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On prime noninvertible links

Wilbur Whitten

It is the purpose of this paper to exhibit an infinite
collection of prime, noninvertible links; each link in the
collection is the union of two invertible knots. In fact, we
present two such femilies of links. Our examples heuristically
indicate that collections of links of this type exist in many

varieties.

An oriented, ordered link L imbedded in the oriented 3-sphere S

is invertible provided that it is of the same (oriented) type as its

inverse. The tnverse, L_l , of L 1is obtained by reversing the
orientation of each component of L . Examples of noninvertible links
(with more than one component) were first given in 1969 [4]; each link of
[4] is the union of two invertible knots, and although it was not proved

there, the links presented are also prime.

In [3], McPherson asks whether there exists an infinite family of such
links: Does there exist an infinite family of prime, noninvertible,
two-component links in S with invertible components? We answer this
question affirmatively in this paper by exhibiting a disjoint pair of such

families.
We denote by Cl and 02 , respectively, our two families. A typical
link, An = wn vy (n=z2), in Cl is shown in Figure 1 (page 128). 1In

. The

each An , wn is of trivial knot type and ¥ 1is of knot type 51

linking number of An is n -1, so that Cl is an infinite class of

distinct links.
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(ab)alab) ™t

Figure 1.

In order to define the elements of 02 , Wwe begin with the link

A2 = wz vy of Cl . Let V denote a closed tubular neighborhood of

in S - wz , and take as orientation of V that induced by S . Consider
a twist knot Kp with twist p imbedded in the obvious nice way in the

interior of a closed, oriented, unknotted solid torus T (see the figure

at the bottom of page 143 of [71]). Orient Kp sandmap T onto V by a
faithful homeomorphism. We denote the (oriented) image of Ko under this

map by @p . ¢p is simply an oriented double of Y with a twist p .

A typical link in 02 is then EO = wz V] Qp . Evidently, the links of 02

are distinct, Cl and 02 are disjoint families, and each link in both

classes has invertible components.
A proof that each An in C1 is noninvertible can easily be
constructed along the lines established in [4]. To see that each = in

]
02 is noninvertible, we note that ﬂl(S—Qp) is isomorphic to the free
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product of T, (S-IntV) and nl(V-¢p) amalgamated with respect to
nl(BV) . By methods similar to those in [5], it follows that Ep is
noninvertible.

It remains to show that each An (n = 2) and each Ep (p an
integer) is prime. If An is composite, then it clearly follows (from
the definition of primeness of links and Theorem 1 of [2]) that An is the

product of a knot of type 5, and a (prime) link (the hub of An ) which

1

is the union of two trivially knotted components, one of which is ¢n .
This means that an element of ﬂl(S—w) represented by the (oriented) knot
wn , considered as a loop, must be the (n-1)st power of a meridian of P -

Since wn represents

d*(ab)a " (ab) 7t
in nl(S-W) (see Figure 1, page 128), there exists an element

belonging to nl(S—w) such that

uan—lu—l - an(ab)a-l(ab)—l .
It is easy to see that no such U exists (see [4]); thus An (n=2) is
prime.

Finally, we show that each Ep is prime. Recall that nl(S—Qp) is
isomorphic to the free product of nl(S—IntV) and ﬂl(V—Qp) amalgamated
with respect to nl(BV) . The component we of Ep , considered as a
loop, represents the element

v = a(ab)aHab)
of m (5-IntV) cnl(s-¢p) - If E  were splittable, Y, would also
represent the identity element of nl(S—¢p) . But this is impossible,
since v would then be the identity of wl(s-¢p) , and hence of

nl(s-IntV) , which it obviously is not [4]. (In this connection, note that
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the linking number of Ep is 0 .)

Since wz is a trivial knot, and ¢p is prime (the genus of ®p is
1 ), it follows that if Ep is composite, then it must be the product of
a knot (of the same type as o, }, and the hub of Ep . The hub is then
the union of two trivial knots, one of which is w2 . Since the linking
number of Ep is 0 , the element v (above) of nl(S-¢p) represented by
w2 is, therefore, the O0-th power of & meridian of Qp . This implies,
however, that » =1 in ﬂl[S-QO] , which is not true. It féllows that

Ep is prime, and that our link families Cl and 02 possess the desired

properties.
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