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The condition that the family of surfaces ¢(=, ¥, 2, A)=0
may be one of an orthogonal triad.

By F. E. EpwWARDEs.

(Received 7th October 1911. Read 12th January 1912).

Cayley has shown that if the family of surfaces ¢(x,y, 2)=A is
one of an orthogonal triad, ¢ satisfies a differential equation of the
third order. 1If, however, the parameter A is involved implicitly
in the equation of the family, the condition requires modification :
for example, although

x! yi z‘Z

¢Ea+h+b+A+c+A_l=o

is one of an orthogonal triad, ¢ does not satisfy Cayley’s equation.
In a previous paper* I have discussed a method of obtaining
Cayley’s equation. The first modification that is necessary occurs
on p. 49. The condition that C may lie on the consecutive surface
is now
$(x+Lp, y+Mp, 2+ Np, A+dA)=0

or R’ +¢'dA=0,
¢’ denoting g—: Thus Rp/¢’ is constant as we proceed along the
surface A, and so

dp +d(R’) de’

R i S

where

oL oM N
d¢' = (dx~+dy—a—+d~a 2‘:—:1 ';—)‘+d —+dz

=dzL/ + dyM' + dzN’.

* Proc. Edin. Math. Soc., vol. xxix.
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Also the value of a at the point C is
a

a + pda +Z—)\dk

or a+p(da Rl
p(da-=5)
)

In the conjugate relation on the consecutive surface (p. 50)
2.7

we must therefore replace 8a by 8a - R

’

and so on, and add new

terms arising from the parts of d,p and d,p which involve ¢". The
additional terms are

d ’ ’
%(dszL +dyySM + dyz8N) + ﬁi;-j’b(dlxaL +dyySM + dyz8N)

ie. %,{(dle’ + dy M’ + dyeN')(do8L + doySM + dz5N)
+(dLl + doyM' + dyeN')(d,edL + dyySM + d,zN) }
oLSL N + oM

i.e. dlwd,xT + .ot + (dyde + dydz) e

The other equations involving d,xd,x, etc., are unchanged, so
that the first row of the modified determinant is

R’ + 2L'SL ( _Rﬁ" + M'éN+N ’SM)
¢l ¢I PR ] ¢I ¢/ LRt i ]

and the other rows are the same as before.

Sa - 2A -

Hence the condition that ¢(x, y, 2, A)=0 may be a family
belonging to an orthogonal triad is

2 9L
3(8a—2A— 11“ +—L;—L>+ N T
+23’<8f-2F—- PZ+M8N;,N8M)+ 0.
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