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ON THE NON-VANISHING OF POINCARE SERIES

by C. J. MOZZOCHI

(Received 18th August 1987)

R. A. Rankin [2] and J. Lehner [1] considered the non-vanishing of Poincare series
for the classical modular matrix group and for an arbitrary fuchsian group, respectively.

In this paper we consider the non-vanishing of Poincare series for the congruence
group

r=ro(A0= (modiVU; N^l.

For k>2,k = O (mod 2), let ^//°(F) be the space of cusp forms for F of weight k. Let fik

be the dimension of Jf®(T). Let

Pm(z, k) = Y (j{y,z))~ ke(myz),

where

and

j(y,z)=cz + d if y =

e(z) = e2niz

c d

be the Poincare series of weight k attached to F. The space Jt1(T) is spanned by
Pm(z,k). Since J(^(T) ' s finite dimensional, there must be many linear relations between
Pm(z,k). Very little is known about these relations. In particular one does not know
which Pm(z, k) do not vanish identically.

In the case of full modular group F = FO(1), when /c = 4,6,8,10 and 14, Jt°{T) has
dimension zero; so that Pm(z,k) vanishes identically for all positive integers m. We have
Hk>0 for k= 12 and all k^ 16. Indeed by Theorem 6.1.2 in [3] we have for fe^4,

/ I— —i

12

V
12

if k£ 2 (mod 12),

- 1 if/c = 2(mod!2).
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Clearly, since Pm(z,k) (l^m^/i*) span the space ^fk(T), we have Pm(z,k)^0 for
1 ^m^fik. Rankin [2] was able to show that many more Poincare series do not vanish.

In this paper we extend the arguments of Rankin to establish:

Theorem 1. ForV = T0(N); N^l,we have Pm(z, k) = 0 if

2 1 / N V

m(m, )cc (m)_2is^3y^N^og2NJ
where

a(m)= £ —jz

and T(N) is the number of positive divisors of N.

Remarks. Stripped of factors of lower order, Theorem 1 states essentially that

m(m, N)gK(N/log N)2,

where K is an explicitly defined numerical constant and K<\. Thus, for small values of
N, where the right hand side is less than 1, this tells us nothing. Even for large N it is
vacuous in some cases, e.g., when N divides m, as it then gives m/N < K(\og N) ~2.
However, in other cases it will give information. For example, whenever

N/\ogN>K~112

it tells us that, for all k>2, the first Poincare series does not vanish.
Note also that, unlike the results of Rankin and Lehner, the upper bound does not

depend on the weight k. However, in Theorem 2 and Theorem 3, which follow, the
upper bound does depend on the weight k.

Let S(m, m; c) be the Kloosterman sum defined

S(m,m;c)= £ * e(m I; da*=l(modc).
d(modc) \ c )

Let Jk-i(y) be the Bessel function of order k— 1.

Lemma 1. (A. Weil cf. [4]). We have

Lemma 2. (cf. [5]). We have
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Proof (of Theorem 1).
By the argument presented in Section 2 of [2], and in Chapter 5 of [3], we have

Pm(z,k) = O if | S m | < -

where

Sm=£(rJV)-IS(m,ifi;rAOJ4-i. .,

r=l \ r "

Clearly, by Lemma 1 and Lemma 2, we have

. , (m,N)l'2r(N) » (m,r)1/2r(

Let

R_(2nm\R-{w}
Then

Case I: R>\.

R oo

t"3/2dt;sothat
1 R

" 1 . f R 1 ^ " 1 . f, R] " S 1 • f, * 1
L -,—UTI111111^1'—r=2 L -Ti2minV'~f+ L L -,—UTI111111^1'—r
2^, (rlr2y

12 { r,r2j rf! r
1/2 (_ r\ r^2r^2{rlr2y

12 { rir2\
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«/'i

Case 11:

t^ so that

r3l2dt; so that

00 /oo D

1 \i )

); since /?g

tv; so that

); since R£l.

By combining both cases with the earlier calculations, the proof is completed. •

Theorem 2. Let r = ro(N);N^l. There exist positive constants k0 and B (both
independent of N), where B>4log2 such that, for all k^k0 and all positive integers m
such that

k <; m g k2 exp ( - B log kj\o% log fc),

Proof. Let g* = (4nm/vN).

1 ^«< Q*
J*-i

\S(m,m;qN\

qN
Jk-A — ,

\9NJ
\Sm\ £S'm + S"m.

Clearly,
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c, . v \S(m,m;q)\
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where Q is defined in [2]. Hence by exactly the same argument presented in [2], we
have

Clearly, by the argument presented in [2],

sr^ z

so that, since Q*N = Q,

Hence \Sm\^A6m
ll2<j6M(m)<j-ll2(m) + Al0a

2M2(m) + A5o
2 + Agm(j12, and the result

follows by the argument presented in [2] with the obseration that A5a
2 = o(\). •

Theorem 3. For T = ro(N); N^l,we have Pm(z, k) ̂ 0 if ko(N) ̂  k and for any e > 0

m1+c(m,N)a2(m)«

Proof. By Lemma 1 we have

Clearly,

Nk
T(JV)j

{
Jk-l\

4nm

t(r)
Z -171 \

/4nm

Z_ *(d)dil2Sd, where

l /2 vQ*

"\~rJ
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By the same argument presented in [2], we have

9 ,

Hence

d\m « / d\m
d<Q' d<Q*

But

I
d<Q'

and since d<Q* we have

\ l / 2

d<Q*

Hence

p, (w,Ar)1/2T(N)m1/2+Ea(m) (m,N)1/2T(N)m3%k-\)i/6

(m,JV)1/2T(AQffl1/2+'!a("') (m, N)1/2T(N)m3c 1

N(k-l)

By the argument given in the proof of Theorem 2, we have S'^,^Asa
2 + Agma12. Hence

and the result follows from the hypothesis; since the last three terms are sufficiently
small for k > ko(N). •

Note added in proof. All of the results in this paper are also true for the principal
congruence groups r(N);N^ 1.

Acknowledgements.

I would like to thank Professor Henryk Iwaniec for several helpful conversations
concerning this problem, and I would like to express my appreciation to the referee for
helpful suggestions concerning exposition.

This work was done during the summer of 1987, and I would like to thank the
Institute for Advanced Study for providing me with excellent working conditions.

https://doi.org/10.1017/S0013091500006982 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500006982


NON-VANISHING OF POINCARE SERIES 137

REFERENCES

1. J. LEHNER, On the non-vanishing of Poincare series, Proc. Edinburgh Math. Soc. 23 (1980),
225-228.

2. R. A. RANKIN, The vanishing of Poincare series, Proc. Edinburgh Math. Soc. 23 (1980),
151-161.

3. R. A. RANKIN, Modular Forms and Functions (Cambridge, 1977).

4. A. WEIL, On some exponential sums, Proc. Acad. Sci. U.S.A. 34 (1948), 204-207.

5. G. N. WATSON, A Treatise on the Theory of Bessel Functions ('Cambridge, 1922).

SCHOOL OF MATHEMATICS
INSTITUTE FOR ADVANCED STUDY
PRINCETON, NJ 08540

https://doi.org/10.1017/S0013091500006982 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500006982

