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Abstract

Let G be a compact abelian group with dual G and let Kbe a Banach L,(G)-module. We introduce the
notion of character convolution transformation of K which reduces to ordinary Fourier or Fourier-
Stieltjes transformation when K is one of the spaces L (G), M(G). We show that the question of what
maps G -» K extend to multipliers of K is a question of asking for descriptions of the character
convolution transforms. In this setting some results of Helson-Edward and Schoenberg-Eberlein find
generalizations, as do some classical results, including the inversion formula and the Parseval
relation. We then apply these results to transformation groups, obtaining a variant of a theorem of
Bochner and an extension of a theorem of Ryan.

1980 Mathematics subject classification (Amer. Math. Soc): 42 A 20, 43 A 25.

Introduction

Let G be a compact abelian group.
As is well-known, L,(G) is a commutative Banach algebra under convolution.

A Banach Lx{G)-module K (see [4; 32.14]) is a Banach space K that is also a
module over the ring L,((/), such that (if * denotes the module multiplication)

/ * a x = af*x = a(f*x) (a G C; / 6 L , ( 6 ) ; x G K)

and

Under convolution, Lp(G) (1 *£ p < oo), C(G) and Af(G) are Banach L,(G)-mod-
ules. More examples are given in [4; Section 32], [1; Section 4] and in Section 3 of
this paper.
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We are going to occupy ourselves with the following two problems, that turn
out to be closely related. Let K be a Banach module over L,(G).

( a ) Introduce an analog of the Fourier-Stieltjes transformation that reduces to
the ordinary Fourier or Fourier-Stieltjes transformation if K is one of the spaces
Lp(G), M(G).

(/}) A multiplier of K is a continuous module homomorphism L,(G) -> K. (See
[5].) Consider the dual group G of G as a subset of L,(G). As G spans a dense
linear subspace of LX(G), a map G -» K has at most one continuous linear
extension L\{G) -» K. What maps G -* K extend to multipliers of K7

For K = Lt(G) the relation between (a) and (/?) is easy to describe: by
Wendel's characterization of the multipliers of L,(G) [4; 35.5] one sees that a map
</>: G -» L,(G) extends to a multiplier if and only if there exists a ( i £ M(G) such
that <j>(y) - M(Y)Y for all y G G.

1

Our notations are mostly those used by E. Hewitt and K. A. Ross in [4].
Throughout the paper, G is a compact abelian group whose dual group is

denoted G, and K is a Banach L,(G)-module. Both convolution L / G ) X LX(G)
-» L,(G) and module multiplication L,(G) X AT -» K are indicated by * . The
Haar integral of/ G L^G) are written //($) ds.

K is called order-free if for every x E K, x =£ 0 there exists an / G L,(G),
/ * JC T^ 0. The trigonometric polynomials (that is, the linear combinations of
characters) form a dense linear subspace of Lt(G). It follows that K is order-free
if and only if for every x E K, x =£ 0 there exists a y E G such that y * x ^ 0.

By [4; 32.22] the products / * x ( / E L,(G); x G AT) form a closed linear
subspace ^ a b s of K. This ^Tabs is a Banach L,(G)-submodule of K. As L,(G) has
an approximate identity J*fabs is order-free. In particular, if x, y G J^abs and if
y * x = y * y for all y E G, then x = j>.

.K is said to be absolutely continuous if # = ATabs. Examples: Lp(G) (1 < p < oo)
and C(G) are absolutely continuous [4; 32.20 and 32.31]; LX(G) is not [4; 20.16];
neither is M(G) [4; 19.18].

For / E L,(G) define /* G LX(G) by f*(s) = f(s~x) (s E G). We make the
conjugate space K* of K into a Banach L,(G)-module by defining

( * , / • * ) = ( /* * x, h) ( / £ L, (G) ; xeK;h(E K*).

(We might just as well have taken f*x instead of /* * x. However, /* * x is more
appropriate in the more general situation where one does not confine ones
attention to compact abelian group G.)
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If by a similar formula one puts a module structure on K**, the natural map
K -» K** is a module homomorphism.

For h G K* we have L^(G) * h = {0} if and only if h vanishes on Kah%. Hence,
K* is order-free if and only if K is absolutely continuous.

The continuous linear module homomorphisms LX(G) -» K are called the
multipliers of AT; they form a Banach space Mult K. Every x G K induces a
7; E Mult A by

TJ = f*x ( / 6 L , ( G ) ) .

This T: K -» Multi # is injective if and only if A is order-free. In particular, the
restriction of T to Kibs is injective (it is also an isometry; see [3; 5.1(iv)]).

1.1 LEMMA. For y e G, define Ky = y*K(={y*x\xG K}). Then

Ky = {x <= K\y * x = x)

= {xeK\f*x=f(y)xforeveryf<ELl(G)}.

Ky is closed linear subspace of K. The map x H* y * x is a continuous idempotent
map ofK onto Ky. 7 / ^ E G , J 8 ^ Y , then fi * Ky = {0}. Further,

PROOF. We only prove the last sentence; the proof of the rest is simple.
Obviously y * K C Kabs for all y £ G, so Kabs D clo2{Ky | y G G}. Conversely, G
spans a dense linear subspace of L,(G); hence if x G K, then {y * x\y G G}
spans a dense linear subspace of JL, (G) * x. It follows that cloS,,^^ D ^ a b s .

For Hilbert spaces we have a more detailed knowledge:

1.2 THEOREM. Let K be a Hilbert space; let ( , ) be its inner product. Then

(f*x,y)= (x,f**y) (x,yE.K\ffELx(G)).

If P, y are distinct, then Kp ± Ky. For each y, the map x i-» y * x is the orthogonal
projection of K onto Ky. For every x G K the sum 2 y e c Y * x converges in the sense
of the norm. The map X H Sy * x is the orthogonal projection of K onto ^ a b s . Its
kernel is

{x&K\L](G)*x={0}}.

PROOF. Take y G G, put Px = x - y * x for x G K. Then P = P2 and ||7 - P\\
< 1. Let P(K)±= {x\x±P(K)}.Ux G />(AT)± , then* ± Px, so
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Hence, /"(AT)-1 C P'](0). Conversely, every x E P"'(0) can be written as x = y + z
wherey G P(K), z G P(K)X . (Notice that P(K) = (I- P)-\0) is closed.) Then
z G P~\0), so y = x - z G P'\0). But y G P(K) and P = P2: it follows that
y = 0 and x = z G i>(A")±. Therefore, P ( / O x = P ' (0) . Consequently, P is an
orthogonal projection. Then so is the map x i-» y * x. We see that

(f*x,y)=(x,f**y) (x,y(EK)

if / G G. The same formula holds, by linearity, for all trigonometric functions / ,
and, by continuity, for a l l /G LX(G). The rest is easy.

Note. The formula

Tfx=f*x (fELl(G);xEK)

yields a correspondence between the module structures * on K and the represen-
tations Tof L,(G) in K for which \\Tf\\ < | | / | | ( / G L,(G)). By the above theorem,
every such representation is a * -representation.

1.3 LEMMA. Let K be a Banach L{(G)-module. For a map T: Lt(G) -» K the
following conditions are equivalent.

(i) T G Mult K.
(ii) T is linear and continuous; Ty G Kyfor every y £ G .
(iii) T(f* g) = / • 7g/or a///, g G

PROOF, (i) => (iii) is obvious.

(ii) => (i). For y G G we have y * Ty = Ty = T(y * y). If 0, y G G are distinct,
then 0 * 7y = 0 = T(0 * y). Hence, / * Tg = T(f* g) if / , g G L,(G) are trigo-
nometric polynomials. These forming a dense subspace of L,(G) we find/* 7g =
r( /*g) fora l l / ,gGL, (G) .

(iii) =• (ii). (See [9].) Clearly T maps L,(G)abs into Kabs. But L,(G)abs = L,(G)
[4; 32.30], so the range of Tlies in tfabs. For all/, g G L}(G),f* Tg - T(f* g) =
T(g*f) = g* Tf. If g,, g2 G L,(G) and c,, c2 G C, then for all/ G L,(G)

/ * [c.rg, + c27g2] = c , /* 7-g, + c2f* Tg2

= cxgx * Tf+c2g2 * Tf= (c,g, + c2g2) * Tf

= f*T(clgl+c2g2).

As c,7g, + c27g2 — T(c]gl + c2g2) G ATabs and ^Tabs is order-free, it follows that
c,7g, + c2Tg2 = T(cxgx + c2g2). Thus, Tis linear. The continuity of Tis proved
with the aid of the Closed Graph Theorem. Let/,, f2,... be a sequence in LX{G)
such that lim fn = 0 while lim Tfn exists in K. Then lim 7/n G Kabs, and for all
g G £,((?), g * lim Tfn = lim g * Tfn = lim /„ * Tg - 0. Hence, lim Tfn - 0 and T
is continuous. Finally, for y G G one has Ty = r(y * y) = y * Ty G Ky.
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The implication (ii) => (i) gives the situation a new perspective. Apparently, a
map <£: G -» K extends to a multiplier if and only if <f> G ][yKy and <j> admits a
continuous linear extension L,(G) -» .K. The question remains: what <J> G I1?A Ŷ

do admit such an extension?

For T G Mult K we denote by f the restriction of !T to G. T is determined by
f, since the characters of G span a dense linear subspace of LX(G).

Every x GL K determines a multiplier 7^: f\-*f*x. Instead of Tx we write Jc;
thus,

xy = x(y) = y*x (y <EG;xfEK).

If K = L,(G), then xy — x(y)y, so x actually is the Fourier "series" of x. For
arbitrary modules K we call x the character convolution transform of JC.

We know by Wendel's theorem [4; 35.5] that Mult L,(G) may be identified
with M(G). If T e Mult LX(G) corresponds to fi e M(G), then f(y) = ii(y)y.
Thus, the map T\-> f can be viewed as a generalization of the Fourier-Stieltjes
transformation.

We see now how our problems (a) and (/?) converge: the character convolution
transformation is an answer to (a), and (/J) asks for descriptions of character
convolution transforms.

A few simple observations:

2.1 LEMMA. For x e K,

x = OifandonlyifLi(G) *x - {0}.

In particular, if x, y G A"abs and x — y, then x = y.

2.2 LEMMA. We have the relations

(Tf)~ = ff ( / e L , ( G ) ; r e Mult*)

and

(f*x)~ = fx ( / 6

The following extension of the Helson-Edwards Theorem [7; 3.8.1] holds.

2.3 THEOREM. <j> G UyKy can be extended to a multiplier of K if and only if
/</> G Kfor every f G LX(G). {Weput K = {x\x G K}.)
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PROOF. If T £ Mult K and <j> = f, then for every / £ L{(G) we have f<t>=ff
= (Tf)~GK. Conversely, suppose <f» £ n r ^ r and f<j>GK for all / £ L,(G).
Every / £ £](G) can be written as f — fx * f2 with certain /,, f2 £ L,(G); then
fo=Ufo) e / ,Jf = (/, * ff)"c (tfabs)~. By Lemma 2.1, for every / £ L,(G)
there is a unique Tf e Kabs such that/<*> = (Tf)'.Uf, g £ L,(G),then ( /* 7g)~
= f(Tg)~= fg<t> = ( / * g ) > = (7X/» g))", s o / * 7g = r ( / * g). By Lemma 1.3
71 is a multiplier of # . Further, (7»~ = f<̂  = (̂ >y)", so Ty = <J>y for every y £ G.

Another characterization displays a certain analogy with the Schoenberg-Ebelein
Theorem [4; 33.20], [7; 1.9.1].

2.4 THEOREM. <j> GUyKy can be extended to a multiplier of K if and only if there
exists a constant c such that

(*)

for every trigonometric polynomial 2c, y, on G.

PROOF. If T £ Mult K and <j> = f, then for every trigonometric polynomial
2c, y, we have

n
\ *

i = 1

< c
n

2 clT/
/ = 1

Conversely, if </> £ \[yKy and if there exists a constant c such that (*) holds for
every trigonometric polynomial, then (as the trigonometric polynomials are dense
in LX(G)) we have a continuous linear T: L,(G) -» K such that !T(2C,Y,) = 2c,-^y

for all 2c,y,. In particular, Ty = <J>y for y £ G. Then T £ Mult .K by the implica-
tion (ii) -> (i) of Lemma 1.3.

Note. A better analogy with the Schoenberg-Eberlein Theorem would be
obtained if in (*) we could replace the L,-norm by the L^-norm. This change,
however, would make the theorem false, as one sees from the example K — C(G),
<t>y = Y -

The following theorem, and also 2.9, are inversion theorems, stating that
certain elements of a module are the sums of their character convolution trans-
forms, as many functions of L,(G) are the sums of their Fourier series. F denotes
the directed set of all finite subsets of G.

UyKy be so that the net2.5 THEOREM. Let <j>

can be extended to a multiplier T of K. For allf

Tf=

is bounded. Then <f>

LX(G) we have
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PROOF, for A G F p u t <f>A = 2y6A<J>r Let c = supAeF||<y|. If 2c, y, is a trigono-
metric polynomial, then for A = {y,,. . . ,yn} we have

|| 2 c(-*v,.|| = I I2 ^y, * ̂ || < c|| 2 c,.r,.||,
so </> is extendable to a multiplier T. Furthermore, if 2c, y, is a trigonometric
polynomial, then for A D {y,, . . . ,yn) we have

If g G L,(G) and e > 0, there is a trigonometric polynomial/ G L,(G) such that
l l / ~ glli < e> t h e r e is a Ao G F such that Tf = f* <J>A for AD Ao. Then, for

A D A 0 ,

\\Tg~ g*<t>A\\ *z\\T(g - f ) \ \ + \\(f- g) *<fo| | ^£(11^11 + c )

Hence, Tg - l im A e F g * <fo = l i m A e F 2 y e A g * <J>r

The following is another variant of the Schoenberg-Eberlein criterion.

2.6 THEOREM. The following conditions on<j> G IIY(A*)Y are equivalent:

(ii) <#> caw fee extended to a multiplier of A*.
(iii) There exists a constant c such that for every positive integer n and for all

y,, . . . ,yn G Gandxx,...,xn G A,

2 (*„*?,)

PROOF, (i) =» (ii). If h G A* and <t> = A, t h e n / H > / * A is a multiplier of A* that
is an extension of <j>.

(ii) => (iii). Let <> = f, 71 G Mult A*. We identify Lt(G)* with LW(G). It is not
difficult to verify that the module operation on L,(G)* corresponds to the module
operation on LX(G). In particular, for / G L,(G) and h G LX(G),

(f,h) = (f**h)(e),

e denoting the unit element of G. Now T induces a continuous linear S:
K - LX(G) by

(f,Sx) = (x,Tf) (/GL,(G);xGA).

For/, g G L,(G) and x G K.

(f,g*Sx) = (g* * f, Sx) = (x, T{g* * /))

= (x, g**Tf) = (g*x, Tf) = (/, S(g * x))

so that g* Sx = S(g*x). Now t a k e y , , . . . , y n G G a n d * , , . ..,xn G A.

https://doi.org/10.1017/S1446788700025428 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700025428


372 Teng-sun Liu, Amoud C. M. van Rooij and Ju-kwei Wang [8]

(iii) => (i). By the Hahn-Banach Theorem there exists an h G K* such that

(2% ••*,-.*) = 2(*.-.*f,)
for all y, and xt. In particular, for every y G G and x E. K, (x, y * h) = (y * x, h)
= (x, <}>-). Hence y * h — <J>- for all y, and h — <J>.

2.7 COROLLARY. For every T £ Mult K* there exists an h G K* such that
Tf = f*h(fELx(G)).

PROOF. For every T there is an h for which f — h. Then Tf — f* h if f is any
trigonometric polynomial; hence, if / G LX{G).

For absolutely continuous K this result was proved in [3; 5.2].
For Hilbert spaces we obtain from 2.7 and 1.2:

2.8 COROLLARY. / / K is a Hilbert space, then <j> E]\yKy can be extended to a
multiplier of K if and only if ~Z\\<l>y\\

2 < oo.

2.9 THEOREM. Let K be absolutely continuous. Let <}> G Uy(K*)y be so that the net
(2y(E{i4>y)bfEF is bounded. Then this net is w*-convergent. If h is its w*-limit then
<f> = h and

{x,h)= 2 {xy,hy) (x<EK).
ySG

Note. Apparently, here we have analogs of the inversion formula and the
Parseval relation from the theory of Fourier transformation.

PROOF. <f> can be extended to a multiplier T of K*, and Tf= If* <$>y for all
/ G L,(G). By 2.7 there is an h G K* such that Tf - f * h for all / . Now every
x G Kcan be written a s / * y for certain/ G LX(G) andy G K. Then

(x,h) = (y, f**h) = (y, Tf*) = (y, If* * <i>y)

= 2(y, /••«,) = 2 (*,«,)•
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Hence,

h — w*- lim y. d>v.

For y G G, <t>y = Ty = y * h; so <J> = h. Further, for x G K,t>y

A linear module homomorphism is simply called a homomorphism.
In this section G is a compact abelian group of homeomorphisms of a locally

compact Hausdorff space X, such that the mapping (s, x) i-» SJC (S G G; X G A') is
jointly continuous. We denote by C(G), C0(X), C^X) the spaces of all continu-
ous functions on G, all continuous fuctions on X vanishing at infinity, and all
continuous functions on X with compact supports, respectively. The formula

(f*k)(x)=ff(s)k(s-ix) ds (k G C0(X); xEX)

turns C0(X) into an absolutely continuous Banach L|(G)-module. (For details,
see [6].) We identify C0(X)* with the Banach space M{X) of all bounded Radon
measures on X, writing (k, n) instead of jk dp. (k G C0(X), n G M(X)). The
induced module composition on M( X) is given by

(f*,x)(Y)=Jf(sMs-lY)ds

where/ G L^G), ju G M(X), Y C X, Y a Borel set.

3.1 THEOREM. Let T: C(G) -> M(X) be a homomorphism. Assume that 7/2* 0
whenever f G C(G) and f> 0. (Such a homomorphism T is called positive.) Then
there exists a (i G M( X), ju. > 0 such that

Thus, T can be extended to an element of Mult M( X).

PROOF. If v G M(X), p>0, then

|| , | | = v(X)= jv{s'xX) ds=(l*

Thus, if / E C ( J f ) , / > 0 , then | |r/ | | = ||1 * Tf\\ = \\T(f) * 1|| = \\f* Tl\\ <
| | / | | , | | r i | | . For an arbitrary / G C(G) we can write / = /, - f2 + if3 - if4 where
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fj G C(G) and 0 < jf < | / | for e a c h / It follows that ||77|| < 4 | | / | | , | | r i | | . Therefore
T has a unique continuous linear extension Tx: Lt(G) -» M(X). By continuity,
r , G Mult MCA'). According to Corollary 2.7 there exists a n G M(X) such that
T\f = f*V-(f£ L\G)). To prove /i > 0 takey G C0(Jir),ys* 0 and let { K J bean
approximate identity of L\G) such that ut G C(G) and w( > 0 for each t. By the
absolute continuity of C0(X), j can be written as / * j ' where / G Lt(G), j ' G
C0(X). Then (j, /*) = ( / * / , M) = lim(«, * / * / , fi) = l i m ( / * / , M(* * /i) =
lim(y, T(uf)) ^ 0. Thus ft > 0.

For multipliers of Af(A') we can extend Bochner's Theorem [4; 33.3], [7; 1.4.3].
A function <j>: G -» A/( Z ) is said to be positive definite if

n

2 C/C/*(Y/Y/1)>0
'.7=1

for all positive integers «, all complex numbers c , , . . . ,cn and y , , . . . ,yn G G.

3.2 THEOREM. Le/ <£ G UyM(X)y. Then <j> is positive definite if and only if there
exists fi G M(X), ( i ^ O such that $ = ju.

PROOF. Let JU G A/C^), ;u ^ 0; c, c . E C ; Yi.---,YB e G. Take ^ £ Q(Jf),
k > 0. For every x £ l ,

0

= 2^(^Y> •*)(•«)•

'.7

'.7 '.7

' • 7

Hence

0

'.7

and2,-J-c1-c/./i(Y/Y71)>0.
Conversely assume <̂  to be positive definite. For every k G Co(A'), & > 0, the

scalar valued function y h* (k, <j>(y*)) is positive definite. By Bochner's Theorem
[4; 33.3] for such k there exists a unique fik G M{G) such that (&, </>(y*)) = M*(Y).

(y G G), and we have fik > 0. The map k\-+ nk can be extended to a linear
positive, hence continuous, [/: CQ(X) -» M((7). Then

(Ac G C0(X), y G G).
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It is easy to see that (£/(/* k))~ = f(Uk)~ = ( /* Uk) for all / E L\G), k E
C0(X). Thus U is a homomoTphism. U in turn induces a positive homomorphism
T: C(G)^ M(X) by

(k,Tf) = (f,Uk) ( / 6 C ( G U G C 0 ( 4

Applying Theorem (3.1) we obtain a / i £ M ( X), n 3* 0 such that Tf = f * n for all
/ G C(G). In particular, (k, y * /x) = (A:, 7Y) = (y, [/*) = (Uk)'(y*) = (k, <}>(y))
for all k G CoC*) and y G G. It follows that <#> = /!.

We specialize further and assume the existence of a positive Radon measure m
on X that is invariant under the action of G. Then every Lp{m) (1 < p < oo) can
be made into a group algebra module by

(/* k){x) =ff(s)k(s-*x) dx (/GL,(6), k G Lp{mj)

for locally almost all x G A'(see [1]). For p < oo, Lp(m) is absolutely continuous.
The natural linear maps L,(w) -» M(X), Lp(m) -> Lq(m)* (p~x + q~x = 1) are
isometric homomorphisms. We identify Lp(m) and Lg(m)* (p > \, p~l + q~^ =

1).
R. Ryan [8] characterizes those Fourier-Stieltjes transforms of measures on G

that actually are Fourier transforms of elements of LX(G) D Lp(G). His theorem
can be extended in the following way.

3.3 THEOREM. Let \<p < oo, /?"' + ?-' = 1. Let E = {k G C00(X)\ky ¥= 0
/or only finitely many y G C ) . Le/ fi e M(X) and assume that there exists a
number c such that

for all k E E. Then there exists a g G L,(w) n ^ ( w ) JMC/I r/iaf n = gm (that is,
H(A) = fAgdm for all Borel sets A C X).

PROOF. If A: G C ^ A') and /? G G, then

(fi*k,n)= 2 ( P * k , y * l x ) =
TEC

The elements of £ are finite sums 2/J, * kt. Hence

yec
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By the isomorphism between Lq(m)* and Lp(m) there is a g G Lp(m) such that

(k,n) = (k,g) (kEE).

If we can prove that g G Lt(m), then JU and gm are bounded regular measures
and (k, ju.) = (k, gm) for all A: in a dense subspace of Co(X); then (k, ft) —
(k, gm) for all k G C0(X) and JU, = gm.

Take k G C^A"); let 5 be the support of k. For A C X let £A be the
characteristic function of A. For every positive integer n let/n be a trigonometric
polynomial on G such that ||/n||, < 1 and \\fn * k - Ar||, < 2~". Then lim fn*k =
k, a.e. and /„ * A: G E. Further, ||/n * A:^ < ||/J|, P L , < \\k\\.,, and /„ * k = 0
outside the compact set GS. Thus, lim (/„ * k)g = kg a.e., and | (/„ * Ar)g|^ \\k\\x

\g\£GS- As g£GS £ t ] ( m ) it follows by the Lebesgue Dominated Convergence
Theorem that

kgdm

Thus,

= \im\(fn*k,ti)\^sup\\fn*k\\

||/l||||*llo

Now let C C X be compact. Let U be an open set containing C and of finite
m-measure. Let /1 be a measurable function, |/z(x)|«£ 1 for all x, such that
hg — \g\ic a nd h = 0 off C. For each positive integer n choose kn G C^X),
\\kn - //||, < 2"", ||/tn||00 « 1, kn = 0 outside U. By another application of the
Lebesgue theorem (note that g ^ G Lx{m)) we get

j\g\dm = f\g\Zcdm= jhgdm

As this is true for all compact C, it follows that g G L,(w).
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