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JOE LEONARD MOTT 

In this paper a ring will always mean a commutat ive ring with identi ty ele
ment . Fur thermore, a ring R is called a multiplication ring if, whenever A and 
B are ideals of R and A is contained in B, there is an ideal C such t ha t A = BC. 
Noetherian multiplication rings have been studied by Asano (1), Krull (4, 5 ) , 
and Mori (6, 7) . Krull also studied non-Noetherian multiplication rings (3). 
In (8, 9) , Mori studied non-Noetherian multiplication rings which did not 
necessarily contain an identi ty element. 

The notat ion and terminology used will be in general tha t of (10). In par
ticular, the symbol C will mean "contained in or equal ," < will denote proper 
containment , and (£_ will mean "not contained in or equal ." If A is an ideal of 
R and P is a minimal prime ideal of A, then the intersection of all P -p r imary 
ideals containing A is called an isolated P-pr imary component of A (2, p. 737). 
The intersection of all isolated pr imary components of A is called the kernel 
of A (2, p. 738). 

This paper is concerned with equivalent conditions for a ring to be a mult i
plication ring. The conditions are contained in the following theorem. 

T H E O R E M . The following statements are equivalent: 
(I) A ring R is a multiplication ring. 
(II) If P is a prime ideal of R containing an ideal A, then there is an ideal C 

such that A = PC. 
( I I I ) R is a ring in which the following three conditions are valid: 
(a) every ideal is equal to its kernel, 
(b) every primary ideal is a power of its radical, and 
(c) if P is a minimal prime ideal of an ideal B and n is the least positive integer 

such that Pn is an isolated primary component of B and if Pn ^ Pn+1, then P 
does not contain the intersection of the remaining isolated primary components of 
B. 

Proof. If R is a multiplication ring, then II follows. Therefore, suppose II is 
valid in R. The following properties (i) through (x) are consequences of I I : 

(i) For any ideal A of R, R/A satisfies I I . 
(ii) If R is an integral domain, then R is a Dedekind domain. 
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(iii) There are no ideals between a maximal ideal M and its square (1, p. 85). 
Furthermore, there are no ideals between M and Mn except powers of M, and 
R/Mn is a special primary ring (1, p. 83). 

(iv) There is no prime ideal chain Px < P 2 < Pz < R. 
If Ph P2 , and P 3 are prime ideals such that P i C P2 < P3 < R, then in the 

Dedekind domain R/Ph P2/Pi < P3/P1, and therefore P2/P1 = P i /P i -
Consequently, P i = P2 . 

(v) If M is a proper maximal ideal properly containing the prime ideal P , 
then 

00 

p = n Mn 

and MP = P. 
In R = 7?/P, 

00 

(o) = p = n M \ 

and, consequently, 
00 

PD n Mn. 
Since PCM, there is an ideal C such that P = il^C Using the fact that P 
is a prime ideal and M <£_ P , it follows that C C P, and P = MP. Therefore 
p = MP = M2P, etc., so that 

CO 

p c n Mn. 

Hence 
CO 

p = n Mn. 
n=l 

(vi) Every ideal is equal to its kernel. 
If A is an ideal of R, suppose A ^ .4*, where .4* denotes the kernel of A. 

Let a Ç . 4 * \ / l , and consider the ideal ^4' = ^4: (a). Let M be a minimal prime 
ideal of Af; then by a theorem of Krull (2, p. 738), M. properly contains a 
minimal prime ideal P of A. Thus M is a maximal ideal, 

p = n Mn, 

and P = MP. Since .4' C M, there is an ideal Csuch that Af = MC. If C C A', 
then ,4' = MA' = M2A', etc., so that 

^ ' C O MM = P . 

This would imply that M is not a minimal prime ideal of A'. Therefore, C (£_ A', 
and hence (a)C (£_ A. On the other hand, (a)C C (p) C P since a 6 ^4*. As a 
consequence, there is an ideal 5 such that 
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(a)C = PS = MPS = M(a)C = (a)A' C A. 

This contradiction proves A = A*. 

(vii) If M is a proper maximal ideal, and if A is an ideal contained in Mn, 
then there is an ideal C such t ha t A = Mn C. Fur thermore, if A <£ Mn+\ 
then C <t M. 

The proof of the above s ta tement will be by induction. The s ta tement is 
obviously t rue for n = 1. Suppose A C Mk implies A = MkC. Then if 
A C Mk+\A = MkC since Mk+l C M*. If Mk+1 = Mk, obviously A = M*+ 1C. 
Suppose tha t Mk+1 ?* Mk. Since Mk+1 is an M-primary ideal containing 
A = MkC and M* (£ M*+\ it follows tha t C C M. Hence C = MC and 
A = Mk+1C. 

U A C Mn and A <£ M n + 1 , then ^ = MWC by the above, bu t C Ç£_ M 
because if C C M, then C = MB and this would imply t ha t A = Mn+lB C 
Mn+\ 

(viii) If M is a maximal ideal and Mn 9^ Mn+l for each positive integer n, 
then 

oo 

p = n M* 

is a prime ideal. 
Suppose x ^ P and y $P. Then there are positive integers k and # such t h a t 

x e Mk and v 6 Mn , bu t x ( Mk+1 and y ( Mn+1. Consequently, there are 
ideals B and C, not contained in M, such tha t (x) = MkB and (y) = MWC 
Therefore, (xy) = Mn+kBC, where £ C (^ Af. As a result, ^ ( P and P is a 
prime ideal. 

(ix) If Ç is a P-pr imary ideal, then <2 is a power of P . 
I t is well known tha t if P is a non-maximal prime ideal in a ring in which 

every ideal is equal to its kernel, then P = P2 and Q = P (9, p. 99). Assume P 
is a maximal ideal. The following two cases will be considered: (a) Pn ^ pn+1 

for every positive integer n and (b) Pn = Pn+1 for some positive integer n. 
If Pn T^ Pn+l for each positive integer n, then Q is not contained in every 

power of P since Q is not contained in the prime ideal 

CO 

P' = C) Pn. 
n=l 

Therefore, there is an integer k such tha t Q C Pk bu t Q (£ Pk+l. This implies 
Q = PkC, where C (jt_ P . If C is a proper ideal of R, any proper prime divisor 
P of C must contain Q and hence must contain the maximal ideal P . This 
would imply P = P' and therefore C C P - This contradiction shows tha t 
C = R and (? = P*. 

If Pn = Pn+1 for some integer n, suppose k is the least positive integer such 
t h a t Pk = Pk+l. There are two cases to consider here. Ei ther Q C Pk or 

Q<ZPk. 

https://doi.org/10.4153/CJM-1964-045-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1964-045-9


432 JOE LEONARD MOTT 

If Q C Pk = P2k, then for each a G Pk there is an ideal C such that (a) = 
PkC = P2kC = Pk{a). Therefore, there is an element p G P such that a = 
pa = j£>2&, etc. Consequently, a G (? since ps (z Q for some integer s. Hence 
Pk C. Q and, as a result, Q = Pk. 

If Q 7̂  Pfc, then Ç + ^ is a P-primary ideal properly containing Pfc (10, 
p. 154). Therefore, by (iii) Q + Pk — Pl for some integer t > k. Thus, there is 
an integer m such that t > m > k and Q C Pm but Q (^ Pm+l. There is an 
ideal C such that Q = FWC and C (£ P . As before, it will follow that C = P 
and Q = Pm . 

(x) If P is a minimal prime ideal of an ideal B and n is the least positive in
teger such that Pn is an isolated primary component of B andi f Pn ^ Pn+l, 
then P does not contain the intersection of the remaining isolated primary 
components of B. 

Since B is equal to its kernel, let B = Pn C\ B'y where 

B' = n p:a 

a 

is the intersection of all the isolated primary components of B except Pn, 
Since B C Pn and B (£ Pn+\ there is an ideal C such that B = P*C, where 
C £ P . It follows that C C P*w" for each a since 5 C P«"a and Pn ÇjL Pa. 
Therefore C C Bf and Bf (£ P since C (IP. 

Properties (vi), (ix), and (x) show that II implies III. 
Assume III is valid and A and B are ideals such that A < B. Since A and B 

are equal to their kernels, let 

B = (np"") n ( n P ^ ) 
and 

-4-(^>(<y"") 
where P" is a minimal prime ideal of A but not of B, P' is a minimal prime 
ideal of B but not of /4, and P is a minimal prime ideal of both A and B. Also, 
the exponents \a , (jLa, ae, and vT denote the least positive integers such that 
Pa*01, P$a& are isolated primary components of B and Pa

Ma, P r "
I ' r are isolated 

primary components of A. Clearly Xa < /xa for each a since P / a C P / a . Let 

Then for x G 5C, 
TO 

1 = 1 

where bt ^ B and Cj G C for each i. Therefore bt G P« a, c* G P / a ~ a, and 
Cj G PT

ffvT for each «, r, and consequently biCt G P / a and b^Ci G P / ' " r . Hence 
x G P / a and x G P/'"7" for each a, r, and, as a result, 5 C C A. It is obvious 
that A C C. 
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Any minimal prime ideal P of BC must contain B or C. If B C P, then P 
is a minimal prime of B and also of A. Hence P = Pa for some a. H B (£ P , 
then C C. P and P is a minimal prime ideal of A and also of C. In this case 
P = PT" for some r. In particular, any minimal prime ideal of BC must be a 
minimal prime ideal of A. Therefore, let 

BC = (n PS") n (nP; ' V ) 

be the kernel of BC and let na
f and y/ be the minimal exponents such that 

P / a and P"VT are isolated primary components of BC. Clearly, na < \ià and 
vr < vJ. Furthermore, P"VT is an isolated primary component of C, since 
A C C C P / /I>r and P""7" is an isolated primary component of A. Thus, since 
B (£ P T " and BC C iY" 7 ' , it follows that C C P " V . This being the case, one 
concludes that vf < vT and hence vf = j>T. If Pa

Ma = Pa
Ma+ , then clearly 

M« = Ma'- Suppose that Pa
Ma =̂  P/"4" . Since every ideal is equal to its kernel, 

every non-maximal prime is idempotent. Thus, one sees that Pa is a maximal 
ideal. Let 

c' = (n,^.'""x')n(np;"T). 

and 

,4^(naP;5 )n(nprT ) . 

Then by III(c), P« 7) -4', and since Pa is maximal, P / « + / l ' = P . Thus 
A = P / « H A' = P / « -,4'. Similarly B' (T P , P > + B' =-- P , and P - P > Pi P ' 
= Paa-B'. One sees that C" <£ P a since ,4' C C" and 4 ' <£ P«. Therefore, 

p^a-K + C> = R a n d C = pa^-K f \ c = Pa"
a~K • C. 

As a consequence, BC = P^-B'C where P ' C <£ P«. Thus P / « is an isolated 
primary component of PC and \ia = ida

f. We have shown that ixa = ixj and 
vT = vT

r for each a, r. Thus the kernels of BC and Y4 are equal and hence 
BC = A. Then I follows from III and the proof of the theorem is complete. 

As a corollary to this theorem, a generalization of a theorem due to Asano 
(1, p. 85) can be given. 

COROLLARY. If R is a ring in which 
(1) to every ideal A contained in a prime ideal P there is an ideal C such that 

A = PC, and 
(2) (0) = Qi C\ Q2. . . r\ Qn, where Qt is Prprimary for each i, 

then R is a direct sum of finitely many Dedekind domains and special primary 
rings. Consequently every ideal is a product 0} prime ideals (1, p. 83). 

Proof. Suppose the representation of the 0-ideal is an irredundant represen
tation and Pi 9^ Pj for i 7^ j . By the theorem above, R is a multiplication ring, 
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and from the properties of a multiplication ring, one sees that Qt + Qj = R 
for i 7^ j . Therefore, R is a direct sum, R = Ri © R2 . . . © Rni where Rt is 
isomorphic to R/Qi. If Pi is non-maximal, then Qi = P{ and R/Qi is a Dede-
kind domain. If Pi is maximal, then Qt is a power of Pt and i?/(?i is a primary 
ring in which there are no ideals between the unique maximal ideal and its 
square. In this case, R/Qi is a special primary ring. 

It is well known that a multiplication ring is a subring of a cartesian product 
of Dedekind domains and special primary rings (3, p. 323). The following 
example, suggested to the author by Professor L. I. Wade, is an example of a 
multiplication ring which is not equal to a cartesian product of Dedekind 
domains and special primary rings. 

Let R denote the set of all sequences a = {a^ where the at are taken from 
the field of two elements and an = an+i = an+2 = . . . for some n. For a = {at} 
and b = {bi}, define a + b = {a{ + bt) and a -b = {afii}. Thus R is a ring 
in which every element is idempotent. Consequently if A is an ideal of R 
contained in the ideal B, A = BA. It is clear that R is a subring of the cartesian 
product R' of countably many copies of the field of integers modulo 2. How
ever, R 7e R', since R' contains uncountably many elements and R contains 
only countably many elements. 
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