
A T R A N S F O R M A T I O N C O N N E C T I N G P R O D U C T S 
O F G E N E R A L I S E D B A S I C 

H Y P E R G E O M E T R I C F U N C T I O N S 

A r u n V e r m a * 

( r e c e i v e d O c t o b e r 2 5 , 1967) 

1 . I n t r o d u c t i o n . D a r l i n g [2] i n 1932 g a v e two t y p e s ( e q u a t i o n s 

11 and 18) of t r a n s f o r m a t i o n s c o n n e c t i n g g e n e r a l i s e d h y p e r g e o m e t r i c 
f u n c t i o n s . T h e f i r s t w a s s t u d i e d b y B a i l e y [ l ] and e x t e n d e d b y S e a r s 
[4 ] to a t r a n s f o r m a t i o n c o n n e c t i n g p r o d u c t s of b a s i c h y p e r g e o m e t r i c 
f u n c t i o n s of t h e t y p e è X cb . In a n u m b e r of p a p e r s [6 , 7, 81 

r + 1 r r + 1 r 
t h e a u t h o r h a s e x t e n d e d t h e s e r e s u l t s to b o t h u n i l a t e r a l and b i l a t e r a l 

1/2 
s e r i e s w i t h b a s e s q a n d q . T h e s e c o n d t y p e of t r a n s f o r m a t i o n by 
D a r l i n g f o r a p r o d u c t F X F w a s e x t e n d e d b y B a i l e y [ l ] to a 

t r a n s f o r m a t i o n b e t w e e n F ^ X F . In t h e s a m e p a p e r B a i l e y 
1 0 r + 1 r 

m e n t i o n e d the t r a n s f o r m a t i o n of a cb. X 0cb„ w i t h o u t p r o o f . 
1 0 3 2 

In t h e p r e s e n t p a p e r , I h a v e e x t e n d e d the s e c o n d t y p e of 
t r a n s f o r m a t i o n b y i n v e s t i g a t i n g a t r a n s f o r m a t i o n b e t w e e n p r o d u c t s 

cb X cb . T h u s i t h a s b e e n s h o w n t h a t t h i s t r a n s f o r m a t i o n n o t o n l y 
1 0 r + 1 r 
i n c l u d e s t h e r e s u l t s of B a i l e y and D a r l i n g b u t a l s o t h a t of S e a r s . 

n - 1 
2 . N o t a t i o n s . L e t [a ] = ( l - a ) ( l - a q ) . . . ( 1 - a q ); [a ] = 1, 

t h e n t h e g e n e r a l i s e d b a s i c h y p e r g e o m e t r i c f u n c t i o n cj> 

i s d e f i n e d a s 
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L (p ) J n=0 f
 ( P s \ 

q Ms [q] [q 1 

; \z\ < 1, | q | < 1 , 
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where (a ) means the sequence of parameters a , o> , . . . , # . 

But when N = 1 we shall write (# ) instead of writing (a ). 

Following Hahn [3] the basic difference operator If(z) is defined as 

<H(z) = f ( Z j ; f^Z) = - ^ 4 f(z) , 
z(l-q) z(l-q) 

d , -, 
where 0 = z —— . Following Jackson [4J , we define 

dz 

[e] f(z) = l^a! f(z) = ftsLzJtas) • 

, G+cv , 6+26 
1 - Q 1 "* Q 

But when we write [8+0/1 or [9+26] we mean — , or 7 
L J L J 1-q 1-q 

respectively. Lastly to avoid the use of the summation symbol in 
certain formulae, the following notation will be used. Let 
g(a , a , . . . , a ) be a function of the M parameters specified and 

let N< M. The sum 

N 

. Z g ( V a 2' a 3 ' ••• ' a i - l ' a i ' a i + l ' - ' " V 
1=1 

will be written as 

g(alf a2, . . . , aM) + idem (a^ a^ . . . , aM) . 

3. In the first instance we deduce a convenient form of the 
q-difference equation satisfied by the generalised basic hypergeometric 

function <b [ (a );(6 ):z] . To do so, we start from the fact 
r+1 r r+1 r 

that <b \ (a );((3 ):z] satisfies the q-difference equation 
r+1 r r+1 r 

(Jackson [4]). 

(3.1) {z [e+ f t i ] [ e+ , 2 ] . . . [e+^r+1] - [e] [e+p^i] . . . [e+pr-i]} <>(z) = o, 

and the r solutions of the difference equation are 

z r m r+1 r 
(a ,.)-p + l ;z 

r+1 rn 

2-p , 1-p +(p / j r m ' m r -J 

m = 1, 2, 

where (6 )' - 6 means the sequence of r - 1 parameters 6 - 6 , 
r rm r 1 m 

P - p , . . . , p - p , p - p , . . . , p - p , i . e . t h e p a r a m e t e r 
M2 M m K m - 1 K m K m + 1 K m M r M m ^ 
p - p b e i n g d r o p p e d o u t . B u t t h e e q u a t i o n ( 3 . 1 ) , a f t e r s o m e 

m m 
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simplification, can be put in the form 

r+1 

( 3 . 2 ) Z (-)t q r - t [s (p)+q {s (pj-zq*" a (at)} fofrq*) = 0, 

t=0 

where S (p) and S (a) means the sum of all possible combinations of 

products of t factors taken at a time from the sequence of numbers 

P l P2 Pr J "i "2 *r+l . , 
q , q , . . . , q and q , q , . . . , q , respectively. 
It is obviously assumed that 

SQ(a) = SQ(p) = 1 and S_^a) = S_4(p) = S (p) =0. 

Furthermore, we can easily show by induction that 

( 3 . 3 ) c|)(xq ) = 2 ( - ) L.J (^L- q) z q ^ 4>(z) , 

t=0 

by using the simple relation 

, - X T J . -< r X n K r X n 

[ k ] = [ k . 4 ] + q [ kJ 

^here 

k [ q W q ] k -

Substituting from (3.3) in (3.2) the difference equation can be 
written in the desired form 

(3.4) 2 P (z);/P <|,(z) = 0 
r+1 

I 
P" p=0 

where the c oefficients P (z) are given by the relation 
P 

( 3 .5 ) 

P (z) = ( - )P + 1 ( l -q) r -Pz r - p q 1 / 2 ( r " P ) ( r " P " 1 ) 

r-p 

X S ( - ^ [ s (P) + q{s (p) - zq r _ t 8 . . . (*)}][*+1~ V " \ 
r+l-t r- t r-t+1 J r-p 

for - l < p < r . 

4. Next, to deduce the main transformation let us consider the 
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contour i n t e g r a l 

r r + 1 î 
[sq ] n _ t 

(4. 1) / ( ( 3 r M d s ; q - e , t > 0, m = 0, 1, . . . , r , 
[si [sq 1 
L J n - m + l L H Jn+1 

taken round the s e m i - c i r c l e | s | = R to the r igh t of the i m a g i n a r y 
a x i s . The i m a g i n a r y axis i s indented , if n e c e s s a r y , to e n s u r e that 
the sequence of i n c r e a s i n g po les l ie to the r i g h t of i t . 

This i n t e g r a l evident ly tends to z e r o as R~> oo. Equat ing to 
z e r o the s u m of the r e s i d u e s at the p o l e s , we obtain the following 
R + 1 iden t i t i e s* 

[q-(P2 r ) ] p ' _ 1 

(4 .2) A*(z]TJ-A(z) = ' — B*(p ; z ) J B ( p ;z) + i d e m ( p ;p , . . . , p ) 

t = 0, 1, . . . , r - 1 , 

and 

[ q - ( P 2 ^ I P / " 1 

(4.3) A*(z)TA(z) = ' I . B * ( p , ; z ) 7 (p ;z) 
[ P . - t P ^ h ' " 1 ' ^ ' 

+ idem (pi5p2> . . . ,p r ) +~f . 
z (1-z) 

1 1 
In c a s e , when m = r , the i n t e g r a n d is [— + O (—- )] and thus 

s 

the i n t e g r a l tend s to 2 TT i as R -*- oo. The t e r m a / z (1-z) a r i s e s 
00 

n- r 
f r o m the s e r i e s ZJ z , a i s a cons tan t which can be d e t e r m i n e d , 

n=0 
i s i 

r e p l a c e d by 

but i t s va lue i s i m m a t e r i a l . When n < m - 1, [si M m u s t be 
— J n - m + l 

. . n -m+1 1 / 2 ( n - m + l ) ( n - m + 2 ) + s ( m - n - l ) . r . -, 
(-> q / [ q / s ] m - n - l 

^The r e l a t i o n (4.2) for the va lue m = 0 i s the one a l r e a d y given by 
S e a r s [5 :6 . 2 ] . 
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In the equat ions (4.2) and (4.3) we have a s s u m e d 

A(z) 
r+1 r 

q r+1 ; z 

.q r 

A*(z) 

B(p t ; z ) 

r+1 r 

r + l T r 

q ( r + l ' S (or , , ) - S ( p ) + r - l 
2-(p ) ; Z q r + 1 

..q r 

q r+1 K t 1-

2 - P t f q l + ( P r ) ' - P t 

Pr1 

z t 
t = 1, 2, . 

and 

B*(p t ;z) 
r+ 1 r 

q L - r + 1 ; z q r+1 r 

_Pt _l+Pt-(Pr)* 
,q ' q 

t = 1, 2, . . . , r . 

Now if we suppose 

A(z) = B t p ^ z ) B(p ;z) B ( p r ; Z ) 

5fB(P4;z) P-B(p2 ;z) J B ^ j z ) 

Î / B ( P , ; Z ) y 2 B ( p : z ) . . . . J 2 B ( p ;z) 

7 r _ 1 B ( P i ; z ) 7 r _ 1 B ( P 2 ; z ) . . 7 r " 1 B ( P r ; z ) 

We deduce f rom the equat ions (4 .2) and (4 .3) that 

( 4 .4 ) A*(z) A 4 (z) = — A 

w h e r e A , ( z ) 
1 

z (1-z) 

A(z) B ( p i ; z ) B(p 2 ; z ) . . . . B ^ j z ) 

3A(z) 3TB(p i ;z) ^ B ( P 2 ; z ) . . . . p ' B ( P r ; z ) 

^ r A ( z ) ç r r B ( P i ; z ) ^ r B ( P 2 ; z ) . . . ^ r B ( P r ; z ) 
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a g a i n s i n c e 

( 4 . 5 ) T A ^ z ) = 

; T T i A ( z ) ? r T i B ( P i ; z ) r B ( P 2 ; z ) . . . r X 1 B ( P r ; z ) 

p r r _ 1 A ( z ) J T ^ B f p ^ z ) 7 - r " 1 B ( P 2 ; z ) . . . j r " 1 B ( P r ; z ) 

: r r " 2 A ( z ) j r " 2 B ( P i ; z ) 3 - r - 2 B ( P 2 ; z ) . . . / - 2 B ( P r ; z ) 

A ( q z ) B ( p l 5 q z ) B ( P 2 ; q z ) B ( P r ; q z ) 

and t h e f u n c t i o n s A ( z ) , B((3 : z ) : t = 1, 2 , . . . , r s a t i s f y t h e q - d i f f e r e n c e 

e q u a t i o n ( 3 . 4 ) , w e o b t a i n 

(4 .6 ) 
xt t P

 x , ( z ) X A , ( z ) + A . (z) 2 ( 1 - q ) z P (z) = 0 
r + 1 1 1 r - t 

S u b s t i t u t i n g t h e v a l u e of t h e c o e f f i c i e n t s P (z) : t = 0, 1, 2 , . . . , r + 1 
P 

f r o m ( 3 . 5 ) , w e g e t , on s o m e s i m p l i f i c a t i o n 

( 4 . 7 ) z ( l - q ) q 1 / 2 ) r { r + 1 ) [ s r ( p ) - z q
r s ^ M T ^ (z) " 

Z [ S r - t + l ( ( 3 ) + q { S r - t ( P ) - z q r " t s
r . t + 1 ^ > K - ) r + V " 1 X 

r - r - l + t r + l - t , ( l / 2 ) r ( r + l ) + l f r , 

^ Q L Q ; ; q J + q [ s
r (P) - z q 9

r + i ( Q , ) J -

( i - * ) q 

B u t s i n c e 

r + 1 A ^ z ) = 0 . 

1 T 0 
r - 1 - r + t r + 1 - 1 -, ^ j 

[q ; î q ] = 0, t = 0, 1, . . . , r , 

t h e e q u a t i o n ( 4 . 7 ) s i m p l i f i e s to 

( 4 . 8 ) z ( l - q ) q ( l / 2 M r + 1 ) [ s r ( p ) - z q ' s ^ * ) ] 7 ^ ) -

( l / 2 ) r ( r + l ) 
[ s (p) - z q r g (a ) ] - [ 1 - z ] q r 

r + 1 
A 1 ( z ) = 0 . 

O n e c a n w i t h o u t a n y d i f f i c u l t y s o l v e t h e q - d i f f e r e n c e e q u a t i o n 
( 4 . 8 ) and f ind i t s s o l u t i o n a s 

( 4 . 9 ) A l ( z ) = K z " S ( P ^ - ( l / 2 ) r ( r - 1 \ 4 ) o [ q
S ( f f r + l ) - S < P r > + r ; ; z ] , 
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w h e r e K i s a cons tan t independent of z . 

Substi tut ing the value of A (z) f rom (4.9) in (4 .4) we get 

(4 .10) A(z) = M Z ^ ^ ' - ^ ' ^ ' A ^ Z ) t0l<?iaX+i) ' S ( M + r " 1 '';qz]-

w h e r e M is some other cons tan t . 

To find the value of the cons tan t M, we equate the coefficient 

of z " ^ P r ) - ( 1 / 2 M r - 3 ) on both the s ides of (4 .10) we obtain 

1 1 
J A _ A A 

(4 .11) 

M = 
(1-q) 

(1-q P l ) d - q 1 " ^ ) . 

(1 -q 1 _ , 3 l ) ( l - q " P l ) ( l - q ^ ^ d - q ' ^ ) . 

l-B* - 3 * - P i - r + 2 1-P2 -P2 
(1-q P l ) ( l - q P l ) . . . ( l - q ) (1-q ) ( l - q )...(!-

- p 2 - r + 2 
) 

. ( l - q ^ P r ) 

.d-q^Sd-q-^) 

( l - q 1 - P r ) ( l - q " P r ) . . . ( l - q 
• p r - r + 2 

The t r a n s f o r m a t i o n (4. 10) along with (4. 11) is the d e s i r e d 
t r a n s f o r m a t i o n . The r e s u l t r e d u c e s to the one given by Ba i l ey [ l ] 
as q-> 1. And if one follows the technique of Dar l ing [2] one can get 
the t r a n s f o r m a t i o n of S e a r s [3 :6 .2] a l s o . 

In conclusion, it is wor thwhi le to r e m a r k that we have cons ide red , 

only for the sake of s impl ic i ty of the proof, the p roduc t è X à . 

In fact, f r o m the t r a n s f o r m a t i o n for the p roduc t .6 X 6 , 
^ 1Y0 r+Vr 

t r a n s f o r m a t i o n s involving the p r o d u c t s cb X 6 could be deduced by 
6 ^ 1Y0 M N y 

confluence of su i tab le number of p a r a m e t e r s . 
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