a natural SP-grading thatwe use to construct the re�ection⋀3̆. As an example,we see
that whenK is a Dedekind domain, the set of isomorphism classes of Kantor pairs of
the form⋀3 (resp.⋀3̆) is parameterized by the Picard group ofK. Suppose ûnally that
K is a ûeld, in which case ⋀3 is central simple. Although the pair ⋀3 is not Jordan, it
is close to Jordan in a sense that we make precise in Subsection 4.8. In contrast, ⋀3̆
is not close to Jordan and it turns out that it is a Kantor pair of particular interest in
the theory of ûnite dimensional central simple Kantor pairs (see Remark 8.24). _e
pair ⋀3̆ is the double of a Kantor triple system C2

55 originally constructed by Kantor
using tensors a i jk that are skew-symmetric with respect to i , j, where i , j = 1, . . . , 5,
k = 1, 2 [K2, §4]. Our approach using re�ection gives a simple new construction of
this interesting Kantor pair.

1.1 Assumptions and Notations

_roughout the rest of the article, we assume that K is a unital commutative associa-
tive ring of scalars. In much of the article, we will also assume that 1

6 ∈ K (and clearly
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state this assumption). We do this because Kantor pairs have not even been deûned
without the assumption that 1

6 ∈ K, and it is not yet clear what the deûnition should
be. However, one placewherewe do not assume 1

6 ∈ K is in Section 8,wherewe think
the Lie algebra constructions are of independent interest without restriction on K.

We shall require aK-module to be unital; i.e., 1x = x. Unless otherwise indicated,
by a module (resp. an algebra) we will mean a module (resp. an algebra) over K.
If V and W are modules, we will o�en abbreviate HomK(V ,W) and EndK(V) by
Hom(V ,W) and End(V), respectively. _en, as usual, End(V) is an associative al-
gebra under composition and a Lie algebra under the commutator product (and it
will always be clear which is being considered). If V is a module, we use the nota-
tion V∗ = Hom(V ,K) for the dual module of V . If K is a ûeld, we o�en abbreviate
dimK(V) by dim(V).

If V and W are modules and g∶V × W → K is a bilinear form, we say that g
is nondegenerate (resp. non-singular) if the maps v → g(v , ⋅ ) from V into W∗ and
w → g( ⋅ ,w) from W into V∗ are injective (resp. bijective).

Recall that amoduleW is said to be �at (resp. faithfully �at) if for an exact sequence
V ′ → V → V ′′ of modules to be exact it is necessary (resp. necessary and suõcient)
that the induced sequenceW ⊗K V ′ →W ⊗K V →W ⊗K V ′′ be exact [B2, I.2, I.3].

Let K- alg denote the category of unital commutative associative K-algebras. We
say that F ∈ K- alg is �at (resp. faithfully �at) if F is a �at (resp. faithfully �at)K-mod-
ule. Note that if K is a ûeld, then any F ∈ K- alg is non-trivial and free and hence
faithfully �at.

If V is amodule and F ∈ K- alg, we write VF ∶= F⊗K V . If V is a K-algebra, then
VF is naturally an F-algebra. If φ∶V →W is a homomorphismofmodules,we denote
the induced homomorphism of F-modules by φF∶VF → WF. If g∶V ×W → K is a
bilinear form, we have a unique F-bilinear form gF∶VF ×WF → F, which we say is
induced by g, such that gF(1⊗ x , 1⊗ y) = g(x , y) for x ∈ V , y ∈W .
Finally, if X = ⊕i X i is a direct sum of modules and F ∈ K- alg, then there is a

canonical identiûcation of (X i)F as an F-submodule of XF so that XF = ⊕i(X i)F.
In this way a G-graded algebra X = ⊕g∈G Xg , where G is an abelian group, yields a
G-graded F-algebra XF =⊕g∈G(Xg)F.

2 Root Graded Lie Algebras

2.1 Root Systems

In this paper, a root systemwill mean a ûnite root system ∆ in a ûnite dimensional real
Euclidean space E∆ as described in [B3, VI.3]. We use the notation Q∆ ∶= spanZ(∆)
for the root lattice of ∆. _e automorphism group of ∆, denoted by Aut(∆), is the
stabilizer of ∆ in GL(E∆). Using the restriction map, we o�en identify Aut(∆) with
the stabilizer of ∆ in Aut(Q∆). _eWeyl group of ∆, which is a subgroup of Aut(∆),
will be denoted byW∆ . A root system ∆ is said to be reduced if ∆ ∩ (2∆) = ∅. Recall
that for each rank n ≥ 1, there exists a unique irreducible non-reduced root system
of rank n up to isomorphism [B3, VI.1.4, Proposition 14]. _is root system is said to
have type BCn.
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2.2 Root Graded Lie Algebras

Let ∆ be a root system. A ∆-grading of a Lie algebra L is a Q∆-grading of L such that
suppQ∆

(L) ⊆ ∆ ∪ {0}, where suppQ∆
(L) denotes the support of L in Q∆ . In that

case we call L together with the ∆-grading a ∆-graded Lie algebra. (We note that this
deûnition is less restrictive than the one used in [ABG,BS] and several earlier papers,
since we do not assume the existence of a grading subalgebra. Our usage is natural
here (see in particular Section 3) and will not cause the reader any confusion.) If ∆
is irreducible of type Xn, we o�en say that L is Xn-graded; and we o�en refer to a
Q∆-graded isomorphism of Xn-graded Lie algebras as an Xn-graded isomorphism.

If we ûx a base Γ = {α1 , . . . , αn} for ∆, we can identify Q∆ with Zn using the
Z-basis Γ for Q∆ . With this identiûcation, every ∆-graded Lie algebra is a Zn-graded
Lie algebra (but not conversely of course).

2.3 Images of ∆-graded Lie Algebras Under the Left Action of Aut(∆)

Suppose that L is a ∆-graded Lie algebra. If θ ∈ Aut(∆), we let θL be the ∆-graded
Lie algebra such that θL = L as Lie algebras and

(θL)α = Lθ−1α

for α ∈ Q∆ . We call θL the θ-image of L, and if θ ∈ W∆ , we call θL aWeyl image of L.
Clearly

(2.1) 1L = L and θ 1( θ2L) = θ 1θ2L

for θ1 , θ2 ∈ Aut(∆), so we have a le� action of Aut(∆) on the class of ∆-graded Lie
algebras.

3 Trilinear Pairs

Unless stated to the contrary, we will assume henceforth that K contains 1
6 .

3.1 Terminology

A trilinear pair is a pair P = (P− , P+) of modules together with two trilinear maps
{ ⋅ , ⋅ , ⋅}σ ∶ Pσ × P−σ × Pσ → Pσ , σ = ±, which we call the products on P. If needed,
we will call { ⋅ , ⋅ , ⋅}σ the σ-product on P. We deûne the D-operator Dσ(xσ , y−σ) ∈
End(Pσ) for xσ ∈ Pσ , y−σ ∈ P−σ by Dσ(xσ , y−σ)zσ = {xσ , y−σ , zσ}σ , and we deûne
the K-operator Kσ(xσ , zσ) ∈ Hom(P−σ , Pσ) for xσ , zσ ∈ Pσ by

Kσ(xσ , zσ)y−σ = {xσ , y−σ , zσ}σ − {zσ , y−σ , xσ}σ .

When no confusion arises, we usually write { ⋅ , ⋅ , ⋅}σ , Dσ(xσ , y−σ), and Kσ(xσ , zσ)
simply as { ⋅ , ⋅ , ⋅}, D(xσ , y−σ), and K(xσ , zσ), respectively, and we sometimes also
omit superscripts in our notation for elements in Pσ .
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A homomorphism from a trilinear pair P into a trilinear pair P′ is a pair ω =
(ω− ,ω+) of linear maps such that

ωσ{xσ , y−σ , zσ} = {ωσxσ ,ω−σ y−σ ,ωσzσ}

for xσ , zσ ∈ Pσ , y−σ ∈ P−σ , σ = ±. A homomorphism ω is called an isomorphism if
each ωσ is bijective.

If P is a trilinear pair and Q = (Q− ,Q+), where Qσ is a submodule of Pσ for
σ = ±, then Q is called a subpair, ideal or le� ideal of P if {Qσ ,Q−σ ,Qσ} ⊆ Qσ ,
{Pσ , P−σ ,Qσ} + {Pσ ,Q−σ , Pσ} + {Qσ , P−σ , Pσ} ⊆ Qσ , or {Pσ , P−σ ,Qσ} ⊆ Qσ , re-
spectively for σ = ±. A trilinear pair P is said to be simple if {Pσ , P−σ , Pσ} /= {0} for
σ = + or σ = − and the only ideals of P are P and {0}.

_ere are evident notions of direct sum and quotient for trilinear pairs.
If K is a ûeld we say that P is ûnite dimensional if each Pσ is ûnite dimensional,

and we call (dim(P−), dim(P+)) the dimension of P. If d = dim(P−) = dim(P+), we
say that P has balanced dimension d.

_e centroid of a trilinear pair P is the subalgebra C(P) of the associative alge-
bra End(P−) ⊕ End(P+) consisting of the pairs of maps (ω− ,ω+) ∈ End(P−) ⊕
End(P+) such that ωσ({xσ , y−σ , zσ}) = {ωσ(xσ), y−σ , zσ} = {xσ ,ω−σ(y−σ), zσ} =
{xσ , y−σ ,ωσ(zσ)}. We say P is central if the homomorphism a ↦ a(idP− , idP+) from
K into C(P) is an isomorphism. If P is simple, then C(P) is a ûeld.

_e opposite of a trilinear pair P = (P− , P+) is the trilinear pair Pop = (P+ , P−)
whose σ-product is the −σ-product of P for σ = ±.

If F ∈ K- alg and P is a trilinear pair, then the products on P canonically induce
F-trilinear products on PF ∶= (P−F , P+F ) so that PF is a trilinear pair over F.

Suppose that P is a trilinear pair, G is an abelian group (written additively), and
Pσ = ⊕g∈G Pσ

g for σ = ±, where Pσ
g is a submodule of Pσ for g ∈ G, σ = ±. We

say that P = (⊕g∈G P−g ,⊕g∈G P+g ) is a G-grading of P if {Pσ
g , P−σ

k , Pσ
ℓ } ⊆ Pσ

g−k+ℓ for
g , k, ℓ ∈ G, σ = ±. (Here we follow the terminology in [LN, §8.1]. _is notion of
grading is equivalent to the usual one if we replace Pσ

g by Pσ
σ g for each σ and g.) We

o�en then write

(3.1) P = ⊕
g∈G

Pg ,

where Pg ∶= (P−g , P+g ) for g ∈ G. Note that each Pg is a subpair of P; however the sum
(3.1) is not in general a direct sum of trilinear pairs, since the subpairs Pg need not be
ideals. _e G-support of P is deûned to be

suppG(P) = {g ∈ G ∶ Pσ
g /= 0 for σ = + or σ = −}.

Finally suppose that X is a triple system, by which wemean amodule with a trilin-
ear product { ⋅ , ⋅ , ⋅}∶X ×X ×X → X. A polarization of X is amodule decomposition
X = X− ⊕ X+ such that {Xσ , X−σ , Xσ} ⊆ Xσ , {Xσ , Xσ , X} = 0, and {X , Xσ , Xσ} = 0
for σ = ±; and we say that X is non-polarized if it has no polarizations.

If X is a triple system, then the trilinear pair (X , X) with products deûned by
{x , y, z}σ = {x , y, z} (resp. {x , y, z}σ = σ{x , y, z}) is called the double (resp. the
signed double) of X. It is easy to check (and well known) that the double (resp. the
signed double) of X is simple if and only if X is simple and non-polarized.
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Remark 3.1 In the rest of the paper, we will o�en discuss simplicity and isomor-
phism of graded algebras and graded trilinear pairs. To be clear, the terms simple and
isomorphism will be used in the ungraded sense as deûned above, unless we specify
to the contrary.

4 Kantor Pairs and 5-graded (BC1-graded) Lie Algebras

_roughout this section, we assume that ∆ = {−2α1 ,−α1 , α1 , 2α1} is the irreducible
root system of type BC1 with base Γ = {α1}. We identify Q∆ = Z using the Z-basis
Γ for Q∆ (as in Subsection 2.2). _en a BC1-grading of a Lie algebra L is merely a
5-grading of L. (Recall that if m ≥ 1, a 2m + 1-grading of L is a Z-grading L =⊕i∈Z L i
with L i = 0 for ∣ i ∣> m.)

In this section, we recall the deûnition of a Kantor pair and how Kantor pairs are
related to 5-graded Lie algebras.

4.1 Kantor Pairs

A Kantor pair is a trilinear pair P such that the following identities hold

[D(xσ , y−σ),D(zσ ,w−σ)] = D(D(xσ , y−σ)zσ ,w−σ) − D(zσ ,D(y−σ , xσ)w−σ),(K1)

K(xσ , zσ)D(w−σ , uσ) + D(uσ ,w−σ)K(xσ , zσ) = K(K(xσ , zσ)w−σ , uσ),(K2)

for xσ , zσ , uσ ∈ Pσ , y−σ ,w−σ ∈ P−σ , σ = ±.
It is clear that the opposite of a Kantor pair is a Kantor pair.

Special Cases 4.1 (i) A Jordan pair P is a Kantor pair satisfying K(Pσ , Pσ) = 0 for
σ = ±. _e structure theory of Jordan pairs is developed in detail in [L],where Jordan
pairs are deûned in a diòerent way using quadratic operators. (However, since 1

6 ∈ K,
the two deûnitions are equivalent [L, Proposition 2.2].)

(ii) Suppose that X is a triple system. _en X is called a Kantor triple system if
its double is a Kantor pair. Kantor triple systems were introduced by Kantor [K1,
K2], where they were called generalized Jordan triple systems of the second order,
and where numerous examples can be found. In the literature, Kantor triple systems
are also o�en called (−1, 1)-Freudenthal–Kantor triple systems. (See [YO], as well as
the recent papers [EO, EKO] and their references, for information about (є, δ)-Freu-
denthal–Kantor triple systems, where є, δ = ±1.)

(iii) Analogously, a triple system X with product {x , y, z} is called a (1, 1)-Freu-
denthal–Kantor triple system if its signed double is a Kantor pair.

(iv) A structurable algebra is a unital algebra with involution (A,−) such that A
is a Kantor triple system under the product {x , y, z} = 2((xy)z + (zy)x − (zx)y)
on A. (Involution here means a period 2 anti-automorphism. Also, the 2 in the ex-
pression for { ⋅ , ⋅ , ⋅} is unimportant; it is included for compatibility with the Jordan
algebra case.) _e double (A,A) of this Kantor triple system is also called the double
of the structurable algebra A. See [A,Sm] for many examples of structurable algebras,
including all unital Jordan algebras and all unital alternative algebraswith involution.
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4.2 The Kantor Pair Enveloped by a 5-graded Lie Algebra

If L = ⊕i∈Z L i is a 5-graded Lie algebra, then P = (L−1 , L1) is a Kantor pair with
products deûned by

{xσ , y−σ , zσ} = [[xσ , y−σ], zσ]
for xσ , zσ ∈ Lσ 1, y−σ ∈ L−σ 1, σ = ±. (See [AF1,_eorem 7], where −[[xσ , y−σ], zσ] is
used instead of [[xσ , y−σ], zσ].) We call P the Kantor pair enveloped by the 5-graded
Lie algebra L, and we say that the 5-graded Lie algebra L envelops P. (In a similar
situation, Jacobson uses the term “enveloping Lie algebra” [J1, §3.1].)

If L is 3-graded, we see using the Jacobi identity that the pair (L−1 , L1) enveloped
by L is in fact Jordan.

If P is the Kantor pair enveloped by a 5-graded Lie algebra L, we let

TL(P) ∶= P− ⊕ P+ = L−1 ⊕ L1 in L.

Lemma 4.2 as well as Lemma 4.4 are easily checked.

Lemma 4.2 Suppose that P is the Kantor pair enveloped by a 5-graded Lie algebra
L. _en TL(P) is a triple system under the trilinear product [[x , y], z]. Moreover, this
triple system depends only on P; speciûcally, if xτ , yτ , zτ ∈ Pτ for τ = ±, we have

(4.1)
[[xσ , yσ], zσ] = 0, [[xσ , y−σ], zσ] = {xσ , y−σ , zσ},

[[x−σ , yσ], zσ] = −{yσ , x−σ , zσ}, [[xσ , yσ], z−σ] = K(xσ , yσ)z−σ .

Remark 4.3 (i) Despite the conclusion in Lemma 4.2, we include the subscript L
in the notation for TL(P) to emphasize that we are regarding TL(P) as a submodule
of L.

(ii) _e triple system TL(P) is a Lie triple system. Moreover, this triple system
is sign-graded, which means that it is Z-graded with support contained in {−1, 1}.
_is is the point of view taken in [AF1, §3–4] (and in special cases elsewhere), but for
simplicity we wil not make use of Lie triple systems in this work.

Lemma 4.4 Suppose that P is the Kantor pair enveloped by a 5-graded Lie alge-
bra L. _en the subalgebra ⟨TL(P)⟩alg of L that is generated by TL(P) is a 5-graded
ideal of L that envelops P. Moreover ⟨TL(P)⟩alg = [TL(P), TL(P)] ⊕ TL(P) and
[TL(P), TL(P)] = [L−1 , L−1]⊕ [L−1 , L1]⊕ [L1 , L1].

Deûnition 4.5 Suppose that L is a 5-graded Lie algebra and P is a Kantor pair. We
say that L tightly envelops P if L envelops P,

(4.2) ⟨TL(P)⟩alg = L and Z(L) ∩ [TL(P), TL(P)] = 0,

where (here and subsequently) Z(L) denotes the centre of the Lie algebra L.

Remark 4.6 If L is a 5-graded Lie algebra that envelops a Kantor pair P, it follows
easily from Lemma 4.4 that we can replace L by L′ = ⟨TL(P)⟩alg and then replace L′

by L′ = L′/ (Z(L′) ∩ [TL′(P), TL′(P)]) to get a 5-graded Lie algebra L′ that tightly
envelops P (with the evident identiûcations of P− and P+ in L′).
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Remark 4.7 Suppose that P is the Kantor pair enveloped by a 5-graded Lie alge-
bra L. Since Aut(∆) = W∆ = {1,−1}, we can form theWeyl images 1L and −1L of L.
Clearly the 5-graded Lie algebra 1L = L envelops P, whereas the 5-graded Lie alge-
bra −1L envelops the Kantor pair Pop, which in general in not isomorphic to P. In
Section 6, we will look at this phenomenon for BC2-graded Lie algebras, where the
supply ofWeyl images is richer.

4.3 The Kantor Construction

To see that anyKantor pair is enveloped by a 5-graded Lie algebra,we now recall from
[AF1, §§3–4] the construction of a 5-graded Lie algebra K(P) from a Kantor pair P.

Let P be a Kantor pair. Let [ P−
P+ ] be the module of column vectors with entries as

indicated, and canonically identify

End [P
−

P+] = [ End(P−) Hom(P+ , P−)
Hom(P− , P+) End(P+) ]

so that the action of End [ P−
P+ ] on [ P−

P+ ] is by matrix multiplication. _en

S(P) ∶= spanK{[D(x− , x+) K(y− , z−)
K(y+ , z+) −D(x+ , x−)] ∶ x

σ , yσ , zσ ∈ Pσ , σ = ±1}

is a subalgebra of the Lie algebra End[ P−
P+ ] under the commutator product. Also

K(P) ∶=S(P)⊕ [P
−

P+] ,

is a Lie algebra under the anti-commutative product [ ⋅ , ⋅ ] satisfying

[A, B] = AB − BA, [A, [x
−

x+]] = A[x
−

x+] ,

[[x
−

x+] , [
y−
y+]] = [D(x− , y+) − D(y− , x+) K(x− , y−)

K(x+ , y+) −D(y+ , x−) + D(x+ , y−)]

for A, B ∈S(P), xσ , yσ ∈ Pσ , σ = ±. We call K(P) the Kantor Lie algebra of P.
_e Lie algebra K(P) is 5-graded with

K(P)−2 = [0 K(P− , P−)
0 0 ] , K(P)−1 = [P

−

0 ] ,

K(P)0 = spanK{[D(x− , x+) 0
0 −D(x+ , x−)] ∶ x

− ∈ P− , x+ ∈ P+} ,

K(P)1 = [ 0
P+] , K(P)2 = [ 0 0

K(P+ , P+) 0] .

We call this 5-grading the standard 5-grading ofK(P). Unlessmentioned otherwisewe
will regard K(P) as a 5-graded algebra with its standard 5-grading.

If P is aKantor pair,we identify P− withK(P)−1 = [ P−
0 ] and P+ withK(P)1 = [ 0

P+ ]
in the evident fashion. With this identiûcation the following is clear.
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Proposition 4.8 If P is a Kantor pair, then K(P) with its standard 5-grading tightly
envelops P.

We will see in Corollary 4.17 that K(P) is the unique 5-graded Lie algebra that
tightly envelops the Kantor pair P.

Remark 4.9 Suppose that P is a Kantor pair.
(i) P is Jordan if and only if K(P)−2 = K(P)2 = 0, in which case the 3-graded (i.e.,

A1-graded) Lie algebra K(P) = K(P)−1 ⊕ K(P)0 ⊕ K(P)1 is (graded-isomorphic to)
the derived algebra of the Tits–Kantor–Koecher Lie algebra of P [LN, §9.1].

(ii) P is ûnitely spanned (as amodule) if and only if K(P) has the same property.
(iii) Suppose P = (X , X) is the double of a Kantor triple system X. _en K(P) is

the Lie algebra constructed by Kantor [K1,K2] from X, and it is easy to check that
there is a unique grade-reversing period 2 automorphism of K(P) which maps [ x

0 ]
to [ 0

x ] for x ∈ X.

Lemma 4.10 Let F ∈ K- alg and let P be a Kantor pair. Assume that either F is
a projective K-module (which holds for example if K is a ûeld) or that F is �at and
each Pσ is a ûnitely generated module. _en there is a canonical 5-graded F-algebra
isomorphism from K(P)F onto K(PF).

Proof Now K(P) = S(P) ⊕ [ P−
P+ ], so K(P)F = S(P)F ⊕ [ P−F

P+F
], whereas K(PF) =

S(PF) ⊕ [ P−F
P+F

]. Our isomorphism ω∶K(P)F → K(PF), is the direct sum ω′ ⊕ ω′′,
where ω′′ is the identity map and ω′ is the composition

(4.3) S(P)F → End([P
−

P+])F
→ EndF([

P−F
P+F

]) .

Here the ûrst map in (4.3) is induced by inclusion and is injective since F is �at;
whereas the secondmap in (4.3) is the canonical homomorphism, which is injective
because of our assumptions on F and P (see [B1, II.5.3, Proposition 7] and [B2, I.2.10,
Proposition 11]). It is easy to check that the image of ω′ is in factS(PF), and that ω is
a graded F-algebra homomorphism.

4.4 Simplicity and Centrality

_e following proposition is proved in [GLN, Proposition 2.7(iii)].

Proposition 4.11 If P is a Kantor pair, then P is simple if and only if K(P) is simple.

Recall that the centroid of an algebra L is the subalgebra C(L) of the associative
algebra End(L) consisting of the endomorphisms of L that commute with all le� and
right multiplication operators. We say that L is central if the homomorphism a ↦
a idL from K into C(L) is an isomorphism. If L is simple, then C(L) is a ûeld. If L is
G-graded, where G is an abelian group, then

C(L,G) ∶= {χ ∈ C(L) ∶ χ(Lg) ⊆ Lg for g ∈ G}
is a subalgebra of C(L).
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Lemma 4.12 Suppose that P is a Kantor pair. _en the restriction map χ ↦
(χ∣P− , χ∣P+) is an isomorphism of C(K(P),Z) onto the centroid C(P) of P.

Proof All but surjectivity are clear. For surjectivity, suppose that ω = (ω− ,ω+) ∈
C(P). Deûne χ∶K(P) → K(P) by χ(X) = [ ω− 0

0 ω+ ]X. _en one checks easily that
χ ∈ C(K(P),Z) and clearly χ restricts to ω.

Proposition 4.13 Suppose that P is a simple Kantor pair over K. _en we have
C(K(P),Z) = C(K(P)). Furthermore, the restriction map is an isomorphism of
C(K(P)) onto C(P), so P is central if and only if K(P) is central.

Proof In view of Lemma 4.12, it is enough to show the ûrst statement. _is follows
from [Z2, Lemma 1.6 (a)] when K is a ûeld. In general, note that K(P) is simple
by Proposition 4.11, so K(P) is a ûnitely generated module for its multiplication al-
gebra. _erefore by [BN, (2.15)], C(K(P)) is naturally Z-graded with C(K(P))0 =
C(K(P),Z). But this grading is trivial since C(K(P)) is a ûeld.

Corollary 4.14 If P is a Kantor pair, then P is central simple if and only if K(P) is
central simple.

_enextproposition lists facts aboutKantorpairs that are analoguesofwell-known
facts for algebras. _e ûrst two of these tell us that the study of simple Kantor pairs
over a ûeld K is reduced to the study of central simple Kantor pairs over extension
ûelds ofK.

Proposition 4.15 Suppose that P is a Kantor pair over K.

(i) If P is simple, then P is a central simple Kantor pair over the ûeld C(P).
(ii) If K is a ûeld and P is a central simple Kantor pair over a ûeld F containing K,

then P is a simple Kantor pair over K with centroid F.
(iii) If K is a ûeld, then P is a central simple Kantor pair over K if and only if PF is

simple over F for all ûelds F containing K.

Proof Using Proposition 4.11, Corollary 4.14, and Lemma 4.10, all these statements
follow from the corresponding statements forLie algebras. _e statement correspond-
ing to (i) is [Mc,_eoremII.1.6.3 (2)]; the statement corresponding to (ii) follows from
the second part of [J3,_eorem X.3] (with Γ = ∆ = F and Φ = K); and the statement
corresponding to (iii) is [Mc,_eorem II.1.6.3 (2)].

4.5 5-graded Lie Algebras Enveloping a Kantor Pair

In this subsection,we use, as usual, the standard 5-grading on eachKantorLie algebra.

Lemma 4.16 Suppose that P and P′ are Kantor pairs and L is a 5-graded Lie algebra
that tightly envelops P. Let χ∶ P → P′ be a surjective homomorphism of Kantor pairs.
_en there exists a unique 5-graded algebra homomorphism φ∶ L → K(P′) that extends
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χ̃ ∶= χ− ⊕ χ+∶TL(P)→ TK(P′)(P′). Furthermore, φ is surjective and

(4.4) ker(φ) = {d ∈ [TL(P), TL(P)] ∶ [d , TL(P)] ⊆ ker( χ̃)} + ker( χ̃).

Proof Let T = TL(P). By assumption, L = ⟨T⟩alg; so uniqueness in the lemma is
clear and, by Lemma 4.4, we have L = [T , T]⊕ T . Next let L′ = K(P′), T ′ = TL′(P′).
Using Lemma 4.2, one sees that χ̃([[x , y], z]) = [[ χ̃(x), χ̃(y)], χ̃(z)] for x , y, z ∈ T .

Since L = [T , T] ⊕ T and φ∣T = χ̃, we only need to deûne φ on [T , T]. So we
consider∑i[x i , y i] ∈ [T , T] for x i , y i ∈ T and set φ(∑i[x i , y i]) = ∑i[ χ̃(x i), χ̃(y i)].
If ∑i[x i , y i] = 0, then [∑i[ χ̃(x i), χ̃(y i)], χ̃(z)] = χ̃([∑i[x i , y i], z]) = 0 for any
z ∈ T . It follows that∑i[ χ̃(x i), χ̃(y i)] ∈ Z(L′)∩ [T ′ , T ′] = 0 since χ̃ is surjective and
T ′ generates L′. _us φ is well deûned.

It is clear that φ is Z-graded, and one checks directly that φ is a homomorphism
of Lie algebras and that (4.4) holds.

Applying Lemma 4.16 with P′ = P and χ = (idP− , idP+), we obtain the following
corollary.

Corollary 4.17 If L is a 5-graded Lie algebra that tightly envelops a Kantor pair P,
then there exists a unique 5-graded algebra isomorphism φ∶ L → K(P) that restricts to
the identity map on TL(P).

Also, applying Lemma 4.16 with L = K(P), we obtain the following corollary.

Corollary 4.18 Suppose that P and P′ are Kantor pairs. If φ∶K(P) → K(P′) is a
5-graded isomorphism, then (φ∣P− , φ∣P+) is an isomorphism of P onto P′. Conversely,
if χ = (χ− , χ+) is an isomorphism of P onto P′, there exists a unique 5-graded isomor-
phism φ∶K(P)→ K(P′) that extends χ− ⊕ χ+∶TL(P)→ TK(P′)(P′).

Proof _e ûrst statement is clear. _e converse follows from Corollary 4.8 and
Lemma 4.16 (with L = K(P)).

Proposition 4.19 Suppose P is a nonzero Kantor pair and L is a simple 5-graded Lie
algebra that envelops P. _en L tightly envelops P.

Proof By Lemma 4.4, ⟨TL(P)⟩alg is an ideal of L,which is nonzero since P /= 0. Also
Z(L) ∩ [TL(P), TL(P)] is an ideal of L, which is proper since P /= 0.

_e next theoremwill be among the basic tools in our study of simpleKantor pairs
in this paper and in our future work. It tells us in particular that each simple Kantor
pair is enveloped by a unique simple 5-graded Lie algebra.

_eorem 4.20 Suppose that P is a nonzero Kantor pair.
(i) _e following statements are equivalent.

(a) P is simple.
(b) _ere exists a simple 5-graded Lie algebra L that envelops P.

(ii) If L is a simple 5-graded Lie algebra that envelops P, then there exists a unique
5-graded isomorphism of L onto K(P) that extends the identity on TL(P).

https://doi.org/10.4153/CJM-2016-047-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2016-047-1


Weyl Images of Kantor Pairs 733

(iii) Statements (a) and (b) in (i) with “simple” replaced by “central simple” are equiv-
alent.

Proof If (i) (a) holds, we know from Propositions 4.8 and 4.11 that K(P) is a simple
5-graded Lie algebra that envelops P. Conversely, suppose (b) holds. _en by Propo-
sition 4.19 and Corollary 4.17 we have a unique 5-graded isomorphism as indicated
in (ii). So P is simple by Proposition 4.11. _is proves (i) and (ii); and (iii) is proved
by the same argument using Corollary 4.14.

Remark 4.21 Suppose that K is an algebraically closed ûeld of characteristic 0.
Here we sketch an argument due to Kantor [K1] for the classiûcation of ûnite dimen-
sional simple Kantor pairs in terms of weighted Dynkin diagrams. (Kantor worked
with Kantor triple systems.) We ûx a ûnite dimensional simple Lie algebra G of type
Xn with Cartan subalgebra H, root system Σ, root spaces Gα for α ∈ QΣ , base Π =
{µ1 , . . . , µn} for Σ, and highest root µ+. We view Π as usual as a Dynkin diagram.
If p = (p1 , . . . , pn) is an n-tuple of non-negative integers, we call (Π, p) a weighted
Dynkin diagram and we deûne χp∶QΣ → Z by χp(∑n

j=1 k jµ j) = ∑n
j=1 k jp j .

If (Π, p) is a weighted Dynkin diagram, then G = ⊕i∈ZGi is a Z-grading, where Gi
is the sum of all Gµ for µ ∈ QΣ with χp(µ) = i. Moreover it is well known that any
Z-graded ûnite dimensional simple Lie algebra of type Xn is graded isomorphic to
one obtained in this way (see [K1, Proposition 12], [D,_eorem 1] or [GOV, § 3.3.5]).
Clearly this grading G = ⊕i∈ZGi is a 5-grading with (G−1 ,G1) /= 0 if and only if

(4.5) χp(µ+) ≤ 2 and p j = 1 for some j.

We see, using _eorem 4.20 (i) and (ii), that if (4.5) holds, then (G−1 ,G1) is a simple
Kantor pair whose Kantor Lie algebra has type Xn, and conversely any such Kantor
pair is isomorphic to one that arises in this way for some p satisfying (4.5). We will
discuss two examples for type E6 in Remark 8.19 (i).

In [AF2], themethod just described is extended to study other types of root grad-
ings of G (in particular BC2-gradings), and use this to obtain a Dynkin diagram in-
terpretation of re�ection.

4.6 Split Lie Algebras of Type Xn and Their Forms

In this subsection, we do not assume that K contains 1
6 . Let Xn be one of the types of

an irreducible reduced root system.

Lemma 4.22 Suppose L is a Lie algebra that is ûnitely generated as a module, and
suppose F ∈ K- alg is �at. _en Z(L)F ≃ Z(LF) and (L/Z(L))F ≃ LF/Z(LF) as Lie
algebras over F.

Proof Let x1 , . . . , xℓ generate L as amodule. _e sequence

0→ Z(L) ιÐ→ L
ηÐ→ Lℓ

is exact, where ι is the inclusion map and η(y) = ([y, x1], . . . , [y, xℓ]). So

0→ Z(L)F
ιFÐ→ LF

ηFÐ→ Lℓ
F
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is exact. _us ιF is an isomorphism of Z(L)F onto Z(LF) (as F-modules and hence
as F-algebras). Moreover, the sequence

0→ Z(L) ιÐ→ L πÐ→ L/Z(L)→ 0

is exact and thus so is

0→ Z(L)F
ιFÐ→ LF

πFÐ→ (L/Z(L))F → 0.

Hence (L/Z(L))F ≃ LF/ιF(Z(L)F) = LF/Z(LF) as F-algebras.

Deûnition 4.23 Let g(C) be a ûnite dimensional simple Lie algebra of type Xn
over the complex ûeld C, and choose a Chevalley basis B for g(C) [H, §25]. _en
the Z-span g(Z) of B is a Lie algebra over Z which depends up to isomorphism only
on the type Xn . A Lie algebra isomorphic to g(K) ∶= g(Z)K is called the Cheval-
ley algebra of type Xn over K, and a Lie algebra isomorphic to the quotient algebra
g(K)/Z(g(K)) is called the split Lie algebra of type Xn over K.

Remark 4.24 IfK is a ûeldof characteristic /= 2or 3, the (ûnite dimensional) splitLie
algebra of type Xn is central simple and studied in detail in [Sel], where it is called the
classical simple Lie algebra of type Xn. Furthermore, if K is a ûeld of characteristic 0,
the split Lie algebra of type Xn is the split simple Lie algebra of type Xn deûned and
studied in [J3, Chapter IV].

Deûnition 4.25 Suppose that L is a Lie algebra. We say that L is a form of the
Chevalley algebra of type Xn (resp. a form of the split Lie algebra of type Xn) if for some
faithfully �at F ∈ K- alg, LF is the Chevalley algebra of type Xn (resp. the split Lie
algebra of type Xn) over F.

Remark 4.26 If L is a formof theChevalley algebra of typeXn, then by Lemma 4.22,
L/Z(L) is a form of the split Lie algebra of type Xn.

Remark 4.27 (i) If L is the Chevalley algebra of type Xn and F ∈ K- alg, then LF is
the Chevalley algebra of type Xn over F. Hence, by Lemma 4.22, if F is �at and L is
the split Lie algebra of type Xn, then LF is the split Lie algebra of type Xn over F.

(ii) IfK is a ûeld and L is a form of the Chevalley algebra of type Xn (resp. a form
of the split Lie algebra of type Xn), then it is easy to see using (i) that LF is the Cheval-
ley algebra of type Xn (resp. the split Lie algebra of type Xn) over F for some ûeld F
containing K.

4.7 Split Kantor Pairs of Type Xn and Their Forms

We return to our assumption that 1
6 ∈ K.

Deûnition 4.28 Suppose P is aKantor pair. We say P is a splitKantor pair of typeXn
if K(P) is the split Lie algebra of type Xn; and we say that P is a form of a split Kantor
pair of type Xn if for some faithfully �at F ∈ K- alg, PF is a split Kantor pair of type Xn
over F.
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_e reader should keep in mind that, unlike the situation for Lie algebras, there
can be non-isomorphic split Kantor pairs of type Xn. _is is already true for Jordan
pairs, and the same type can even encompass Jordan as well as non-Jordan Kantor
pairs (see Example 7.12).

Lemma 4.29 Suppose P is a Kantor pair. _en P is a form of a split Kantor pair of
type Xn if and only if K(P) is a form of the split Lie algebra of type Xn.

Proof Let F ∈ K- alg be faithfully �at and let L be the split Lie algebra of type Xn
over F. It is suõcient to show that K(PF) ≃ L if and only if K(P)F ≃ L.

If K(PF) ≃ L, then K(PF) is a ûnitely generated F-module and hence so is each
Pσ
F (see Remark 4.9 (ii)). _us each Pσ is a ûnitely generated K-module [B2, I.3.6,

Proposition 11], so K(PF) ≃ K(P)F by Lemma 4.10.
Conversely, if K(P)F ≃ L, then K(P)F is a ûnitely generated F-module. Hence

K(P) is a ûnitely generated K-module [B2, I.3.6, Proposition 11], and therefore so is
each Pσ . Again K(PF) ≃ K(P)F by Lemma 4.10.

Remark 4.30 In view of Remark 4.27 and Lemma 4.29, we see the following.
(i) If P is a split Kantor pair of type Xn and F ∈ K- alg, then PF is a split Kantor pair

of type Xn over F.
(ii) If K is a ûeld and P is a form of a Kantor pair type Xn, then PF is a split Kantor

pair algebra of type Xn over F for some ûeld F containing K.

It turns out that forms of split Kantor pairs of type D4, E6, E7, E8,G2, and F4 make
up one of the four classes of central simple Kantor pairs that appear in the structure
theorem mentioned in the introduction.

4.8 The Jordan Obstruction and the 2-dimension of a Kantor Pair

Let P be a Kantor pair. Note ûrst that K(P)−2 ⊕ K(P)0 ⊕ K(P)2 is a 3-graded Lie
algebra (with the grading scaled in the obvious way), so

J(P) ∶= (K(P)−2 ,K(P)2)
is a Jordan pair with products [[x , y], z] calculated in K(P). We call J(P) the Jordan
obstruction of P. We use this term because J(P) is trivial if and only if P is Jordan (see
Remark 4.9(i)).

If L is a 5-graded Lie algebra that tightly envelops P, then by Corollary 4.17,

(4.6) J(P) ≃ (L−2 , L2)
with the products [[x , y], z] calculated in L.

Suppose that K is a ûeld. If J(P) is ûnite dimensional, we call its dimension the
2-dimension of P. Further, if J(P) has balanced dimension k, we say that P has bal-
anced 2-dimension k. So 2-dimension and balanced 2-dimension (when they are de-
ûned) can be viewed as numerical measures of the distance of the pair P from Jordan
theory. In particular, Kantor pairs of balanced 2-dimension 1 can be thought of as
being close to Jordan, and they are, a�er Jordan pairs, the most studied and best un-
derstood Kantor pairs in the literature (see the following example).
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Example 4.31 SupposeK is a ûeld. A symplectic triple system is deûned as a triple
system T (with product [x , y, z]) together with a nonzero skew-symmetric bilinear
form ( ⋅ ∣ ⋅ ) on T satisfying a list of axioms [E, §4] [EK, §6.4], [YA, §2]. _ese struc-
tures are a variation on Freudenthal triple systems, which have been studied bymany
authors (see [M, FF,KS]) going back to the work of Freudenthal on exceptional Lie
algebras. Indeed given a symplectic triple T, the product xyz = [x , y, z] − (x ∣ z)y −
(y ∣ z)x endows T with the structure of a Freudenthal triple system, and this process
can be reversed [E,_eorem 4.7].

Given a symplectic triple system T, one can construct a 5-graded Lie algebra g(T)
with dim(g(T)±2) = 1 [E, §4], [EK, §6.4], [YA, §2]. It turns out that the Kantor pair
P(T) enveloped by g(T) is the signed double of a (1, 1)-Freudenthal–Kantor triple
system (see Special Case 4.1 (iii)) with product {x , y, z} = [x , y, z] − (x ∣ y)z. More-
over, one easily checks that g(T) tightly envelops P(T) and hence, using Corollary
4.17, P(T) is close to Jordan in the above sense.

5 Short Peirce Gradings and BC2-gradings

In this section,we assume that ∆ is an irreducible root systemof type BC2. We realize
∆ in the standardway as∆ = {ℓ1ε1+ℓ2ε2 ∶ ℓ i ∈ Z, ∣ℓ1∣+∣ℓ2∣ ≤ 2}∖{0},where {ε1 , ε2} is
an orthonormal basis in a 2-dimensional real Euclidean space E∆ . (See [B3, VI.4.14],
although there is an evident typo in the last line there.) We ûx the base Γ = {α1 , α2}
for ∆, where α1 = ε1, α2 = −ε1 + ε2, in which case

(5.1) ∆ = {±α1 ,±α2 ,±(α1 + α2),±2α1 ,±(2α1 + α2),±(2α1 + 2α2)} .

We identify Q∆ = Z2 using the Z-basis Γ for Q∆ , so that (ℓ1 , ℓ2) = ℓ1α1 + ℓ2α2 for
ℓ i ∈ Z. (Caution: We are not using the Z-basis {ε1 , ε2} of Q∆ for this identiûcation.)
So, as in Subsection 2.2, any BC2-graded Lie algebra is a Z2-graded Lie algebra.

In this section, we introduce Kantor pairs with short Peirce gradings and see how
they are related to BC2-graded Lie algebras.

5.1 Short Peirce Gradings

Deûnition 5.1 A short Peirce grading (or SP-grading) of aKantor pair P is aZ-grad-
ing P =⊕i∈Z Pi of P such that suppZ(P) ⊆ {0, 1}. In that case we have P = P0 ⊕ P1. A
Kantor pair P together with a short Peirce grading of P is called a short Peirce graded
(or SP-graded) Kantor pair.

Note that if P is an SP-graded Kantor pair, then

(5.2) {Pσ
i , P−σ

1−i , Pσ
i } = 0.

for i = 0, 1 and σ = ±. Every Kantor pair P has at least two SP-gradings, the zero
SP-grading, P = P0 with P1 = 0, and the one SP-grading, P = P1 with P0 = 0. We call
these two SP-gradings trivial.

_e following example explains our use of the term short Peirce grading.

Example 5.2 (_e Jordan case) Suppose that P is a Jordan pair. Neher [N1] deûned
a Peirce grading of P to be aZ-grading P =⊕i∈Z Pi of P such that suppZ(P) ⊆ {0, 1, 2}
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and

(5.3) {Pσ
2 , P−σ

0 , Pσ
0 } = {Pσ

0 , P−σ
2 , Pσ

2 } = 0

for σ = ±. (See also [LN, §8],where Peirce gradings are used in the study of groups as-
sociated with Jordan pairs.) Clearly SP-gradings of P are precisely the same as Peirce
gradings of P satisfying P2 = 0. _e motivating example in [N1] of a Peirce grad-
ing is the Peirce decomposition P = P0 ⊕ P1 ⊕ P2 relative to an idempotent c in P
[L,_eorem 5.4]. _is Peirce grading is never short (if c /= 0) since c ∈ P2. How-
ever, a very important case in the structure theory of Jordan pairs occurswhen P0 = 0
[L,_eorem 8.2]. In that case, one obtains an SP-grading P = P̃0⊕ P̃1,where P̃i = P2−i
for i ∈ Z.

Remark 5.3 Let P be an SP-graded Kantor pair. _ere are two simple procedures
for modifying P to obtain another SP-graded Kantor pair.
(i) Let Pop = (P+ , P−) be the opposite pair of P and set (Pop)σ

i = P−σ
i for σ = ±,

i ∈ Z. _en Pop is an SP-graded Kantor pair called the opposite of P (as an
SP-graded Kantor pair).

(ii) Let P = P as aKantor pair and deûne P i = P1−i for i ∈ Z. _en P is an SP-graded
Kantor pair called the shi� of P. (We use this terminology because, if we view
degrees modulo 2, we have shi�ed the SP-grading of P by 1 to obtain P.) Note
that if P has the zero SP-grading, then P has the one SP-grading and vice-versa.

We will see in Subsection 6.1 that the SP-graded Kantor pairs Pop and P are exam-
ples ofWeyl images of P.

5.2 Component Gradings

If L = ⊕(i , j)∈Z2 L(i , j) is a Z2-gradedmodule, we o�en write L(i , j) as L i , j for brevity.
_en the ûrst component grading of L is the Z-grading L = ⊕i∈Z L i ,∗, where L i ,∗ =
⊕ j∈Z L i , j . Similarly, we have the second component grading L =⊕ j∈Z L∗, j with L∗, j =
⊕i∈Z L i , j . Of course, if L =⊕(i , j)∈Z2 L i , j is an algebra grading, then so are its compo-
nent gradings.

5.3 The SP-graded Kantor Pair Enveloped by a BC2-graded Lie Algebra

Suppose that L is a BC2-graded Lie algebra. _en by (5.1), the ûrst component grading
L = ⊕i∈Z L i ,∗ of L is a 5-grading, and we have L−1,∗ = L−1,0 ⊕ L−1,−1 and L1,∗ =
L1,0 ⊕ L1,1. Let P be the Kantor pair enveloped by L with this 5-grading. So

P = (L−1,∗ , L1,∗) = (L−1,0 ⊕ L−1,−1 , L1,0 ⊕ L1,1)

with products {xσ , y−σ , zσ} = [[xσ , y−σ], zσ]. For i ∈ Z, let Pi = (P−i , P+i ), where

(5.4) Pσ
i = Lσ 1,σ i

for σ = ±. _en P = P0 ⊕ P1 is an SP-grading of P since

{Pσ
i , P−σ

j , Pσ
k } = [[Lσ 1,σ i , L−σ 1,−σ j], Lσ 1,σk] ⊆ Lσ 1,σ(i− j+k) = Pσ

i− j+k
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for σ = ±, i , j, k ∈ Z. We call P together with this SP-grading the SP-graded Kantor
pair enveloped by the BC2-graded Lie algebra L, and we say that the BC2-graded Lie
algebra L envelops the SP-graded Kantor pair P. If, in addition, (4.2) holds, we say that
the BC2-graded Lie algebra L tightly envelops P.

Remark 5.4 It follows that every BC2-graded Lie algebra enveloping an SP-graded
Kantor pair P is also a 5-graded Lie algebra, using the ûrst component grading, en-
veloping the pair P when consideredwithout its SP-grading. _e former is tight if and
only if the latter is tight.

5.4 The Standard BC2-grading of K(P)

We now see that any SP-graded Kantor pair is enveloped by some BC2-graded Lie
algebra.

Proposition 5.5 Suppose that P is an SP-graded Kantor pair. _en there exists a
unique BC2-grading of K(P), which we call the standard BC2-grading of K(P), such
that

(5.5) K(P)σ 1,σ i = Pσ
i

for σ = ±, i ∈ Z. Moreover, for σ = ±,

(5.6)
K(P)σ2,σ2i = [Pσ

i , Pσ
i ] for i = 0, 1, K(P)σ2,σ 1 = [Pσ

0 , Pσ
1 ],

K(P)0,σ 1 = [Pσ
1 , P−σ

0 ], K(P)0,0 = ∑ j=0,1[Pσ
j , P−σ

j ].

_e ûrst component grading of the standard BC2-grading is the standard 5-grading of
K(P), and with the standard BC2-grading, K(P) tightly envelops P.

Proof Let K = K(P) and T = TK(P). Since K is generated by T (by Proposition
4.8), uniqueness in the ûrst statement is clear. For existence, deûne a Z2-grading of
themodule T by setting

Ti , j =
⎧⎪⎪⎨⎪⎪⎩

Pσ
σ j if i = σ1 with σ = ±,

0 otherwise.

_en one checks directly using (4.1) that the trilinear product [[x , y], z] on T is
Z2-graded. Also, since the Z2-grading of T has ûnite support, it induces a natural
Z2-grading of the Lie algebra End(T) under the commutator product. Furthermore,
sinceS(P) = [T , T], we see that S(P) is a Z2-graded subalgebra of this Lie algebra.
Next, we give K = S(P) ⊕ T the direct sum Z2-grading. It then follows that K is a
Z2-graded Lie algebra. But, since K = [T , T]⊕ T , we have

(5.7) suppZ2(K) ⊆ (suppZ2(T) + suppZ2(T)) ∪ suppZ2(T).

So, since suppZ2(T) ⊆ {±(1, 0),±(1, 1)},we have suppZ2(K) ⊆ ∆. _usK is∆-graded.
Moreover, the union in (5.7) is disjoint, so we obtain (5.5). _e second statement fol-
lows immediately from this proof, and the last statement is clear using Proposition 4.8
and Remark 5.4.
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If P is an SP-graded Kantor pair, then, unless mentioned to the contrary, we will
regard K(P) as BC2-graded with its standard BC2-grading.

Using Remark 5.4, it is easy to write down BC2-graded versions of many of the
5-graded results shown in Section 4. We content ourselves now with recording the
results of this type that will be needed in this paper or in [AF2].

Proposition 5.6 Let P and P′ be SP-graded Kantor pairs.

(i) P and P′ are SP-graded isomorphic if and only ifK(P) andK(P′) are BC2-graded
isomorphic.

(ii) If L is a BC2-graded Lie algebra that tightly envelops P, then there exists a unique
BC2-graded Lie algebra isomorphism φ∶ L → K(P) that restricts to the identity
map on TL(P).

(iii) If P /= 0 and L is a simple BC2-graded Lie algebra that envelops P, then L tightly
envelops P and so we have the conclusion in (ii).

Proof (i) Since TK(P)(P) generates the algebra K(P), the implication “⇒" follows
from Corollary 4.18, and the reverse implication is clear.

(ii) By Remark 5.4 and Corollary 4.17, there exists a unique 5-graded Lie algebra
isomorphism φ∶ L → K(P) that restricts to the identity map on TL(P). If we use φ
to transfer the BC2-grading from L to K(P), we obtain a grading that must coincide
with the standard BC2-grading by uniqueness in Proposition 5.5.

(iii) _is follows from (ii) using Remark 5.4 and Proposition 4.19.

6 Weyl Images of SP-graded Kantor Pairs

In this section (except in Subsection 6.5), we continue with the assumptions of Sec-
tion 5. In particular, ∆ is the irreducible root system of type BC2 with base Γ =
{α1 , α2}, where α1 is the short basic root and α2 is the long basic root. Let sα ∈W∆ be
the re�ection through the hyperplane orthogonal to α for α ∈ ∆, and put s i = sα i for
i = 1, 2. _e generators s1 and s2 ofW∆ satisfy s1s2s1s2 = s2s1s2s1 = −1, and

Aut(∆) =W∆ = {1, s1 , s2 , s2s1 , −1, −s1 , −s2 , −s2s1}

is the dihedral group of order 8. In particular, since Aut(∆) = W∆ , all images of a
BC2-graded Lie algebra areWeyl images. (See Subsection 2.3.)

6.1 Weyl Images

Deûnition 6.1 Suppose that P is an SP-graded Kantor pair and u ∈ W∆ . Choose
a BC2-graded Lie algebra L that envelops P. _en uL is a BC2-graded Lie algebra,
which therefore envelops an SP-graded Kantor pair uP (see Subsection 5.3). We call
uP the u-image (or aWeyl image) of P.

In parts (i)–(iii) of the next proposition,we give an internal characterization of the
Weyl image uP. It follows in part (iv) that uP is well deûned.

https://doi.org/10.4153/CJM-2016-047-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2016-047-1


740 B. Allison, J. Faulkner, and O. Smirnov

Proposition 6.2 Suppose that P is an SP-graded Kantor pair, u ∈ W∆ , L is a
BC2-graded Lie algebra that envelops P, and uP is deûned as above.
(i) TuL(uP) = TL(P); so if L tightly envelopes P, then uL tightly envelopes uP.
(ii) u−1(α1) = π(α1 + aα2) and u−1(α1 + α2) = ρ(α1 + bα2) for some π = ±, ρ = ±,

a, b ∈ {0, 1}, in which case (uP)σ
0 = Pπσ

a and (uP)σ
1 = Pρσ

b .
(iii) If σ = ± and i , j, k ∈ {0, 1}, the σ-product on uP restricted to (uP)σ

i × (uP)−σ
j ×

(uP)σ
k is given by [[x , y], z] in L, which can be expressed in terms of products in

P using (ii) and (4.1).
(iv) uP does not depend on the choice of L. (_is justiûes our notation uP.)

Proof First TL(P) = ∑α∈S−∪S+ Lα , where Sσ = {σα1 , σ(α1 + α2)}, and similarly
TuL(uP) = ∑α∈S−∪S+(uL)α = ∑α∈u−1(S−∪S+) Lα . But S−∪S+ is the set of short roots of
∆ and hence this set is stabilized byW . Sowe have (i) and the expressions for u−1(α1)
and u−1(α1 + α2) in (ii). Furthermore (uP)σ

0 = (uL)σ 1,0 = (uL)σα1 = Lu−1(σα1) =
Lπσ(α1+aα2) = Lπσ 1,πσa = Pπσ

a , and similarly (uP)σ
1 = Pρσ

b , so we have (ii). Next (iii)
follows from (ii), and (iv) follows from (ii) and (iii).

Corollary 6.3 If P is an SP-gradedKantor pair and u ∈W∆ , thenK(uP)with its stan-
dard BC2-grading is graded isomorphic to the u-image uK(P) ofK(P)with its standard
BC2-grading. So K(uP) is isomorphic to K(P) (as algebras).

Proof ByProposition 5.5,K(P)with its standardBC2-grading tightly envelops P. So
by Proposition 6.2 (i), the BC2-graded Lie algebra uK(P) tightly envelops uP, which
completes the proof by Proposition 5.6 (ii).

If P is an SP-graded Kantor pair, we see using Proposition 6.2 (iv) and (2.1) that

(6.1) 1P = P and u1( u2P) = u1u2P

for u1 , u2 ∈W∆ . In other words, we have a le� action ofW∆ on the class of SP-graded
Kantor pairs.

Proposition 6.4 Let P be an SP-graded Kantor pair and u ∈ W∆ . _en P is simple
(resp. central simple) if and only if uP is simple (resp. central simple). Also P is a split
Kantor pair of type Xn (resp. a form of a split Kantor pair of type Xn) if and only if the
same is true for uP.

Proof In view of Corollary 6.3, the ûrst statement follows from Proposition 4.11 and
Corollary 4.14, while the second statement follows from Lemma 4.29.

If P is an SP-graded Kantor pair, two of the Weyl images of P (besides 1P) are
already familiar to us. Indeed, using the notation of Remark 5.3, we have

(6.2) −1P = Pop and s2P = P.

_e ûrst of these follows immediately from (ii) and (iii) in Proposition 6.2, as does
the second, since s2 exchanges α1 and α1 + α2.
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6.2 Reflection

If P is an SP-graded Kantor pair, theWeyl image s1P of P is of particular interest in
the theory. For convenience we introduce the following notation:

(6.3) P̆ ∶= s1P.

Since s1 is the re�ection in W∆ corresponding to the short basic root α1, we call P̆ the
re�ection of P corresponding to the short basic root, or more simply the re�ection of P.
We have the following explicit description of P̆.

Proposition 6.5 Suppose that P is an SP-graded Kantor pair. _en P̆0 = (P0)op and
P̆1 = P1 as Kantor pairs, and the σ-product { ⋅ , ⋅ , ⋅}˘ on P̆ is given by

{a−σ
0 + aσ

1 , bσ
0 + b−σ

1 , c−σ
0 + cσ1 }˘ = {a−σ

0 , bσ
0 , c−σ

0 }−{b−σ
1 , aσ

1 , c−σ
0 }+K(a−σ

0 , b−σ
1 )cσ1

+ {aσ
1 , b−σ

1 , cσ1 } − {bσ
0 , a−σ

0 , cσ1 } + K(aσ
1 , bσ

0)c−σ
0 ,

where aτ
i , bτ

i , cτi ∈ Pτ
i in each case.

Proof Since s1(α1) = −α1 and s1(α1 + α2) = α1 + α2, the conclusions follow easily
using parts (ii) and (iii) of Proposition 6.2 and (4.1).

Corollary 6.6 Suppose P is an SP-graded pair. If the SP-grading on P is the one
SP-grading, then P̆ = P as SP-gradedKantor pairs. On the other hand, if the SP-grading
on P is the zero SP-grading, then P̆ = Pop as SP-graded Kantor pairs.

Suppose that P is an SP-graded Kantor pair. By (6.1), (6.2), and (6.3), the eight
elements 1, s1 , s2 , s2s1 ,−1,−s1 ,−s2 ,−s2s1 of W∆ yield in order the following eight
SP-gradedWeyl images of P:

(6.4) P, P̆, P, P̆, Pop , (P̆)op , (P)op , (P̆)op .

Since shi�ing does not change the underlying ungradedKantor pair, our list includes,
in general, four non-isomorphicKantor pairs: P, P̆, Pop , (P̆)op. _is suggests the cen-
tral role that re�ection plays in our study ofWeyl images.

6.3 A Geometric Interpretation of P̆

First (using the notation at the beginning of Section 5) {ε1 , ε2} and {α1 , α2} are
Z-bases of Q∆ , with α1 = ε1 and α2 = −ε1 + ε2. To avoid con�ict with our ongo-
ing notation (ℓ1 , ℓ2) = ℓ1α1 + ℓ2α2, we set ⟨ℓ1 , ℓ2⟩ = ℓ1ε1 + ℓ2ε2 for ℓ1 .ℓ2 ∈ Z. Note that
(k1 , k2) = ⟨k1 − k2 , k2⟩ and s1(⟨ℓ1 , ℓ2⟩) = ⟨−ℓ1 , ℓ2⟩. In the ûgures below, we will use
the coordinates ⟨ℓ1 , ℓ2⟩ to plots points in Q∆

Suppose now that L is a BC2-graded Lie algebra enveloping an SP-graded Kantor
pair P. _en the ûrst component grading of L is L =⊕i∈Z L i ,∗, where

(6.5) L i ,∗ = ⊕
ℓ2∈Z

L i ,ℓ2 = ⊕
ℓ2∈Z

L⟨i−ℓ2 ,ℓ2⟩ = ⊕
ℓ1 ,ℓ2∈Z
ℓ1+ℓ2=i

L⟨ℓ1 ,ℓ2⟩ .

_us, the ûrst component grading for L is pictured by the dashed lines in Figure 1
below. (More precisely the support of L i ,∗ in Q∆ is contained in the set of points
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labelled by circles, ûlled or unûlled, on the dashed line labelled as i.) Hence theKantor
pair P is pictured by the dashed lines labelled as −1 and 1 in Figure 1. (In this case we
have ûlled the support circles for emphasis.) In fact, using (5.4), we see that Pσ

0 =
L⟨σ 1,0⟩ and Pσ

1 = L⟨0,σ 1⟩, so the SP-grading of P is pictured as well.

c c cs sc c cs sc c c
−2
−1

0
1

2

6

- ℓ1

ℓ2

Figure 1. L and P

c c cs sc c cs sc c c

2
1
0
−1
−2

6

- ℓ1

ℓ2

Figure 2. L̆ and P̆

On the other hand,with L̆ = s1L, the ûrst component grading of L̆ is L̆ =⊕i∈Z L̆ i ,∗,
where, using (6.5) applied to L̆, we have

L̆ i ,∗ = ⊕
ℓ1 ,ℓ2∈Z,
ℓ1+ℓ2=i

L̆⟨ℓ1 ,ℓ2⟩ = ⊕
ℓ1 ,ℓ2∈Z,
−ℓ1+ℓ2=i

L⟨ℓ1 ,ℓ2⟩ .

_us the ûrst component grading for L̆ is pictured by the dashed lines in Figure 2.
Next, by deûnition P̆ is enveloped by L̆, so theKantor pair P̆ is pictured by the dashed
lines labelled as −1 and 1 in Figure 2. Also we have P̆σ

0 = L⟨−σ 1,0⟩ and P̆σ
1 = L⟨0,σ 1⟩, so

the SP-grading of P̆ is pictured as well.
Evidently, Figure 2 is obtained from Figure 1 by orthogonal re�ection through the

vertical axis.

6.4 The Jordan Obstruction of a Weyl Image

Suppose P is an SP-graded Kantor pair.
Recall from Subsection 4.8 that the Jordan obstruction J(P) of P is the Jordan pair

(K(P)−2,∗ ,K(P)2,∗). So
J(P) = (K(P)−2,0 ⊕K(P)−2,−1 ⊕K(P)−2,−2 ,K(P)2,0 ⊕K(P)2,1 ⊕K(P)2,2).

It is interesting to note that J(P) = ⊕2
i=0 J(P)i is Peirce graded (see Subsection 4.8)

with J(P)σ
i = K(P)σ2,σ i , since K(P)0,σ2 = 0. However, we will view J(P) as an un-

graded Jordan pair.
If L is a BC2-graded Lie algebra that tightly envelops P, then

(6.6) J(P) ≃ (L−2,∗ , L2,∗) = (L−2,0 ⊕ L−2,−1 ⊕ L−2,−2 , L2,0 ⊕ L2,1 ⊕ L2,2)
by Proposition 5.6 (ii).

In view of (6.4), the following proposition tells us how to compute the Jordan ob-
struction of any Weyl image of P.
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Proposition 6.7 If P is an SP-graded Kantor pair, and L is a BC2-graded Lie algebra
that tightly envelops P, then J(P) ≃ J(P), J(Pop) ≃ J(P)op and

(6.7) J(P̆) ≃ (L2,0 ⊕ L0,−1 ⊕ L−2,−2 , L−2,0 ⊕ L0,1 ⊕ L2,2)

under the products [[x , y], x] calculated in L.

Proof If u ∈W , the BC2-graded Lie algebra uL tightly envelopes uP, by Proposition
6.2 (i). _us, by (6.6), J(uP) ≃ ((uL)−2,∗ , (uL)2,∗). If u = s2, u = −1, or u = s1, then
u−1 = u maps {2α1 , 2α1+α2 , 2α1+2α2} onto {2α1 , 2α1+α2 , 2α1+2α2}, {−2α1 ,−2α1−
α2 ,−2α1 − 2α2}, and {−2α1 , α2 , 2α1 + 2α2}, respectively.

If follows from Proposition 6.7 (or from the deûnitions) that if P is Jordan, then so
are P and Pop. We now see that this fails for the re�ection P̆ of P.

Lemma 6.8 P̆ is a Jordan pair if and only if P0 and P1 are le� ideals of P which are
Jordan pairs. Suppose further that P is Jordan. _en P̆ is Jordan if and only if P0 and P1
are ideals of P, in which case P = P0 ⊕ P1 and P̆ = (P0)op ⊕ P1 are direct sums of ideals.

Proof Now P̆ is Jordan if and only J(P̆) = 0, and, by (6.7) (with L = K(P)) and
(5.6), this holds if and only if [Pσ

i , Pσ
i ] = 0 and [Pσ

1 , P−σ
0 ] = 0 in K(P) for σ = ± and

i = 0, 1. Moreover, this holds if and only if K(Pσ
i , Pσ

i )P−σ = 0 and {Pσ
i , P−σ

1−i , Pσ} = 0
for σ = ±, i = 0, 1. _en, using (5.2), we see that P̆ is Jordan if and only if each Pi is
Jordan and {Pσ

1−i , P−σ
i , Pσ

i } = 0 for σ = ±, i = 0, 1. But one checks easily using (5.2)
that this last condition holds if and only if Pi is a le� ideal of P for i = 0, 1.

Suppose next that P is Jordan. If P̆ is Jordan, then we know that Pi is a le� and
right ideal of P for i = 0, 1; and hence, by (5.2), Pi is an ideal for i = 0, 1. Conversely,
suppose that each Pi is an ideal of P. _en P = P0 ⊕ P1 is a direct sum of ideals; so by
Proposition 6.5, P̆ = (P0)op ⊕ P1 is a direct sum of ideals and hence P̆ is Jordan.

Corollary 6.9 Suppose that P is a simple Jordan pair with non-trivial SP-grading.
_en P̆ is not Jordan.

_ere aremany well-understood examples of simple Jordan pairs with non-trivial
SP-gradings (for example simple Jordan pairs with a maximal non-invertible idem-
potent). In this way, re�ection produces many examples of simple SP-graded Kantor
pairs that are not Jordan. We consider one such example in Subsection 7.3.

In the same spirit, we will give an example in Subsection 8.8 of an SP-graded Kan-
tor pair of balanced 2-dimension 1 whose re�ection has balanced 2-dimension 5. So
re�ection produces a Kantor pair that is far from Jordan starting from a pair that is
close to Jordan.

6.5 Remarks on Weyl Images Using Other Rank 2 Root Systems

Up to this point, we have discussed how BC2-graded Lie algebras arise in the theory
of SP-gradedKantor pairs. With this in mind, it is natural towonder how Lie algebras
graded by other irreducible rank 2 root systems ût into this picture. We discuss this
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brie�y in this subsection (with few details), and explain why we have focused on the
BC2-case.

Suppose that ∆ is an irreducible root systemwith base Γ = {α1 , α2}, and denote the
type of ∆ by X2. Let m1α1 +m2α2 be the highest root of ∆ and suppose that m1 = 1 or
2, and let α1 + n2α2 be the highest root in (α1 +Zα2)∩∆. _en we have the following
possible cases:

(1) X2 = A2 ,m1 = 1, n2 = 1; (2) X2 = B2 , α1 long,m1 = 1, n2 = 2;
(3) X2 = B2 , α1 short,m1 = 2, n2 = 1; (4) X2 = G2 , α1 long,m1 = 2, n2 = 3;
(5) X2 = BC2 , α1 long,m1 = 2, n2 = 2; (6) X2 = BC2 , α1 short,m1 = 2, n2 = 1.

Suppose that L is a ∆-graded Lie algebra. _en, since m1 ≤ 2, the ûrst component
grading L = ⊕i∈Z L i ,∗ of L is a 5-grading. Let P = (L−1,∗ , L1,∗) be the Kantor pair
enveloped by L with this 5-grading. _en P = ⊕ j∈Z Pj = ⊕n2

j=0 Pj , where Pσ
j = Lσ 1,σ j ,

is a Z-graded Kantor pair which we say is enveloped by the ∆-graded Lie algebra L.
Furthermore, in each case we have [Pσ

i , P−σ
j ] = 0 in L if (i − j)α2 ∉ ∆ ∪ {0} and

[Pσ
i , Pσ

j ] = 0 in L if 2α1 + (i + j)α2 ∉ ∆ ∪ {0}, and these facts translate into relations
in P which we call Peirce relations. For example, the Peirce relations in Case 2 are the
relations (5.3) in Example 5.2 aswell as the relations K(Pσ

i , Pσ
j ) = 0 for all i , j. InCase

6, the set of relations is empty.
If we are in Case ℓ, where 1 ≤ ℓ ≤ 6, we are led to introduce the class C(ℓ) of

Z-graded Kantor pairs that by deûnition have support contained in {0, . . . , n2}, and
satisfy the Peirce relations mentioned above.
For example C(1), C(2), and C(3) are, respectively, the class of SP-graded Jor-

dan pairs, the class of Peirce graded Jordan pairs (see Example 5.2), and the class of
SP-graded Kantor pairs with P0 and P1 Jordan. We leave it to the interested reader to
work out C(4) and C(5). Of course, C(6) is the class of SP-graded Kantor pairs that
we have been studying.

So in each case, any ∆-graded Lie algebra envelops aZ-gradedKantor pair inC(ℓ).
And conversely one sees exactly as in Proposition 5.5 that any Z-graded Kantor pair
in C(ℓ) is enveloped by a ∆-graded Lie algebra.

If P is in C(ℓ) and u ∈ W∆ , one can deûne theWeyl image uP in C(ℓ) as in Deû-
nition 6.1. However, to see that uP is well deûned as in Proposition 6.2, one needs the
fact that S−∪ S+ is invariant underW∆ ,where Sσ ∶= {σα1 +σ jα2}n2

j=1. Since this is not
true in general, it is natural to consider Weyl images uP only for u in the stabilizer V
of S− ∪ S+ in W∆ .

Now because of our work in this article, we understandWeyl images in C(6), and
we therefore also understand them in C(3), since C(3) is a subclass of C(6) that is
closed under Weyl images in C(6). In the remaining four Cases 1, 2, 4 and 5, it turns
out that we have u(S+) = S+ or S− for u ∈ V and hence uP ≃ P or Pop as ungraded
Kantor pairs for P ∈ C(ℓ) and u ∈ V . So in those four cases,Weyl images cannot be
used to produce new ungradedKantor pairs. For this reason,we have only considered
Case 6 in this paper.

Nevertheless, it seems that all of the classes C(ℓ), as well as analogous classes for
higher rank root systems, are of interest in their own right andmay play a role in the

https://doi.org/10.4153/CJM-2016-047-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2016-047-1


Weyl Images of Kantor Pairs 745

development of a theory of grids for Kantor pairs following the lead of Neher in the
Jordan case (see [N2] and the references therein).

7 Kantor Pairs of Skew Transformations

In this section, letV− andV+ bemodules and let g∶V−×V+ → K be a nondegenerate
bilinear form. If v+ ∈ V+ and v− ∈ V−, we set g(v+ , v−) = g(v− , v+) for convenience.

7.1 3-graded Lie Algebras of Skew Transformations

Let Ṽ = V−⊕V+, and deûne a nondegenerate symmetric bilinear form g̃∶ Ṽ × Ṽ → K
by g̃(v− + v+ ,w− +w+) = g(v− ,w+) + g(v+ ,w−).
For σ , τ = ±, set End(Ṽ)σ ,τ = {A ∈ End(Ṽ) ∶ AV−τ = 0, AV τ ⊆ V σ} and iden-

tify this module with Hom(V τ ,V σ) in the evident fashion. _en we have End(Ṽ) =
⊕σ ,τ=± End(Ṽ)σ ,τ with End(Ṽ)κ ,λ End(Ṽ)σ ,τ ⊆ δλ ,σ End(Ṽ)κ ,τ . Hence, the asso-
ciative algebra End(Ṽ) =⊕i∈Z End(Ṽ)i is Z-graded with

End(Ṽ)σ 1 = End(Ṽ)σ ,−σ , End(Ṽ)0 = End(Ṽ)−,− ⊕ End(Ṽ)+,+

and End(Ṽ)i = 0 otherwise. So End(Ṽ) = ⊕i∈Z End(Ṽ)i is a 3-graded Lie algebra
under the commutator product.

Let o(g̃) = {A ∈ End(Ṽ) ∶ g̃(Av ,w) + g̃(v ,Aw) = 0 for v ,w ∈ Ṽ}. _en o(g̃) is a
graded subalgebra of the Lie algebra End(Ṽ). _us o(g̃) = ⊕i∈Z o(g)i is a 3-graded
Lie algebra with o(g̃)i = o(g̃) ∩ End(Ṽ)i for i ∈ Z. We call o(g̃) the orthogonal Lie
algebra of g̃ or sometimes the Lie algebra of skew transformations of g̃.
For v ,w ∈ Ṽ , deûne ζ(v ,w) ∈ End(Ṽ) by ζ(v ,w)x = g̃(x ,w)v − g̃(x , v)w, in

which case ζ(v ,w) = −ζ(w , v). Also ζ(v ,w) ∈ o(g̃) and

[A, ζ(v ,w)] = ζ(Av ,w) + ζ(v ,Aw) for A ∈ o(g̃).

_us fo(g̃) ∶= ζ(Ṽ , Ṽ) = spanK{ζ(v ,w) ∶ v ,w ∈ Ṽ} is an ideal of o(g̃) which
is graded since ζ(V σ ,V σ) ⊆ End(Ṽ)σ 1 and ζ(V+ ,V−) ⊆ End(Ṽ)0. So fo(g̃) =
⊕i∈Z fo(g)i is a 3-graded Lie algebra with

fo(g̃)σ 1 = ζ(V σ ,V σ) and fo(g̃)0 = ζ(V+ ,V−).

If K is a ûeld, it is well known (and easy to check) that fo(g̃) is the Lie algebra of
all ûnite rank homomorphisms in o(g̃).

Lemma 7.1 Let F ∈ K- alg. Suppose that either F is a projective-K-module, or else
F is �at and each V σ is a ûnitely generated K-module. _en gF∶V−

F × V+
F → F is

nondegenerate, and the canonical homomorphism End(Ṽ)F → End(ṼF) restricts to
a 3-graded F-algebra isomorphism from fo(g̃)F onto fo(g̃F). (Here we can identify
fo(g̃)F as an F-submodule of End(Ṽ)F since F is �at.)

Proof As in Lemma 4.10,we know fromour assumptions that the canonicalF-mod-
ule homomorphisms Hom(V σ ,K)F → Hom(V σ

F ,F) and End(Ṽ)F → EndF(ṼF) are
injective. Using this we can easily verify both statements.
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If {vσ
i }i∈I is a basis for themoduleW σ for σ = ±,we say that the bases {v−i }i∈I and

{v+i }i∈I are dual with respect to g if g(v−i , v+j ) = δ i j for all i , j ∈ I. Of course, ifW−

or W+ is not free, such dual bases cannot exist. In fact, even if K is a ûeld, such dual
bases need not exist [J2, §IV.5].

Lemma 7.2 Let K be a ûeld.
(i) SupposeW σ is a ûnite dimensional subspace ofV σ for σ = ± such that g∣W−×W+ is

nondegenerate. _en there exist dual bases for W− andW+ relative to g∣W−×W+ .
Moreover V σ =W σ ⊕ (W−σ)⊥ for σ = ±, where

(W−σ)⊥ = {vσ ∈ V σ ∶ g(vσ ,W−σ) = 0}.
(ii) Suppose that Xσ is a ûnite subset of V σ for σ = ±. _en there exists a ûnite

dimensional subspace W σ of V σ containing Xσ for σ = ± such that g∣W−×W+ is
nondegenerate.

Proof (i) is a well-known fact from elementary linear algebra. (ii) is a special case
of [LB, Proposition 3.18], or it can be checked, using (i), by induction on

dim(spanK{X−}) + dim(spanK{X+}).

Proposition 7.3 IfK is a ûeld and dim(V σ) ≥ 3, then fo(g̃) is central simple.

Proof Simplicity iswell known. Oneway to show it is to reduce to the ûnite dimen-
sional case using Lemma 7.2, in which case simplicity is a classical fact which is easily
checked. _us, by Lemma 7.1, fo(g̃)F is a simple F-algebra for each ûeld F containing
K. So fo(g̃) is central simple by [Mc,_eorem II.1.6.3(2)].

Remark 7.4 If there exist dual bases for V− and V+ relative to g, then the converse
of Proposition 7.3 is true [GN, §3.8]. _e same remark applies to the corresponding
Jordan and Kantor pair results below. (See Proposition 7.5 (iii) and the ûrst statement
in _eorem 7.10 (iii).)

7.2 Jordan Pairs of Skew Transformations

Recall that H = (H− ,H+), where Hσ = Hom(V−σ ,V σ), is a Jordan pair under the
products {Aσ , B−σ ,Cσ} = AσB−σCσ + CσB−σAσ . Indeed, H is the Jordan pair deter-
mined by the 3-graded Lie algebra End(Ṽ) discussed in Subsection 7.1.

Proposition 7.5 (i) Let Skew(g) = (Skew(g)− , Skew(g)+), where

Skew(g)σ = {Aσ ∈ Hσ ∶ g(Aσv−σ ,w−σ) + g(v−σ ,Aσw−σ) = 0}
for σ = ±. _en Skew(g) is a subpair of H, and Skew(g) is enveloped by the
3-graded Lie algebra o(g̃).

(ii) Let FSkew(g) = (FSkew(g)− , FSkew(g)+), where FSkew(g)σ = ζ(V σ ,V σ).
_en FSkew(g) is an ideal of Skew(g), and FSkew(g) is enveloped by the
3-graded Lie algebra fo(g̃).

(iii) IfK is a ûeld and dim(V σ) ≥ 2, the Jordan pair FSkew(g) is central simple.
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Proof (i) and (ii) follow from the discussion in Subsection 7.1. For (iii), suppose
K is a ûeld and dim(V σ) ≥ 2. If dim(V σ) = 2, FSkew(g) is one-dimensional with
non-trivial products, so it is central simple. If dim(V σ) ≥ 3, then FSkew(g) is central
simple by _eorem 4.20 (iii) and Proposition 7.3.

Remark 7.6 _e Jordan pairs Skew(g) and FSkew(g) are special cases of Jordan
pairs studied in [LB,Z1]. Part (iii) in the proposition is a special case of [LB, _eo-
rem 3.9 and Proposition 4.1 (3)] or [Z1, Lemma 5 (2)].

7.3 Kantor Pairs of Skew Transformations

Assume now that e = (e− , e+) ∈ V− × V+ satisûes g(e− , e+) = 1. We will use e to
construct a BC2-grading of fo(g̃) and hence an SP-grading of FSkew(g).

Let U σ = (e−σ)⊥ in V σ relative to g, in which case we have V σ = Keσ ⊕U σ .

Proposition 7.7 fo(g̃) = ⊕(i1 , i2)∈Z2 fo(g̃)i1 , i2 is a BC2-grading of the Lie algebra
fo(g̃), where

fo(g̃)σ 1,0 = ζ(U σ ,U σ), fo(g̃)σ 1,σ 1 = ζ(eσ ,U σ),
fo(g̃)0,0 = ζ(U− ,U+) +Kζ(e−σ , eσ), fo(g̃)0,σ 1 = ζ(eσ ,U−σ)

for σ = ±, and fo(g̃)i1 , i2 = 0 for all other (i1 , i2) in Z2. Moreover, the ûrst component
grading of this grading is the 3-grading of fo(g̃) in Subsection 7.1.

Proof Note that it suõces to show that fo(g̃) =⊕(i1 , i2)∈Z2 fo(g̃)i1 , i2 is aZ2-grading,
as the rest is then clear. _ere are a number of ways to see this including a direct
case-by-case check. We give an argument that we can use again in Subsection 8.

Suppose ûrst that there exists a unit t ∈ K such that

(7.1) (t i − t j)x = 0, i , j ∈ Z, x ∈ fo(g̃) Ô⇒ x = 0 or i = j.

For σ = ±, we deûne θσ ∈ GL(V σ) by θσ(eσ) = tσ 1eσ and θσ ∣U σ = idU σ . _en
g(θσxσ , θ−σx−σ) = g(xσ , x−σ), so θ̃ ∶= θ− ⊕ θ+ ∈ GL(Ṽ) preserves the form g̃.
Hence

(7.2) θ̃ζ(x , y)θ̃−1 = ζ(θ̃x , θ̃y)

for x , y ∈ Ṽ , so we can deûne ψθ ∈ Aut(fo(g̃)) by ψθ(X) = θ̃X θ̃−1 For (i1 , i2) ∈ Z2,
let Fi1 , i2 = {x ∈ fo(g̃)i1 ∶ ψθ(x) = t i2x}. (We will see that Fi1 , i2 = fo(g̃)i1 , i2 .)

Note that the sum∑(i1 , i2)∈Z2 Fi1 , i2 in fo(g̃) is direct. Indeed, to show this it suõces
to show that∑i2∈Z Fi1 , i2 is direct for i1 ∈ Z, and this is checked by a standard argument
in linear algebra using (7.1). Note also that fo(g̃)i1 , i2 ⊆ Fi1 , i2 for each (i1 , i2), which
follows from (7.2) and the deûnition of themodules Fi1 , i2 .

Since∑(i1 , i2)∈Z2 fo(g̃)i1 , i2 = fo(g̃) we see from the preceding paragraph that

fo(g̃) = ⊕
(i1 , i2)∈Z2

fo(g̃)i1 , i2

as modules and that fo(g̃)i1 , i2 = Fi1 , i2 for each (i1 , i2). _us, since ψθ is an automor-
phism, fo(g̃) =⊕(i1 , i2)∈Z2 fo(g̃)i1 , i2 is an algebra grading.
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Finally, consider the general case (without assuming the existence of t satisfying
(7.1)). Let T = K[t, t−1] be the algebra of Laurent polynomials. _en, by Lemma 7.1,
we have a canonical 3-gradedT-algebra isomorphism φ∶ fo(g̃)T → fo(g̃T). So fo(g̃T)
satisûes (7.1) (over T), and hence fo(g̃T) = ⊕(i1 , i2)∈Z2 fo(g̃T)i1 , i2 is a Z2-grading.
Moreover, since T is �at, we can identify (fo(g̃)i1 , i2)T as a T-submodule of fo(g̃)T
and we see that φ maps (fo(g̃)i1 , i2)T onto fo(g̃T)i1 , i2 for each (i1 , i2). So fo(g̃)T =
⊕(i1 , i2)∈Z2(fo(g̃)i1 , i2)T is a Z2-grading. Since T is faithfully �at, this easily implies
our result.

Corollary 7.8 Let FSkew(g) be the Kantor pair in Proposition 7.5 (ii) and let

FSkew(g)σ
0 = ζ(U σ ,U σ) and FSkew(g)σ

1 = ζ(eσ ,U σ).
_en FSkew(g) = FSkew(g)0 ⊕ FSkew(g)1 is an SP-graded Jordan pair, which is en-
veloped by the BC2-graded Lie algebra in Proposition 7.7.

Remark 7.9 In a similar fashion one obtains a BC2-grading of o(g̃) and hence
an SP-grading of Skew(g) with Skew(g)σ

0 = {Aσ ∈ Skew(g)σ ∶ Aσ e−σ = 0} and
Skew(g)σ

1 = {Aσ ∈ Skew(g)σ ∶ AσU−σ ⊆ Keσ}. We leave the details of this to the
interested reader.

_eorem 7.10 SupposeK is a unital commutative ring containing 1
6 , g∶V

−×V+ → K
is a nondegenerate bilinear form, and e = (e− , e+) ∈ V− × V+ satisûes g(e− , e+) = 1.
Let FSkew(g) be the SP-graded Jordan pair in Corollary 7.8.
(i) FSkew(g)˘ is an SP-graded Kantor pair.
(ii) Let U = (U− ,U+) be the Jordan pair with products

{uσ , v−σ ,wσ}σ = g(uσ , v−σ)wσ + g(wσ , v−σ)uσ ,

let U ′ be the ideal ofU with (U ′)σ = ζ(U σ ,U σ)U−σ , and let U ′′ be the ideal ofU ′

with (U ′′)σ = {uσ ∈ (U ′)σ ∶ g(uσ , (U ′)−σ) = 0}. _en the Jordan obstruction
J(FSkew(g)˘) of FSkew(g)˘ is isomorphic to (U ′/U ′′)op.

(iii) If K is a ûeld and dim(V−) ≥ 2, then FSkew(g)˘ is a central simple SP-graded
Kantor pair. Moreover, if K is a ûeld and dim(V−) ≥ 3, then J(FSkew(g)˘) ≃
Uop, so FSkew(g)˘ is not Jordan.

Proof (i) is immediate from Corollary 7.8.
(ii) Let P = FSkew(g) with the SP-grading in Corollary 7.8 and let L = fo(g̃)

with the BC2-grading in Proposition 7.7. Let L′ = ⟨TL(P)⟩alg, L′′ = Z(L′) ∩
[TL′(P), TL′(P)] and L′ = L′/L′′. _en L′ is a BC2-graded ideal of L and L′′ is a
BC2-graded ideal of L′, so L′ is BC2-graded. Moreover, by Remarks 4.6 and 5.4, L′
tightly envelopes the SP-graded Kantor pair P (suitably identiûed in L′). So by (6.7)
and Proposition 7.7, J(P̆) ≃ (L′0,−1 , L′0,1) under the products [[x , y], z] in L′. _us
J(P̆)op ≃ (L′0,1 , L′0,−1) ≃ (L′0,1 , L′0,−1)/(L′′0,1 , L′′0,−1).

We now calculate (L′0,1 , L′0,−1) and (L′′0,1 , L′′0,−1), leaving some of the details to
the reader. First L0,σ 1 = ζ(U σ , e−σ), and we deûne λσ ∶U σ → L0,σ 1 by λσ(uσ) =
σζ(uσ , e−σ). One checks that λ = (λ− , λ+)∶U → (L0,1 , L0,−1) is an isomorphism of
Jordan pairs. Next we have L′0,−σ 1 = [Lσ 1,0 , L−σ 1,−σ 1] = [ζ(U σ ,U σ), ζ(U−σ , e−σ)] =
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ζ(ζ(U σ ,U σ)U−σ , e−σ). So λ maps U ′ onto (L′0,1 , L′0,−1). Finally L′′0,−σ 1 is the central-
izer of L−1,∗+L1,∗ = ζ(V− ,V−)+ ζ(V+ ,V+) in L′0,−σ 1, and one checks using this that
λ maps U ′′ onto (L′′0,1 , L′′0,−1).

(iii) _e ûrst statement is a consequence of Propositions 6.4 and 7.5 (iii). For the
second statement, we know by Lemma 7.2 that there exist eσi ∈ U σ for σ = ± and
i = 1, 2 such that g(e−i , e+j ) = δ i j . _us, ζ(eσ1 , eσ2 )e−σ

2 = eσ1 and
ζ(uσ , eσ1 )e−σ

1 = uσ − g(e−σ
1 , uσ)eσ1

for uσ ∈ U σ , so U ′ = U and U ′′ = 0. Hence we are done by (ii). (See also Corol-
lary 6.9.)

It turns out that the Kantor pairs in _eorem 7.10 (iii) make up one of the four
classes of central simpleKantor pairs that appear in the structure theoremmentioned
in the introduction.

Remark 7.11 SupposeK is a ûeld. If f = ( f − , f +) ∈ V− ×V+ is another pair of vec-
tors satisfying g( f − , f +) = 1, then it is easy to see, using Lemma 7.2, that there exists
an isometry (φ− , φ+) ∈ GL(V−) × GL(V+) of g (satisfying g(φ−(v−), φ+(v+)) =
g(v− , v+)) such that φσ(eσ) = f σ for σ = ±. Using this fact it is also easy
to see that the BC2-graded Lie algebra o(g̃) and the Kantor pairs FSkew(g) and
FSkew(g)˘ described in this subsection are independent up to graded isomorphism
of the choice of e.

Example 7.12 (_e ûnite dimensional case) Suppose that K is a ûeld and V σ has
ûnite dimension n, where n ≥ 3. _en fo(g̃) = o(g̃) and FSkew(g) = Skew(g).
Choose dual basis {v−i }n

i=1 and {v+i }n
i=1 for V− and V+ relative to g with v−1 = e−

and v+1 = e+, and use these bases to identify End(Ṽ)σ ,τ with Mn(K) for σ , τ = ±.
_en one sees directly using Proposition 7.5 (ii) andCorollary 7.8 that FSkew(g) is the
double of the Jordan triple system An(K) of alternating n × n-matrices with product
ABC + CBA, and that

FSkew(g)σ
0 =

n
∑
i , j=2

K(E i j − E ji) and FSkew(g)σ
1 =

n
∑
i=2

K(E i1 − E1i).

(Here E i j is the (i , j)-matrix unit.) Also, fo(g̃) is the split central simple Lie algebra
of type Dn (interpreting D3 as A3) [Sel, §IV.3]. So FSkew(g) and FSkew(g)˘ are
split central simple Kantor pairs of type Dn by Proposition 6.4. Note that FSkew(g)
(being Jordan) has balanced 2-dimension 0; whereas, by Proposition _eorem 7.10
(iii), FSkew(g)˘ has balanced 2-dimension n − 1.

If n is odd in Example 7.12, the SP-grading of FSkew(g) arises as in Example 5.2
from an idempotent c with trivial Peirce 0-component [L, §8.16].

Remark 7.13 If K is algebraically closed of characteristic 0, the Kantor pair
FSkew(g)˘ in Example 7.12 is the double of a Kantor triple system that appears in
Kantor’s classiûcation (mentioned in the introduction), where it is represented by the
notation Cn−1,n−1 An−1,1 [K1, (5.27)]. In fact this notation displays the SP-grading
on FSkew(g)˘ .
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Remark 7.14 Example 7.12 can be formulated somewhat more generally. Indeed,
suppose we have the assumptions and notation of _eorem 7.10, suppose each V σ

is a ûnitely generated projective module of rank n over K with n ≥ 3, and suppose
g∶V−×V+ → K is non-singular. (See Subsection 8.1 below to recall this terminology.)
_en Z(fo(g̃)) = 0 and fo(g̃) tightly envelops FSkew(g). Furthermore, FSkew(g) is
a form of an SP-graded split Jordan pair of type Dn which is split if each V σ is free;
FSkew(g)˘ is a form of a split SP-graded Kantor pair of type Dn which is split if each
V σ is free; and ûnally the Jordan obstruction of FSkew(g)˘ is isomorphic toUop. _e
veriûcations of these facts,whichwe omit, follow themethods (faithfully �at base ring
extension to the free case) used in the next section, where an example of type E6 is
treated in detail.

8 Construction of E6 and Kantor Pairs From the Exterior Algebra

It iswell known that over an algebraically closed ûeld of characteristic 0, the simple Lie
algebra E of type E6 has a 5-gradingwith components⋀6(V∗),⋀3(V∗), sl(V)⊕Kh,
⋀3(V) and ⋀6(V) as K-spaces, and with natural actions of sl(V) on each compo-
nent, where V is a six-dimensional space [C, §V.18, pp. 89–90], [GOV, §3.3.5]. Re-
cently this fact has been used in work on gradings of E [ADG, §3.4], [EK, §6.4].

In this section, we take this point of view in a more general context to construct
5-graded Lie algebras, SP-graded Kantor pairs, and their re�ections. _roughout the
section, we assume only that K is a unital commutative associative ring (not neces-
sarily containing 1

6 ). We will add further assumptions on K as needed.

8.1 Finitely Generated Projective Modules and Non-singular Forms

Recall that amoduleM is ûnitely generated projective (FGP) if and only ifM is a direct
summand of a freemodule of ûnite rank. If M and N are FGP, then M∗ and M ⊗ N
are FGP. Moreover, we may identify M with M∗∗, where m(φ) = φ(m) for m ∈ M
and φ ∈ M, and the linear map M ⊗ M∗ → End(M) with m ⊗ φ → mφ, where
(mφ)(m′) = φ(m′)m is bijective. _e trace function tr on End(M) is the unique
linear mapwith tr(mφ) = φ(m). If A, B ∈ End(M), then tr(AB) = tr(BA). For more
details see [B1, II.4.3] and [F, §2].

If p ∈ Spec(K), the set of prime ideals ofK, letKp = (K/p)−1K be the localization
ofK at p. IfM is a ûnitely generated projectivemodule, then MKp

is a freeKp-module
of ûnite rank [B2, II.5.2]. If MKp

has rank n for all p ∈ Spec(K), we say M has rank
n, in which case we have tr(idM) = n1K.

8.2 Assumptions and Notation

Henceforth we assume that

(8.1) g∶M− × M+ → K is a non-singular bilinear form, where M− and M+ are
FGP modules of rank n.

(To check this condition, using [B2, II.5.3, (4)] and [B1, II.2.7, Cor. 4] it is easy to see
that it suõces to show that M+ is FGP of rank n and themap v− → g(v− , ) from V−
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into (V+)∗ is bijective.) If v+ ∈ M+ and v− ∈ M−, we again set g(v+ , v−) = g(v− , v+)
for convenience.

Remark 8.1 (i) If (M′− ,M′+ , g′) is another triple satisfying (8.1), an isomorphism
of (M− ,M+ , g) onto (M′− ,M′+ , g′) is a pair θ = (θ− , θ+), where θσ ∶Mσ → M′σ is a
linear isomorphism and g′(θ−v− , θ+v+) = g(v− , v+) for vσ ∈ Mσ .

(ii) If N+ is an FGP module of rank n and can∶ (N+)∗ × N+ → K is the canonical
map given by can(x− , y+) = x−(y+), then ((N+)∗ ,N+ , can) satisûes (8.1); any triple
satisfying (8.1) is isomorphic to one obtained in thisway. So in this sensewe are really
just starting with an FGP module of rank n. However, the more symmetric point of
view taken here is very convenient for us.

(iii) _e reference [B1, III] works with triples ((N+)∗ ,N+ , can) as in (ii). In view
of (ii), we can use facts from that reference.

If Aσ ∈ End(Mσ), then, since g is non-singular, there exists a unique (Aσ)∗ ∈
End(M−σ), called the adjoint of Aσ , such that g(vσ , (Aσ)∗v−σ) = g(Aσvσ , v−σ) for
vσ ∈ Mσ , v−σ ∈ M−σ

For σ = ±, we form the exterior algebra ⋀(Mσ) with the natural Z-grading

⋀(Mσ) = ⊕
k≥0
⋀k(Mσ),

where ⋀k(Mσ) = 0 if k < 0. For convenience, we write the product in ⋀(Mσ) as uv
(rather than the usual u ∧ v).

In the next three subsections, we record the facts about ⋀(Mσ) that we will need
for our constructions. For more details, the reader can consult [B1, III.7, III.10, and
III.11] or [F, §2].

8.3 The ⋅ Action of ⋀(M−σ) on ⋀(Mσ)

Recall that an endomorphism D of the graded algebra ⋀(Mσ) is called an anti-
derivation of degree −1 of ⋀(Mσ) if D(⋀k(Mσ)) ⊆ ⋀k−1(Mσ) and

D(xσ yσ) = D(xσ)yσ + (−1)kxσD(yσ)

for k ≥ 0, xσ ∈ ⋀k(Mσ) and yσ ∈ ⋀(Mσ) [B1, III.10.3].
For v−σ ∈ M−σ , there is a unique anti-derivation ∆v−σ of⋀(Mσ) of degree −1 with

∆v−σ (vσ) = g(v−σ , vσ) for vγ ∈ Mγ [B1, III.10.9, Example 2]. Since ∆2
v−σ = 0, the

map v−σ → ∆v−σ extends to a homomorphism a → ∆a of ⋀(M−σ) into the associa-
tive algebra End(⋀(Mσ)), and hence we can view ⋀(Mσ) as a le� module for the
associative algebra ⋀(M−σ). We write the action as a ⋅ x = ∆a(x) for a ∈ ⋀(M−σ),
x ∈ ⋀(Mσ).

Remark 8.2 If we identify M−σ with (Mσ)∗ via the pairing g, then it follows from
[B1, III.11.9, (68)] and [B1, III.11.8, Proposition 10] that a ⋅ x is the le� inner product of
x by a that is studied in [B1, III.11.9].

Note that ⋀k(M−σ) ⋅ ⋀ℓ(Mσ) ⊆ ⋀ℓ−k(Mσ). In particular if a ∈ ⋀k(M−σ) and
x ∈ ⋀k(Mσ), then a ⋅ x is a scalar inK and, by [F, Lemma 3 (i)], we have x ⋅ a = a ⋅ x .

https://doi.org/10.4153/CJM-2016-047-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2016-047-1


752 B. Allison, J. Faulkner, and O. Smirnov

Note also that

(8.2) x ∈ ⋀k(Mσ), x ⋅⋀k(M−σ) = 0 Ô⇒ x = 0

by [B1, III.11.5, Proposition 7]. Furthermore, if vσ ∈ Mσ and v−σ ∈ M−σ , then vσ ⋅v−σ =
g(vσ , v−σ), so there is no confusion of notation in case M− = M+ = Kn and g is the
usual dot product.

If p ∈ ⋀n(Mσ), q ∈ ⋀n(M−σ) (recall that n is the rank of Mσ ) and a ∈ ⋀(M−σ),
then

(8.3) (a ⋅ p) ⋅ q = (p ⋅ q)a,
by [B1, III.11.11, Proposition 12 (i)] or [F, Lemma 4 (i)].

8.4 The Lie Algebra S and its ○ Action on ⋀(Mσ)

We consider the following Lie subalgebra

S = S(M− ,M+ , g)
= {(A− ,A+) ∈ End(M−)⊕ End(M+) ∶ g(A−v− , v+) + g(v− ,A+v+) = 0}.

of End(M−) ⊕ End(M+). Note that for σ = ± we have the Lie algebra isomorphism
ισ ∶= ισ(M− ,M+ , g)∶End(Mσ)→ S given by

ι+(A+) = (−(A+)∗ ,A+) and ι−(A−) = (A− ,−(A−)∗),
in which case the inverse of ισ is projection onto the σ-factor restricted to S.

If Aσ ∈ End(Mσ), there is a unique extension of Aσ to a derivation DAσ of⋀(Mσ)
stabilizing each⋀k(Mσ), and it is easy to see that [DAσ ,DBσ ] = D[Aσ ,Bσ ] [B1, III.10.9,
Example 1]. So each ⋀k(Mσ), and therefore also ⋀(Mσ), is a module for the Lie
algebra End(Mσ) with Aσ ○ xσ = DAσ (xσ) for xσ ∈ ⋀k(Mσ). We also view ⋀(Mσ)
as amodule for S with A ○ xσ ∶= Aσ ○ xσ for A = (A− ,A+) ∈ S.

_e ⋅ action and the ○ action are related by the identity

(8.4) A ○ (a ⋅ x) = (A ○ a) ⋅ x + a ⋅ (A ○ x)
which, by [F, (2)], holds for A ∈ S, a ∈ ⋀(M−σ), x ∈ ⋀(Mσ), σ = ±.

Note that if Aσ ∈ End(Mσ) and pσ ∈ ⋀n(Mσ), we have
(8.5) Aσ ○ pσ = tr(Aσ)pσ .

Indeed, this holds if Mσ is free [B1, III.10.9, Proposition 15]; and hence it holds in
general by an easy localization argument [F, §2, ¶3].

8.5 The Elements E(xσ , x−σ) in S

For σ = ±, x ∈ ⋀k(Mσ), a ∈ ⋀k(M−σ), and 1 ≤ k ≤ n,we deûne Eσ(x , a) ∈ End(Mσ)
by

Eσ(x , a)(vσ) = (vσ ⋅ a) ⋅ x .
In that case we have

(8.6) Eσ(x , a)∗ = E−σ(a, x) and tr(Eσ(x , a)) = k x ⋅ a,
by [F, Lemma 3 (ii) (iii)], where Eσ(x , a) is denoted by e(x , a).
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If x− ∈ ⋀k(M−), x+ ∈ ⋀k(M+), and 1 ≤ k ≤ n, we deûne
E(x− , x+) = (E−(x− , x+),−E+(x+ , x−)) and E(x+ , x−) = −E(x− , x+).

_en by the ûrst equation in (8.6), E(xσ , x−σ) ∈ S for σ = ±. Observe also that

(8.7) E(xσ , x−σ) ○ zσ = Eσ(xσ , x−σ) ○ zσ

for zσ ∈ ⋀(Mσ).

8.6 The 5-graded Lie Algebra Ẽ

Herea�er suppose that n = 6. So

(8.8) g∶M− ×M+ → K is a non-singular bilinear form,
where M− and M+ are FGP modules of rank 6.

Let S̃ be the Lie algebra direct sum

S̃ = S̃(M− ,M+ , g) = S(M− ,M+ , g)⊕Kh0 ,

where Kh0 is free with basis h0 = h0(M− ,M+ , g) and Kh0 has trivial product. We
extend the action of S on the subalgebra

⋀(3)(Mσ) ∶= K1⊕⋀3(Mσ)⊕⋀6(Mσ)

of ⋀(Mσ) generated by ⋀3(Mσ) to an action of S̃ on ⋀(3)(Mσ) by letting

h0 ○ p = σkp for p ∈ ⋀3k(Mσ).
_us, S̃ acts as derivations of ⋀(3)(Mσ).

We deûne a Z-gradedmodule Ẽ = Ẽ(M− ,M+ , g) ∶= ⊕i∈Z Ẽi , where themodules
Ẽi = Ẽi(M− ,M+ , g) are given by

Ẽ0 ∶= S̃, Ẽσk ∶= ⋀3k(Mσ) for k = 1, 2, and Ẽσk ∶= 0 for k > 2.

Deûne a Z-graded skew-symmetric product on Ẽ by

(8.9)
[A, B] is the above product in S̃, [A, p i] = A ○ p i , for i = ±1,±2,
[p−1 , q1] = E(p−1 , q1) + (p−1 ⋅ q1)h0 , [p−2 , q2] = −(p−2 ⋅ q2)(hM − 2h0),
[p i , q i] = p iq i for i = ±1, [p i , q−2i] = p i ⋅ q−2i for i = ±1,

for A, B ∈ S̃, p j , q j ∈ Ẽ j , where hM ∶= ι+(idM+) = (− idM− , idM+) ∈ S.

Remark 8.3 If i ∈ Z and p i ∈ Ẽi , then

(8.10) [h0 , p i] = ip i and [hM , p i] = 3ip i ,

so hM − 3h0 ∈ Z(Ẽ). Also, if xσ ∈ Ẽσ 1, and y−σ ∈ Ẽ −σ 1, then

(8.11) [xσ , y−σ] = E(xσ , y−σ) − σ(xσ ⋅ y−σ)h0;

so, if zσ ∈ Ẽσ i with i = 1, 2, we have

(8.12) [[xσ , y−σ], zσ] = Eσ(xσ , y−σ) ○ zσ − i(xσ ⋅ y−σ)zσ

by (8.7) and (8.10). Moreover, if pσ ∈ Ẽσ2 and q−σ ∈ Ẽ−σ2, then

(8.13) [pσ , q−σ] = σ(pσ ⋅ q−σ)(hM − 2h0);
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so, if rσ ∈ Ẽσ2, we have, using (8.10) and (8.3),

(8.14) [[pσ , q−σ], rσ] = 2(pσ ⋅ q−σ)rσ = (pσ ⋅ q−σ)rσ + (rσ ⋅ q−σ)pσ .

_eorem 8.4 SupposeK is aunital commutative ring and (M− ,M+ , g) satisûes (8.8).
_en Ẽ = Ẽ(M− ,M+ , g) is a 5-graded Lie algebra.

Proof It suõces to check the Jacobi identity

J(z1 , z2 , z3) ∶= [[z1 , z2], z3] + [[z2 , z3], z1] + [[z3 , z1], z2] = 0

for homogeneous z1 ∈ Ẽd1 , z2 ∈ Ẽd2 , z3 ∈ Ẽd3 , where ∣d i ∣ ≤ 2. Moreover, since the
product is skew-symmetric, J(z1 , z2 , z3) = 0 implies J(zπ1 , zπ2 , zπ3) = 0 for any π ∈
S3. Also, since Ẽσk = 0 for k > 2, we can assume ∣d1 + d2 + d3∣ ≤ 2. With these
observations, we are reduced to considering the following cases for (d1 , d2 , d3):

(0, 0, 0), (0, 0, σ1), (0, 0, σ2), (0, σ1, σ1), (0, 2,−2), (0, σ1,−σ2), (0,−1, 1),
(σ2,−σ2, σ2), (σ1, σ1,−σ2), (σ1, σ1,−σ1), (σ1, σ2,−σ2), (σ1, σ2,−σ1),

where in each case σ = ±.
Now the case (0, 0, 0) holds since S̃ is a Lie algebra; the cases (0, 0, σ1), (0, 0, σ2)

hold since⋀(Mσ) is an S̃-module under the ○ action; the case (0, σ1, σ1) holds since
S̃ acts by derivations on ⋀(Mσ) under ○, and the cases (0, 2,−2) and (0, σ1,−σ2)
follow from (8.4). _is leaves the following cases.

Case (0,−1, 1) : For A ∈ S̃, x− ∈ ⋀3(M−), and x+ ∈ ⋀3(M+), we have
J(A, x− , x+) = [[A, x−], x+] − [A, [x− , x+]] + [x− , [A, x+]]

= E(A ○ x− , x+) + ((A ○ x−) ⋅ x+)h0 − [A, E(x− , x+) + (x− ⋅ x+)h0]
+ E(x− ,A ○ x+) + (x− ⋅ (A ○ x+))h0

= E(A ○ x− , x+) + E(x− ,A ○ x+) − [A, E(x− , x+)],
since, by (8.4), (A ○ x−) ⋅ x+ + x− ⋅ (A ○ x+) = A ○ (x− ⋅ x+) = 0. For v ∈ M−,

(E(A ○ x− , x+) + E(x− ,A ○ x+) − [A, E(x− , x+)]) ○ v = (v ⋅ x+) ⋅ (A ○ x−)
+ (v ⋅ (A ○ x+)) ⋅ x− − A ○ ((v ⋅ x+) ⋅ x−) + ((A ○ v) ⋅ x+) ⋅ x− .

_is is 0 by (8.4), so J(A, x− , x+) = 0.

Case (σ2,−σ2, σ2) : For p, r ∈ Ẽσ2 and q ∈ Ẽ−σ2, we have

J(p, r, q) = 0 + [[r, q], p] − [[p, q], r],
which is 0 by (8.14).

Case (σ1, σ1,−σ2) : For x , y ∈ Ẽσ 1 and q ∈ Ẽ−σ2, we have, using (8.13),

J(x , y, q) = [[x , y], q] + [[y, q], x] − [[x , q], y]
= σ((xy) ⋅ q)(hM − 2h0) + E(y ⋅ q, x) + σ(x ⋅ (y ⋅ q))h0

− E(x ⋅ q, y) − σ(y ⋅ (x ⋅ q))h0

= σ((xy) ⋅ q)hM + E(y ⋅ q, x) − E(x ⋅ q, y).
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For v ∈ M−σ , we have

(E(y ⋅ q, x) − E(x ⋅ q, y)) ○ v = (v ⋅ x) ⋅ (y ⋅ q) − (v ⋅ y) ⋅ (x ⋅ q)
= ((v ⋅ x)y) ⋅ q − ((v ⋅ y)x) ⋅ q
= (v ⋅ (xy)) ⋅ q = ((xy) ⋅ q)v

by (8.3). _us, E(y ⋅ q, x) − E(x ⋅ q, y) = −σ((xy) ⋅ q)hM , so J(x , y, q) = 0.

Case (σ1, σ1,−σ1) : For x , y ∈ Ẽσ 1 and a ∈ Ẽ−σ 1, we have

J(x , y, a) = −[a, [x , y]] + [[y, a], x] − [[x , a], y]
= −a ⋅ (xy) + Eσ(y, a) ○ x − (y ⋅ a)x − Eσ(x , a) ○ y + (x ⋅ a)y,

using (8.12). _is is 0 by [F, Lemma 3 (vi)].

Case (σ1, σ2,−σ2) : For x ∈ Ẽσ 1, p ∈ Ẽσ2, q ∈ Ẽ−σ2, we have

J(x , p, q) = [[x , p], q] − [[q, p], x] − [[x , q], p]
= 0 + σ[(q ⋅ p)(hM − 2h0), x] − (x ⋅ q) ⋅ p by (8.13)
= (q ⋅ p)x − (x ⋅ q) ⋅ p by (8.10).

_is is 0 by (8.3).

Case (σ1, σ2,−σ1) : For x ∈ Ẽσ 1, p ∈ Ẽσ2, a ∈ Ẽ−σ 1, we have

J(x , p, a) = [[x , p], a] − [[a, p], x] − [[x , a], p]
= 0 − (a ⋅ p)x − Eσ(x , a) ○ p + 2(x ⋅ a)p by (8.12)

= −(a ⋅ p)x − tr(Eσ(x , a))p + 2(x ⋅ a)p by (8.5)
= −(a ⋅ p)x − 3(x ⋅ a)p + 2(x ⋅ a)p by (8.6)
= −(a ⋅ p)x − (x ⋅ a)p.

But if q ∈ Ẽ−σ2, we have

−((a ⋅ p)x) ⋅ q = (x(a ⋅ p)) ⋅ q = x ⋅ ((a ⋅ p) ⋅ q) = x ⋅ ((p ⋅ q)a) by (8.3)
= (x ⋅ a)(p ⋅ q) = ((x ⋅ a)p) ⋅ q,

so −(a ⋅ p)x = (x ⋅ a)p by (8.2).

Remark 8.5 For i = −2,−1, 0, 1, 2, the module Ẽi is FGP of rank 1, 20, 37, 20, 1,
respectively. Indeed this holds since ⋀k(Mσ) is FGP of rank (6

k) for 0 ≤ k ≤ 6 and
End(Mσ) is FGP of rank 36 [B1, II.5.3]. So Ẽ is FGP of rank 79.

Remark 8.6 Suppose that F ∈ K- alg. One sees using [B2, II.5.3, II.7.5] and [B1,
II.5.3] that (M−

F ,M+
F .gF) satisûes (8.8) (over F). We now show that there exists a

canonical Z-graded F-algebra isomorphism ω∶ ẼF → Ẽ(M−
F ,M+

F , gF). We deûne ω
by deûning its restriction ω i to the i-th graded component (Ẽi)F of ẼF for −2 ≤ i ≤ 2.
First

(Ẽ0)F = SF ⊕ F(1⊗ h0),
Ẽ0(M−

F ,M+
F , gF) = S(M−

F ,M+
F , gF)⊕ h0(M−

F ,M+
F , gF).
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We deûne ω0 on SF as the composite F-algebra isomorphism SF → End(M+)F →
End(M+

F) → S(M−
F ,M+

F , gF), where the ûrst isomorphism is induced by (ι+)−1

(§8.4), the second is canonical [B1, II.5.4], and the third is ι+(M−
F ,M+

F , gF); we deûne
ω0(1⊗ h0) = h0(M−

F ,M+
F , gF). Lastly, we have the canonical F-module isomorphism

ωσk ∶ (Ẽσk)F = (⋀3k(Mσ))F → ⋀3k(Mσ
F) = Ẽσk(M−

F ,M+
F , gF)

for σ = ±, k = 1, 2 [B1, III.7.4, Proposition 8]. One checks that the direct sum ω of
thesemaps is in fact an F-algebra isomorphism as desired.

8.7 The 5-graded Lie Algebra E

We now introduce an ideal E of Ẽ that, as we will see in Proposition 8.12, is actually
the derived algebra of Ẽ. For this we deûne a linear map λ = λ(M− ,M+ , g)∶ Ẽ0 → K
by λ((A− ,A+) + ah0) = tr(A+) + 3a for (A− ,A+) ∈ S and a ∈ K. Let

E = E(M− ,M+ , g) ∶= ⊕
i∈Z

Ei in Ẽ,

where the submodules Ei = Ei(M− ,M+ , g) of Ẽ are given by Ei ∶= Ẽi for i /= 0 and
E0 ∶= {X ∈ Ẽ0 ∶ λ(X) = 0}. Using (8.9), tr(idM+) = 6(1K), and tr([A+ , B+]) = 0, one
checks easily that λ([Ẽ−i , Ẽi]) = 0 for i = 0, 1, 2. So E contains the derived algebra
[Ẽ, Ẽ] and is hence a 5-graded ideal of Ẽ.

If F ∈ K- alg, one checks that the F-algebra isomorphism

ω0∶ (Ẽ0)F → Ẽ0(M−
F ,M+

F , gF)
in Remark 8.6 satisûes

(8.15) λ(M− ,M+ , g)F = λ(M−
F ,M+

F , gF) ○ ω0 .

We have a (non-canonical) direct sum decomposition of Ẽ0.

Lemma 8.7 _e map λ∶ Ẽ0 → K is surjective, and if X0 ∈ Ẽ0 is chosen so that
λ(X0) = 1, then Ẽ0 = E0 ⊕KX0 andKX0 is free of rank 1 with basis X0.

Proof For p ∈ Spec(K), M+
Kp

is free of rank 6, so there is A+ ∈ End(M+
Kp

) with
tr(A+) = 1. Hence λ(M−

Kp
,M+

Kp
,M−

Kp
) is surjective, so λKp

is surjective by (8.15)
(with F = Kp). Since this holds for all p ∈ Spec(K) and since Ẽ0 is FGP, it follows that
λ∶ Ẽ0 → K is surjective [B2, II.3.3]. _e rest is clear.

Remark 8.8 It follows from Remark 8.5 and Lemma 8.7 that for i = −2,−1, 0, 1, 2,
themodule Ei is FGP of rank 1, 20, 36, 20, 1, respectively. So E is FGP of rank 78.

If F ∈ K- alg, it follows from Lemma 8.7 that the canonical homomorphism EF →
ẼF induced by inclusion is injective. Using this mapwewill identify EF as aZ-graded
subalgebra of ẼF.

Lemma 8.9 If F ∈ K- alg, the restriction of the isomorphism ω in Remark 8.6 is a
Z-graded F-algebra isomorphism from EF onto E(M−

F ,M+
F , gF).
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Proof One checks using the direct sum decomposition Ẽ0 = E0⊕KX0 in Lemma 8.7
that (E0)F = {X ∈ (Ẽ0)F ∶ λF(X) = 0}. It follows from this and (8.15) that
ω0((E0)F) = E0(M−

F ,M+
F , gF) as needed.

Remark 8.10 Suppose Mσ , σ = ±, is free of rank 6. We now introduce some
notation that will be useful in our calculations. Since g is non-singular, we can
choose bases Bσ = {vσ

1 , . . . , vσ
6} for Mσ , σ = ±, that are dual relative to g. We use

these bases to identify End(M−) and End(M+) with M6(K), in which case (Aσ)∗
is the transpose of Aσ for Aσ ∈ End(Mσ). _en E(v+i , v−j ) = ι+(E i j) for i /= j,
where E i j is the standard matrix unit in M6(K) and ι+ = ι+(M− ,M+ , g). For
S = {i1 < ⋅ ⋅ ⋅ < iℓ} ⊆ [1, 6] ∶= {1, 2, 3, 4, 5, 6}, let v−S = v−iℓ ⋅ ⋅ ⋅ v

−
i1 and v+S = v+i1 ⋅ ⋅ ⋅ v

+
iℓ .

So {v−S ∶ ∣S∣ = k} and {v+S ∶ ∣S∣ = k} are dual bases for ⋀k(M−) and ⋀k(M+)
relative to the bilinear form ⋅. Note that if S = {i < j < k} and ∣T ∣ = 3, then
E+(v+S , v−T) = E+(v+i , (v+j v+k ) ⋅ v−T) + E+(v+j , (v+k v+i ) ⋅ v−T) + E+(v+k , (v+i v+j ) ⋅ v−T) by
[F, Lemma 3 (v)], so by (8.11) we have

(8.16) [v+S , v−T] =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ι+(E i i + E j j + Ekk) − h0 if T = S ,
±ι+(Epq) if S/T = {p}, T/S = {q},
0 if ∣T ∩ S∣ ≤ 1.

Finally let h i = ι+(E i i −E i+1, i+1) for 1 ≤ i ≤ 5 and h6 = ι+(E44 +E55 +E66)− h0 in E0.

Lemma 8.11 Suppose that Mσ , σ = ±, is free. With the above notation, the set
BE0 = {h i ∶ 1 ≤ i ≤ 6} ∪ {ι+(E i j) ∶ 1 ≤ i /= j ≤ 6}

is a basis for E0(M− ,M+ , g), and
BE = BE0 ∪ {vσ

S ∶ σ = ±, ∣S∣ = 3} ∪ {vσ
[1,6] ∶ σ = ±}

is a basis for E(M− ,M+ , g), where [1, 6] ∶= {1, 2, 3, 4, 5, 6}.

Proof Since {vσ
S ∶ ∣S∣ = k} is a basis for ⋀k(Mσ), it suõces to show BE0 is a basis

for E0. Since Ẽ0 = S⊕Kh0 = S⊕Kh6 and BE0/{h6} is independent in S, we see that
BE0 is independent. If X = (A− ,A+) + ah0 ∈ E0 with (A− ,A+) ∈ S and a ∈ K, then
X + ah6 ∈ E0 and X + ah6 = (B− , B+) ∈ S for some Bσ ∈ M6(K). _us tr(B+) = 0
and hence (B− , B+) ∈ spanZ{h1 , . . . , h5}.

Proposition 8.12 E0 = [E−1 ,E1]; E is generated by E−1 ∪E1 and E = [Ẽ, Ẽ] = [E,E].

Proof It suõces to show [Ei ,E j] = Ei+ j for (i , j) = (−1, 1), (σ1, σ1), and (−σ1, σ2).
First we assume that Mσ is free of rank 6, σ = ±, and we use the notation of Re-
mark 8.10. _en (8.16) and (8.11) show that ι+(E i j) and ι+(E i i + E j j + E j j) − h0
are in [E−1 ,E1] for distinct i , j, k. _us BE0 ⊆ [E−1 ,E1], so E0 = [E−1 ,E1]. Also, if
∣S∣ = ∣T ∣ = 3, then

[vσ
S , vσ

T] = vσ
S vσ

T =
⎧⎪⎪⎨⎪⎪⎩

±vσ
[1,6] if S ∪ T = [1, 6],

0 if S ∪ T /= [1, 6],
(8.17)

[v−σ
S , vσ

[1,6]] = v−σ
S ⋅ vσ

[1,6] = ±vσ
[1,6]/S ,(8.18)
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so [Eσ 1 ,Eσ 1] = Eσ2 and [E−σ 1 ,Eσ2] = Eσ 1.
In the general case, it follows fromLemma 8.9 and the preceding paragraph that for

p ∈ Spec(K) we have [(Ei)Kp
, (E j)Kp

] = (Ei+ j)Kp
for (i , j) = (−1, 1), (σ1, σ1), and

(−σ1, σ2). But by Remark 8.8, Ei , E j , Ei+ j , and Ei ⊗E j are FGP with [Ei ,E j] ⊆ Ei+ j .
_en a localization argument using themultiplicationmap Ei⊗E j → Ei+ j shows that
[Ei ,E j] = Ei+ j .

Remark 8.13 For use in the next proof (and again in Proposition 8.20),we describe
here two isomorphisms involving the Lie algebras Ẽ and E. We omit some of the
details which are easy to ûll in.

(i)First suppose (M′− ,M′+ , g′) is another triple satisfying (8.8) and θ = (θ− , θ+) is
an isomorphismof (M− ,M+ , g) onto (M′− ,M′+ , g′). It is easy to see that θσ extends
to a graded algebra isomorphism⋀(Mσ)→ ⋀(M′σ) and, by conjugation, induces an
isomorphism End(Mσ) → End(M′σ) such that the products ○ and ⋅ are preserved.
_us θ induces a graded isomorphism ψθ ∶ Ẽ(M− ,M+ , g) → Ẽ(M′− ,M′+ , g′) that
maps S̃(M− ,M+ , g) onto S̃(M′− ,M′+ , g′) and h0 to h0(M′− ,M′+ , g′). It is clear that
ψθ maps E(M− ,M+ , g) onto E(M′− ,M′+ , g′).

(ii) We consider now the opposite triple (M− ,M+ , g)op = (M+ ,M− , g). It is
easy to see that for x ∈ ⋀3(Mσ) and a ∈ ⋀3(M−σ), we have (Eop)−σ(x , a) =
Eσ(x , a), so Eop(x−1 , x1) = (−E+(x1 , x−1), E−(x−1 , x1)), for x i ∈ Ei . _en the map
ζ ∶ Ẽ(M− ,M+ , g)→ Ẽ(M+ ,M− , g) deûned by

ζ(x−2 + x−1 + (A− ,A+) + ah0 + x1 + x2) = x2 + x1 + (A+ ,A−) − ahop
0 + x−1 + x−2

for x i ∈ Ei , (A− ,A+) ∈ S(M− ,M+ , g), and a ∈ K, is a graded algebra isomorphism.
For the proof of this, we check two cases (the others being easily checked). We have

[ζ(x−1), ζ(x1)]op = [x−1 , x1]op = Eop(x−1 , x1) − (x−1 ⋅ x1)hop
0

= ζ(−E(x1 , x−1) + (x−1 ⋅ x1)h0) = ζ([x−1 , x1])

and

[ζ(x−2), ζ(x2)]op = [x−2 , x2]op = (x−2 ⋅ x2)((− idM+ , idM−) − 2hop
0 )

= ζ((x−2 ⋅ x2)((idM− ,− idM+) + 2h0) = ζ([x−2 , x2]).

Evidently ζ maps E(M− ,M+ , g) onto E(M+ ,M− , g).

Remark 8.14 By [B2, II.5, Exercise 8], there exists a faithfully �at F ∈ K- alg such
that Mσ is free of rank 6 for σ = ±. So, using Remarks 8.6, 8.10, and 8.13 (i), we
have 5-graded isomorphisms EF ≃ E(F6 ,F6 , ⋅) ≃ E(K6 ,K6 , ⋅)F. In other words, E is
an F/K-form of E(K6 ,K6 , ⋅) as deûned in [Ser, III.1.1]. A similar remark, which we
leave to the reader, holds for the Kantor pairs ⋀3 and the SP-graded Kantor pairs ⋀3̆
described in Subsections 8.8 and 8.9 below.

Proposition 8.15 If K = C, then E = E(C6 ,C6 , ⋅) is a simple Lie algebra of type E6
and BE is a Chevalley basis of E.

Proof We use the notation of Remark 8.10 relative to the standard dual bases.
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We ûrst note that η∶ (A− ,A+) + ah0 → A+ + 1
3 a idC6 is a homomorphism η∶ S̃ =

S̃(C6 ,C6 , ⋅) → End(M+) = M6(C) with η(X) ○ x = X ○ x for X ∈ S̃, x ∈ Ek , k = 1, 2.
Since tr(η(h6)) = 1, ηmaps BE0 to a basis forM6(C), so η restricts to an isomorphism
E0 →M6(C).

Using (8.17), we see that if I is an ideal of E and x ∈ I with nonzero component
in Eσ 1 ⊕ Eσ2, then some y ∈ [x ,Eσ 1] ∪ Cx has component vσ

[1,6] in Eσ2. So (ûxing
S ⊆ [1, 6] with ∣S∣ = 3), some z ∈ [y,E−σ 1] has component vσ

S in Eσ 1 ⊕Eσ2, and hence
[[[z,E−σ2],E−σ 1],Eσ 1] = E−σ 1. _us, an ideal I is either contained in E0 or contains
Eσ 1, σ = ±, and hence E. If I ⊆ E0, then η(I) is an ideal of the Lie algebra M6(C),
so η(I) = 0, C idC6 , [M6(C),M6(C)], or M6(C). On the other hand, η(I) ○ E1 =
[I,E1] ⊆ I ∩ E1 = 0, so I = 0. _us, E is simple.

Since η maps H ∶= spanC{h1 , . . . , h6} to the set of diagonal matrices, H is an
abelian Cartan subalgebra of E0. Also, t = ι+(idC6)− 2h0 ∈H has ad(t) = ad(h0) on
E, so the normalizer ofH in E is contained in E0 and hence equals H. _us,H is an
abelian Cartan subalgebra of E. It is clear that ad(h) is diagonalizable on E for h ∈H,
so we have E = ⊕µ∈H∗ E(µ), where E(µ) = {x ∈ E ∶ [h, x] = µ(h)x for h ∈ H} for
µ ∈ H∗. Let Σ = {µ ∈ H∗ ∶ µ /= 0,E(µ) /= 0}, so E = ⊕µ∈Σ∪{0} E(µ) with E(0) = H.
Now let ε i ∈H∗ with ε i(h) = a i , where η(h) = diag(a1 , . . . , a6). It is easy to see that
the elements µ ∈ Σ and the corresponding root spaces E(µ) = Kxµ are

µ = ε i − ε j , i /= j, with xµ = ι+(E i j),(8.19)

µ = σ(ε i + ε j + εk), i < j < k, σ = ±, with xµ = vσ
{i , j,k} ,(8.20)

µ = σ(ε1 + ε2 + ε3 + ε4 + ε5 + ε6), σ = ±, with xµ = vσ
[1,6] .(8.21)

To show that E has type E6, let µ i = ε i − ε i+1 for 1 ≤ i ≤ 5 and µ6 = ε4 + ε5 + ε6. Let
Π = {µ1 , . . . , µ6} and let A i j be the Cartan integer of the pair (µ i , µ j) for 1 ≤ i , j ≤ 6.
An examination of the µ j-string through µ i shows thatA = (A i j) is the Cartanmatrix
of type E6.

Let hµ = [xµ , x−µ] for µ ∈ Σ. To show that BE is a Chevalley basis, we need to
show [H, p. 147]

(a) [hµ , xµ] = 2xµ for µ ∈ Σ;
(b) hµ i = h i , i = 1, . . . , 6;
(c) the linear map with xµ → −x−µ , h i → −h i is an automorphism of E.

By (8.16), we have

hµ = ι+(E i i − E j j) for µ as in (8.19),

hµ = σ ι+(E i i + E j j + Ekk) − σh0 for µ as in (8.20),

hµ = σ ι+(idM6(C)) − σ2h0 for µ as in (8.21),

and (a) and (b) follow. For (c), let θ = (θ− , θ+) where θσ ∶Mσ → M−σ with
θσ(vσ

i ) = v−σ
i , so that ψθ and ζ , as described in Remark 8.13 (i) and (ii), respec-

tively, are isomorphisms Ẽ(M− ,M+ , g) → Ẽ(M+ ,M− , g). For A ∈ M6(C), we have
ζ−1ψθ(−A∗ ,A) = ζ−1(−A∗ ,A) = (A,−A∗) and ζ−1ψθ(h0) = ζ−1(hop

0 ) = −h0. _us,
ζ−1ψθ(xµ) = −x−µ for µ = ε i − ε j and ζ−1ψθ(h i) = −h i . Also, if S = {i < j < k}, then
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ψθ interchanges v+S = v+i v+j v+k with v−i v−j v−k = −v−k v−j v−i = −v−S , so ζ−1ψθ(vσ
S ) = −v−σ

S .
Similarly, ζ−1ψθ(vσ

[1,6]) = −v−σ
[1,6] and (c) holds.

_eorem 8.16 Suppose K is a unital commutative ring and (M− ,M+ , g) satisûes
(8.8). Let E = E(M− ,M+ , g).
(i) E is a form of the Chevalley algebra of type E6 and, if M− and M+ are free, E is

the Chevalley algebra of type E6.
(ii) E/Z(E) is a form of the split Lie algebra of type E6 which is split if M− and M+

are free.
(iii) If 1

3 ∈ K, then Z(E) = 0.
(iv) IfK is a ûeld of characteristic /= 3, E is central simple.

Proof (i) By Remarks 8.10 and 8.14, we can assume that (M− ,M+ , g) = (K6 ,K6 , ⋅)
and show that E is the Chevalley algebra of type E6. _en it is clear that the Z-linear
map taking elements of the basis BE in E(Z6 ,Z6 , ⋅) to the corresponding elements of
the basis BE in E(C6 ,C6 , ⋅ ) is an injective Z-algebra homomorphism. We use this
map to view E(Z6 ,Z6 , ⋅ ) as the Z-span of the Chevalley basis BE of E(C6 ,C6 , ⋅ ).
Since E(K6 ,K6 , ⋅) ≅ E(Z6 ,Z6 , ⋅ )K by Lemma 8.9, E(K6 ,K6 , ⋅ ) is the Chevalley al-
gebra.

(ii) follows from (i) and Remark 4.26.
(iii) By Lemma 4.22 and Remark 8.14, we can assume that

(M− ,M+ , g) = (K6 ,K6 , ⋅ ).

_en a direct calculation, which we leave to the reader, shows that

Z(E) = {chM ∶ c ∈ K, 3c = 0},

which is 0 when 1
3 ∈ K.

(iv) By (i) and (iii), E is the Chevalley algebra of type E6 and Z(E) = 0. Hence,
by [St, 2.6 (5)], E is simple. Moreover, if F is a ûeld containing K, then EF ≃
E(M−

F ,M+
F , gF) by Lemma 8.9, so EF is simple over F. _us, E is central simple by

[Mc,_eorem II.1.7.1].

Remark 8.17 Faulkner [F] also used exterior algebras to construct forms of Cheval-
ley algebras of exceptional type. However, the Lie algebras obtained there have nat-
ural Z3-gradings rather than the 5-gradings and BC2-gradings that we need in order
to construct Kantor pairs.

8.8 The Kantor Pair ⋀3

We now use the results of Subsection 8.7 to construct a Kantor pair ⋀3 with simply
described underlying modules and products.

_eorem 8.18 SupposeK is aunital commutative ring containing 1
6 and (M

− ,M+ , g)
satisûes (8.8). Let ⋀3 = ⋀3(M− ,M+ , g) ∶= (⋀3(M−),⋀3(M+)) with trilinear prod-
ucts

{xσ y−σzσ}σ = Eσ(xσ , y−σ) ○ zσ − (xσ ⋅ y−σ)zσ .

https://doi.org/10.4153/CJM-2016-047-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2016-047-1


Weyl Images of Kantor Pairs 761

(See Subsections 8.3–8.5 for the notation used here.)
(i) ⋀3 is a form of a split Kantor pair of type E6, which is split if each Mσ is free.

Also ⋀3 is tightly enveloped by the 5-graded Lie algebra E = E(M− ,M+ , g), so
K(⋀3) ≃ E as 5-graded Lie algebras.

(ii) _e Jordan obstruction of⋀3 is isomorphic to (⋀6(M−),⋀6(M+))with products
{p, q, r}σ = 2(p ⋅ q)r = (p ⋅ q)r + (r ⋅ q)p.

(iii) If K is a ûeld, ⋀3 is a central simple split Kantor pair of type E6 of balanced di-
mension 20 and balanced 2-dimension 1.

Proof (i) It follows from (8.12) (with i = 1) that the trilinear pair ⋀3 is the Kantor
pair enveloped by E, and, in particular, it is a Kantor pair. _e fact that E tightly
envelops ⋀3 follows from Proposition 8.12 and _eorem 8.16 (ii). So K(⋀3) ≃ E as
5-graded Lie algebras byCorollary 4.17. Hence by Lemma 4.29 and_eorem 8.16 (ii),
⋀3 is a form of a split Kantor pair of type E6, and this form is split if each Mσ is free
by _eorem 8.16 (i).

(ii) By (i) and (4.6), J(⋀3) ≃ (E−2 ,E2) = (⋀6(M−),⋀6(M+)) under the products
[[X ,Y], Z] in E. _e formulas for the products now follow from (8.14).

(iii) ⋀3 is central simple by _eorem 8.16 (iii) and_eorem 4.20 (iii). _e dimen-
sion statements follow from the deûnition of ⋀3 and (ii).

Remark 8.19 Suppose that K is an algebraically closed ûeld of characteristic 0.
(i) _e weighted Dynkin diagram corresponding to ⋀3 in Kantor’s classiûcation

(see Remark 4.21) is the ûrst diagram below, whereas the one corresponding to its
re�ection ⋀3̆ (described in Subsection 8.9) is the second diagram.

r r r r rr
0 0 0 0 0

1 r r r r rr
0 1 0 0 0

0

(ii) _e Kantor pair ⋀3 is a simpliûed and basis-free version of the double of the
KTS that was described by Kantor without full proofs in [K1, (6.11) and §6.6].
⋀3 is also isomorphic to the signed double of a (1, 1)-Freudenthal–Kantor triple

system. Indeed, Elduque and Kochetov have deûned the structure of a symplectic
triple system on T = ⋀3(V) (although it appears that the scalar -24 used in this def-
inition should be replaced by -2), where V is a 6-dimensional space [EK, §6.4] . _e
signed double of the corresponding (1, 1)-Freudenthal triple system is a Kantor pair
P(T) (see Example 4.31) that can be shown directly to be isomorphic to ⋀3.
Finally, it can be seen from Kantor’s classiûcation that ⋀3 is isomorphic to the

doubleof the structurable algebra [K J
J K ],where J is the Jordan algebraof 3×3-matrices

over K (see [K2, §2] and [A, §8]). However from this matrix point of view a natural
non-trivial SP-grading is not apparent to us.

8.9 The Kantor Pair ⋀3̆

Suppose henceforth that (M− ,M+ , g , e) is a quadruple satisfying

(8.22) g∶M− ×M+ → K is a non-singular bilinear form, M− and M+ are FGP
modules of rank 6, and e = (e− , e+) ∈ M− ×M+ satisûes g(e− , e+) = 1.
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As in Subsection 7.7, we now use e to deûne a BC2-grading on E.
Once again, we haveMσ = Keσ ⊕U σ , whereU σ = (e−σ)⊥ relative to g in Mσ . We

write Mσ as [Keσ
U σ ], and correspondingly identify

End(Mσ) = [ End(Keσ) Hom(U σ ,Keσ)
Hom(Keσ ,U σ) End(U σ) ] .

Proposition 8.20 E =⊕(i1 , i2)∈Z2 Ei1 , i2 is a BC2-grading of the Lie algebra E, where

Eσ 1,0 = ⋀3(U σ), Eσ 1,σ 1 = ⋀2(U σ)eσ , Eσ2,σ 1 = ⋀6(Mσ),
E0,0 = E0 ∩ ( ι+(End(Keσ)⊕ End(U σ)) +Kh0) ,

E0,1 = ι+(Hom(U+ ,Ke+)), E0,−1 = ι+(Hom(Ke+ ,U+)),

and Ei1 , i2 = 0 for all other pairs (i1 , i2) ∈ Z2. Moreover the ûrst component grading of
this BC2-grading is the 5-grading of E in Subsection 8.7.

Proof We follow the proof of Proposition 7.7with fo(g̃) replaced by E. As in the last
paragraph of that proof,we can (by a base ring extension argument using Lemma 8.9)
assume that there exists a unit t ∈ K such that (t i − t j)x = 0, x ∈ E implies x = 0 or
i = j. Let θσ ∈ GL(Mσ) be le� multiplication by [ tσ 1 0

0 1 ]. Since θ = (θ− , θ+) is an
automorphism of (M− ,M+ , g), it induces an automorphism ψθ of E(M− ,M+ , g) as
in Remark 8.13 (i). _e proof now proceeds as in Proposition 7.7.

By Proposition 8.20 and Remark 5.4, we have the following result which describes
an SP-grading on the Kantor pair ⋀3 constructed in _eorem 8.18.

Proposition 8.21 Suppose 1
6 ∈ K, and let (⋀3)σ

0 = ⋀3(U σ) and (⋀3)σ
1 = ⋀2(U σ)eσ .

_en ⋀3 = (⋀3)0 ⊕ (⋀3)1 is an SP-graded Kantor pair, which is tightly enveloped by
the BC2-graded Lie algebra E described in Proposition 8.20.

We now have themain result about Kantor pairs in this section.

_eorem 8.22 Suppose K is a unital commutative ring containing 1
6 and assume

(M− ,M+ , g , e) satisûes (8.22).
(i) _e re�ection⋀3̆ of the SP-graded Kantor pair⋀3 described in Proposition 8.21 is

an SP-graded form of a splitKantor pair of type E6 which is split if each Mσ is free.
(ii) _e Jordan obstruction J of ⋀3̆ is isomorphic to Uop, where U = (U− ,U+) with

products {uσ , v−σ ,wσ}σ = g(uσ , v−σ)wσ + g(wσ , v−σ)uσ .
(iii) If K is a ûeld, ⋀3̆ is a central simple split Kantor pair of type E6 of balanced di-

mension 20 and balanced 2-dimension 5.

Proof (i) follows from _eorem 8.18 and Proposition 6.4.
(ii) By Proposition 6.7,_eorem 8.18 (i), and Proposition 8.20,

Jop ≃ (E0,1 ,E0,−1) = ( ι+(Hom(U+ ,Ke+)), ι+(Hom(Ke+ ,U+)))
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under the products [[X ,Y], Z] in E0,∗. Since there are natural module isomorphisms
U− ≃ Hom(U+ ,Ke+) and U+ ≃ Hom(Ke+ ,U+) (induced by g in the ûrst case), our
conclusion is easily checked.

(iii) ⋀3̆ is a central simple split Kantor pair of type E6 by Corollary 8.18 (iii) and
Proposition 6.4. Also, since (⋀3̆)σ = ⋀3(U−σ)⊕⋀2(U σ)eσ ,⋀3̆ has balanced dimen-
sion 10 + 10, while ⋀3̆ has balanced 2-dimension 5 by (ii).

If (M′− ,M+ , g′ , e′) is another quadruple satisfying (8.22), an isomorphism of
(M− ,M+ , g , e) onto (M′− ,M′+ , g′ , e′) is an isomorphism of (M− ,M+, g) onto
(M′− ,M+ , g′), which maps e onto e′. If such an isomorphism exists, one sees, us-
ing Remark 8.13 (i), that the BC2-graded Lie algebras E and E′ constructed above are
graded-isomorphic, and, if 1

6 ∈ K, the SP-graded Kantor pairs ⋀3 and ⋀′3 are graded
isomorphic, as are the SP-graded pairs ⋀3̆ and (⋀′3)˘ .

Remark 8.23 SupposeK is a ûeld. _en one easily checks that any two quadruples
satisfying (8.22) are isomorphic. Hence the BC2-graded Lie algebra E constructed
above is independent up to graded isomorphismof the choice of (M− ,M+ , g , e), and
if 1

6 ∈ K, so too are the SP-graded Kantor pairs ⋀3 and ⋀3̆.

Remark 8.24 Suppose K is an algebraically closed ûeld of characteristic 0. _e
construction of ⋀3̆ given above is a simple new basis-free construction of the double
of the KTS C2

55 constructed by Kantor without full proofs in [K2, §4] and [K1, §6.6].
_e pair⋀3̆ is of particular interest since it is one of the two split simpleKantor pairs of
exceptional type that do not arise by doubling a structurable algebra—the other being
the famous Jordan pair (M1,2(C),M1,2(Cop)) determined by a Cayley algebra C [L,
§8.15].

8.10 An Example Using Rank 1 Modules

If I is an FGP module of rank 1, set MI = K5 ⊕ I and eI = (e−I , e+I ) ∈ (M∗
I ,MI),

where e+I = (1, 0, 0, 0, 0) , e−I (a1 , . . . , a5) = a1, and e−I ∣I = 0. _en (M∗
I ,MI , can)

satisûes (8.8) and (M∗
I ,MI , can, eI) satisûes (8.22) (see Remark 8.1 (ii)). Let EI be the

BC2-graded Lie algebra constructed from (M∗
I ,MI , can, eI) in Proposition 8.20. We

also regard EI as a 5-graded Lie algebra with the ûrst component grading. If 1
6 ∈ K,

let ⋀3,I be the SP-graded Kantor pair constructed from (M∗
I ,MI , can, eI) in Propo-

sition 8.21.
Suppose that I and I′ are FGP modules of rank 1. We now show that

(8.23) EI ≃BC2 EI′ ⇐⇒ EI ≃5-gr EI′ ⇐⇒ I ≃ I′ ,

where ≃BC2 and ≃5-gr indicate isomorphisms as BC2-graded and 5-graded Lie al-
gebras. Indeed, denoting these statements by (a), (b), and (c) in order, it is clear
that (a) implies (b). Suppose (b) holds. _en (EI)2 ≃ (EI′)2 as K-modules, so
⋀6(MI) ≃ ⋀6(MI′). But⋀6(MI) = ⋀6(K5⊕ I) ≃ ⋀5(K5)⊗⋀1(I) ≃ R⊗ I ≃ I using
[B2, III.7.7, Proposition 10], and we have (c). Suppose ûnally that (c) holds. _en the
quadruples (M∗

I ,MI , can, eI) and (M∗
I′ ,MI′ , can, eI′) are isomorphic, so (a) holds (as

noted a�er _eorem 8.22).
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Suppose next that 1
6 ∈ K and I, I′ are FGP modules of rank 1. We now show that

(⋀3,I)˘ ≃ (⋀3,I′)˘ ⇐⇒ (⋀3,I)˘ ≃SP (⋀3,I′)˘ ⇐⇒ ⋀3,I ≃SP ⋀3,I′ ,

⇐⇒ ⋀3,I ≃ ⋀3,I′ ⇐⇒ I ≃ I′ ,
(8.24)

where ≃SP indicates isomorphism as SP-graded Kantor pairs. To see this, we denote
these statements by (α), (β), (γ), (δ), and (ε) in order. _en (γ) (resp. (δ)) is equivalent
to (a) (resp. (b)) in (8.23). Also the equivalence of (β) and (γ) is clear (for example,
from Proposition 6.5). So (β), (γ), (δ), and (ε) are equivalent. Since (β) implies (α),
it is enough now to check that (α) implies (ε). But if (α) holds, then J((⋀3,I)˘) ≃
J((⋀3,I′)˘), so K4 ⊕ I ≃ K4 ⊕ I′ by _eorem 8.22 (ii). Hence,

⋀5(K4 ⊕ I) ≃ ⋀5(K4 ⊕ I′),
so I ≃ I′ as above.

Suppose herea�er that K is a Dedekind domain. Let Pic(K) (the Picard group
of K) be the group of all isomorphism classes of FGP modules of rank 1 under the
product induced from the tensor product. Recall that Pic(K) is naturally isomorphic
to the ideal class group C(K) ofK [B2, II.5.7, Proposition 12].

Recall further that any FGP module of rank m ≥ 1 is isomorphic to Km−1 ⊕ I for
some FGPmodule I of rank 1 (see [Na, §1.3]). Using this factwith m = 6 (resp. m = 5),
it is easy to see that any triple satisfying (8.8) (resp. any quadruple satisfying (8.22)) is
isomorphic to (M∗

I ,MI , can) (resp. (M∗
I ,MI , can, eI)) for some I.

_erefore all of the following algebraic structures are obtained from some I as
above: (i) 5-graded Lie algebras E in _eorem 8.16, (ii) (ungraded) Kantor pairs ⋀3
in _eorem 8.18, (iii) BC2-graded Lie algebras E in Proposition 8.20, (iv) SP-graded
Kantor pairs⋀3 in Proposition 8.21, (v) SP-graded pairs⋀3̆ in _eorem 8.22, and (vi)
(ungraded) Kantor pairs ⋀3̆ in _eorem 8.22. So, by (8.23) and (8.24), the sets of
graded-isomorphism classes for each of the families (i), (iii), (iv), and (v), as well as
the sets of isomorphism classes for the families (ii) and (vi), are each in one-to-one
correspondence with Pic(K).

Since any abelian group arises as the ideal class group of some Dedekind domain
[L-G,_eorem 1.4], we see that we havemany examples of the indicated structures.

Acknowledgements _e authors thank Erhard Neher and the referee who each
made suggestions that signiûcantly improved this article.
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