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It i s we l l known tha t ??£ , the m u l t i p l i c a t i v e g roup 
n 

c o n s i s t i n g of n - r o w e d s q u a r e m a t r i c e s wi th i n t e g e r e n t r i e s 
and d e t e r m i n a n t equa l to t l can be g e n e r a t e d by: 
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It i s a l s o known tha t U can be g e n e r a t e d by U , U , 

and U 3 (cf. [2] p . 85) . 

Howeve r , by a c o n s t r u c t i o n which i s m u c h s i m p l e r than 
the one j u s t m e n t i o n e d for U . , i t i s pos s ib l e to g e n e r a t e U 

by j u s t U and U . Since U^ and U affect only the f i r s t 
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two rows and columns of any m a t r i x which they multiply, we 
need discuss only the case n = 2 . U can be obtained from U 

by taking the following steps in sequence: 

1. subtract column 1 from column 2 

2. add column 2 to column 1 

3. interchange columns 1 and 2. 

Steps 2 and 3 can be effected by right multiplication by U and 

U respectively. Step 1 can be effected by right multiplication 

( i - M - i 
by ; this m a t r i x is obtainable from U by inter-

10 1/ c* 
changing its rows and its columns, i. e. by right and left 
multiplication by U . Combining these observat ions, we 
conclude: 

THEOREM 1. 

(1) U = U U U" U U U . 

The cor rec tness of this equation can be verified by direct 
computation. 

Hence / ^ can be generated by U , U , and U . 

When n = 2 , U is the same as U , and in this case 
1 4 

the group is generated by just two elements , U and U . 

It has been shown by D. Beldin [ l ] that ??£ is a 2-genera tor 
n 

group even when n > 2 , but can ?7p be generated by just 
n 

two of U , LL » U^ , and U ? If it can be, U and U^ 
1 2 3 4 1 2 

will certainly be required, for any product of U , U , and 

U affects only the first two rows and the f i rs t two columns, 

while any product of U. , XJ t and U has exactly n non-
1 3 4 

zero en t r ies . However, when n is odd, both U and U 
have determinant equal to + 1 , and if we a r e to generate the 
whole group, at least one of our genera tors mus t have 
determinant equal to -1 . Hence ?7^ cannot always be 

generated by just U and U . 
1 2 

246 
https://doi.org/10.4153/CMB-1962-024-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1962-024-x


It will be shown that when n is even, fof is generated 

by U and U , and that when n is odd U and U^ 

generate 7'7f> t the Modular Group of n-rowed square ma t r i ces 
n 

with integer entr ies and determinant equal to + 1 . In any case 
U and U generate the B. . defined below, and these generate 

1 +
 2 iJ 

^ f . The principal result of this paper is that 7?f is 
n n 

generated by U and 

U = 

0 0 0 

( - l ) n 0 0 

The resul ts stated in the preceding paragraph are 
consequences of: 

THEOREM 2. For i 4 j , let B. . be the unit ma t r ix 
. -, , , • . , , ^ h , .th 

with the zero at the intersection of the I row and j column 
replaced by 1 . Then any B. . can be generated by just U and 
B = U . l j 

21 2 

To prove this we need three lemmas. 

Lemma 1. If i = 2, 3, . . . , n - 1 , then 
-(i-1) i-1 ( - l ) n ^1 

B. =U V ; B 9 U ; and B , = U B . ; U 
r t l i 21 : In 21 

Proof: Left xnultiplying any ma t r ix by U1"1 cyclically 

permutes rows, placing the i row at the top, and (if n is 
odd) revers ing the signs of the bottom i-1 rows of the new 
mat r ix . But since i < n - 1 , the top 2 rows have signs 
unchanged. B then adds the first row of this new ma t r ix 

to the second. Finally U , by cyclically permuting the 
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r o w s , r e t u r n s t h e m to t h e i r o r i g i n a l p o s i t i o n s , changing the 
s igns of j u s t t h o s e r o w s af fec ted by sign c h a n g e s in the f i r s t 

th 
s t ep . The ne t effect on the uni t m a t r i x I i s to add the i 

row of I to the (i+1) , and th i s i s how B , i s p r o d u c e d . 
1+I1 

A sl ight mod i f i ca t ion of t h i s a r g u m e n t p r o d u c e s the f o r m u l a 
for B . 

In 

L e m m a 2. Le t C = B A B 
n n - 1 n - 1 n-Z 

Then BAO =C B " J C"1 B„ C B 0 0 cf * B**1 

12 32 I n 32 I n 

. B B 
54 43 

- 1 - 1 
Proof: Left m u l t i p l i c a t i o n of I by C B s u b t r a c t s 

, I n 
in t u r n the n row f r o m the f i r s t , the (n-1) row f r o m the 

th rd 
n , e t c . , s topping wi th s u b t r a c t i o n of the 3 row f r o m the 

4 t h . 

I n 

0 0 0 0 

0 0 0 0 

- 1 - 1 
Left m u l t i p l i c a t i o n o f C B by B C B ^ ^ p r o d u c e s 

I n I n 32 
by row add i t ions the m a t r i x 
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-1 -1 
B_ CB C B , 

In 32 In 

The row subtractions effected by left multiplication by 
-1 -1 

B C produce the mat r ix 

-1 -1 -1 -1 
B C BA CB C B, 

32 In 32 In 

Finally, the row additions effected by left multiplication 
by C remove the -1 entr ies from this ma t r ix producing B . 

We note that only B. t . (i = 2, 3, . . . , n-1) and B , 
i + l , i I n 

appear in this formula. Hence, using lemma 1 and the fact 

that U commutes with every mat r ix of ?'?'f , we obtain: 

( 2 ) B = U ( U u i - 3 U ( U U l - ( n - 2 ) U ( - l f ( M r V 1 ( U U ? ) ( n - 3 V ( - l f U 1 

\L L L ù ù C Ù 
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L e m m a 3. If i = 2, 3, . . . , n - 1 , t hen B . . = 
— l i + l 

- ( i - 1 ) i -1 ( - l ) n - 1 
U V B U , and B = U B ' U . 

1Z n i 1Z 

The proof i s s i m i l a r to the p roof of l e m m a 1. 

We a r e now r e a d y to p r o v e the t h e o r e m . In the fol lowing, 
r e a d the i n d i c e s m o d u l o n . By l e m m a 1, we know tha t 
B can be g e n e r a t e d . Le t 2 < k < n - 1 and suppose tha t 

B can be g e n e r a t e d . It i s not difficult to see tha t 

- 1 - 1 
B =B B B B B 

j + k , j j + k - l , j + k j + k , j + k - l j + k - l , j j + k , j + k - l j + k - l , j + k 

F o r the left m u l t i p l i e r s of B , . add the 1 r e q u i r e d a t 

(j+k, j) and r e m o v e the unwanted 1 f r o m ( j + k - 1 , j) . The 
r igh t m u l t i p l i e r s then c o r r e c t the unwanted c h a n g e s p r o d u c e d 
by the row o p e r a t i o n s . 

T h i s induct ion shows tha t any B . . can be g e n e r a t e d by 

j u s t U and U , a s we a s s e r t e d in the s t a t e m e n t of t h e o r e m 2. 

It i s not h a r d to show tha t the B . . g e n e r a t e 7?> 
+ ij n 

Hence U and IT g e n e r a t e 7)'£ , wh ich i s a s u b g r o u p of 
Z n 

index 2 in 7//" . U h a s d e t e r m i n a n t equa l to - 1 and h e n c e 
n 

i s not in '7//- . It fol lows tha t U and U g e n e r a t e ?/'£ . 
n 2 l n 

S ince , when n i s even , U = U . , we see tha t , in that: 
1 

c a s e , 7?P i s g e n e r a t e d by U and U . It can in fact be ( n 1 2 
shown tha t U and U a l w a y s g e n e r a t e the B . To do th i s 

1 2 y B ij 
it i s only n e c e s s a r y to modify s l ight ly the s t a t e m e n t s and p roof s 
of l e m m a s 1 and 3 of t h e o r e m 1. The m o d i f i c a t i o n s r e q u i r e d 
a r e obv ious , and the p roo f s a r e a c t u a l l y s o m e w h a t s i m p l e r . 
Thus 77/*+ i s g e n e r a t e d by U and U . 

n 6 y 1 2 

It i s of some i n t e r e s t to e x p r e s s U , U , and U in 

t e r m s of U and U , and to s t a t e U in t e r m s of the o t h e r s . 
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Right multiplication by U changes the sign of the first 

column, and U = I . Hence U = UUn and U = U U^ . 
3 1 3 1 3 

We already have U in t e rms of BL and U 7 3 2 4 
(cf. formula (1)), so that the only remaining task is to obtain 
an expression for U 

difficult to verify that 

an expression for U, in t e rms of TJ and U . It is not 
4 2 

U 4 = 
( A- -1 

TT(B. . , B. . . B. . ) 
. ' 1 1-1 1-1 1 1 1-1 
1 = 3 

U 

The B in this expression are of the forms treated in lemmas 

1 and 3. Hence U. can be expressed in t e rms of B ^ , B , , 
4 12 21 

and U : 

U = ( U " 4 B B" 4B r 2 ^ " 1 . 4 V 21 12 2 l ' 

B is U , and B is given by formula (2). 

What generating relations are suitable to define V7£ 

in t e r m s of U and U ? Coxeter and Moser, ([2] p. 85) show 

that the group defined by 

R 2 = R , 2 = R 2 = E , (R R J 3 = (R R , ) 2 = Z, T} = E , 
1 2 3 1 2 1 3 

where E denotes the identity and 

R - I 0 1 
R l ~ 1 0 R 2 = 

- 1 0 
1 1 R = 

3 

- 1 O1 

1 0 1 J 
is r?i 

2 

Since 

R^ =U, R, =UU" 1 UU.U, R, =U_UU"1 UU.U 
1 L . ù Ù $ Ù <L Ù 

and 
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U = V V R
3 V 

7 'C h a s the equ iva l en t a b s t r a c t def ini t ion 

(3) U 2 = (U* 1 U U 2 U ) 6 = E , u " 1 UU 2 U u " 1 = U ^ U U~* U ^ U . 

- 1 
Le t t ing UU U = W , (3) i s m o r e a t t r a c t i v e l y w r i t t e n : 

2 6 
U =(WU ) = U U U W = E , U W U = W U W . 

The ques t i on which n a t u r a l l y s u g g e s t s i t se l f i s : 
what g roup i s defined by the r e l a t i o n s : 

(4) U Z n = ( W U 2 ) 6 = E , U 2 W U 2 = WU2W , 

-1 
w h e r e W = B and i s g iven by f o r m u l a (2)? 

If U and U a r e the n - r o w e d s q u a r e m a t r i c e s defined 

e a r l i e r , the p e r i o d of U i s n o r 2n a c c o r d i n g a s n i s even 
2n 

o r odd, so tha t U = E . W o r d s in U and i t s t r a n s p o s e , 
- 1 2 

W , affect only the f i r s t two r o w s and c o l u m n s of any m a t r i x 
in 7 / p . Hence the o t h e r r e l a t i o n s a r e a l s o va l i d in //'/ . It 

n n 
fol lows tha t 7 /^ i s a f ac to r g roup of the g r o u p in ques t i on , but 

w h e t h e r the r e l a t i o n s (4) suffice to define ??fi i s unknown. 
n 
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