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REPRESENTATION FORMULAS FOR
INTEGRABLE AND ENTIRE FUNCTIONS
OF EXPONENTIAL TYPE I

CLEMENT FRAPPIER

1. Introduction. Let B_ denote the class of entire functions of ex-
ponential type 7 (>0) bounded on the real axis. For the function / € B,
we have the interpolation formula [1, p. 143]

(1)  sinyf’(t) — cos v/'(t)

. (kw + y) 2
o sin

_ 2 (km + v)
= k=2—-oo( D kr + v f(t * T )’

where ¢, y are real numbers and £ is the so called conjugate function of f.
Let us put

) (k')T + y) 2
. sin 5
2 G c= —akmi (
(2 y,f(a) k=2_00 e k7 + v S

k77'+'y)

T

The function G, / is a periodic function of &, with period 2. For 1 = 0
(the general case is obtained by translation) the righthand member of (1) is
27G, ;(1). In the following paper we suppose that f satisfies an additional
hypothes1s of the form f(x) = O (|x]|™¢), for some € > 0, as x = *o0 and
we give an integral representation of G, (a) which is valid for 0 = a = 2.
More precisely, the Theorems 1, 2 and 3, below, contain formulas giving a
representation of G, 7(@) valid respectively for0 = a = 1,1 = a = 3/2
and 3/2 = a = 2. Before we examine the method of proof we state
explicitly the results in question.

THEOREM 1. Let f € B_ such that f(x) = O (|x|™ ), (¢ > 0, x = *00).
For all reals y and 0 = a = 1 we have

() —4mre *7G, f(a)

5 dx

00 [e—i-rx _ aifrxe-_"x _ 2e—ai1'x 4 e(l—a)i'rx]
o -

Received December 1, 1987.

1010

https://doi.org/10.4153/CJM-1988-040-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-040-3

REPRESENTATION FORMULAS 1011

. ‘00 e(l*a)irx _ ei'rx + aiTxei'rx
+ 72 '/Loo f(x)[ 5 ]dx.
X

THEOREM 2. Let f € B, such that f(x) = O (|x]™¢), (¢ > 0, x = Fo00).
For all reals y and 1 = a = 3/2 we have
. (k'n' + y) 2
sin
2

4 —4'ﬂ"re2iy e—a(kvr+y)i
( ) :2—00 ka + Y f

(a(k'rr + 'y))

T

00 [eaifx + e(l'l!)i’Tx _ 2e(2—a)i'rx _ (2(1 . 3)iTxeaiTX]
o

5 dx

X

[e(l—a)rrx — T _ iTxe—at'rX]

. o]
+ & f . flax) E dx.

X

Formulas (3) and (4) coincide for a = 1.

THEOREM 3. Let f € B,_ such that f(x) = O (|x]|™9), (¢ > 0, x = *00).
For all reals y and 3/2 = a = 2 we have

. (kvr + y) 2
sin

[oe]
(5) —4mre®™ >, e oty 2 f("‘(kﬂ + Y))
=—00 km + Y T
00 [(2¢x _ 3)l-1_xeai'rx 4 e(3—a)ifx _ eai'rx]
= f oo Slax) ) dx
) 00 (1—a)itx __ ) (2—a)itx + (3—a)itx:
2y e e e ]
+ e / e flax) 2 dx
) 00 (1—a)irx __ _—aitx __ - —aitx
+ et f Sl e ~Tme g
— 0 X

Formulas (4) and (5) coincide for o = 3/2.

In the statements of Theorems 2 and 3 we suppose a = 1. We can
therefore see the function f as being an element of B,,. If we change 7 to
7a in formulas (4) and (5) then their lefthand members are equal to

—47r're(27“)inY, (@) and —471're(4—“)iny, )

respectively. This gives us a precise representation of G, («) valid for
l=a=2 :

We observe that the distance between two consecutive interpolation
points is
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(k+Dr+y kr+y @

T T T
in Theorem 1 and

T

fiv
SR

in Theorems 2 and 3. If we apply formula (1) to a function of the form
e’Bzf(z) € B, |p then the corresponding distance is only

@ T
T+ 18 T

A

2. The method of proof. We consider the Levitan’s polynomials f, (with
the notation of [6] ) defined, for f € B, and h > 0, by

© fix) = D elhx + k)f(x + ’;‘)

k=—o00

where

o(x) = (sin wx)z‘

X

LeEMMA 1. ([6, p. 23]) The functions f, defined by (6) are trigonometric
polynomials with period 1/h and order =N := [rv/2nh]. When x is real we
have

G S max Ifw)l,

and f,(z) — f(z) uniformly in every bounded set of the complex plane as
h— 0.

In view of Lemma 1 we may write

N
(7 filx) = 2 Ch)e™,
j=—N
Let
i0
ity 1= T DI
r—»00 r

be the Phragmén-Lindelof indicator function. We shall need subsequently
LEMMA 2. ([5, p. 982] or [2, p. 465]) If, in addition, h{(w/2) = O then
C_,(h)y=0 form=1,2,3....
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Let us illustrate now our method of proof. We have, from (7),
N ..
Sy = 2 Che™,
j=—N

where the Fourier coefficients C;(h) are equal to [6, p. 22]

®) G =h f © e fe s,

whence

N
o ..
Jo®)y = h f o #hX)f(x) X STy
j=—N
2rh(N+ Di(t—x) _ e—2vrhNi(t—x)]

= fo—ooo h(p(hx)f(x){ dx.

(eZWhi(t—X) — 1)

Let us denote the integrand by F,(x). If f € L(—o0, oo) then, for
x € R:

|Fp(x) | =

N
ho(hx) f(x) 2 &m0
j=—=N

= 2N + DAlf(x) |

S 1fx) 1, (h—0),

that is F,(x)is dominated by an integrable function. Thus, using Lebesgue
dominated convergence theorem and Lemma 1, we obtain

9 S0 = lim (1)
h—0

00 [ 2o0h(N+ Di(t—x) __ e—21rhNi(t—x)]
= f_oo f(x) }1'1—% ho(hx) GO dx

B 1 © sin 7(t — x)
= - /_oo f(x)——(t - dx.

If f is not necessarily in L(—o0, co) but satisfies a condition of the
form

(10) f(x) = O0(|x|79, €>0,x > *oo,

then the functions

sin 6z
8z

8s(2) 1= @)

are in B_,5 (6 > 0) and
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gs(x) = O (IxI7'7%;

these functions are thus integrable so that, from (9):

an g0 = [7 g EN = 0)
T (t —_ X)
with
| ) .
RO D) il + O )

¢ — x) (t — x)

Thus a passage to the limit is again justified, in (11), by the Lebesgue
dominated convergence theorem and we have proved the following result:
if f € B, satisfies (10) then for all real ¢,

1 [ sin 7(t — x)
(12) f) = - f_oof(X)—

(t—x)

Remark. Formula (12) is more easily proved with a quadrature formula;
if g € B, satisfied the condition

dx.

gx) = 0 (IxI7%, (3> 1,x—> *o0),
then [4]

(13) foo g(x)dx = : = g(zk”)

Applying (13) to the function g € B,,,

sin 1z

g(@) := f(2)

where f satisfies (10), we obtain
sin Tx T - kar
00 S == 2 g
T k=—0c0 \T

- §g<0> — 7f(0)

and (12) follows by translation. However, it is not clear if a similar remark
can be applied to prove Theorems 2 and 3.

3. Other lemmas. We will use several times the basic formulas
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4 ==
j:m z — 1

and

(15) é 2 = "t —m — D" -+ DT+ m”
j=m @ — 1y '

In order to obtain our formulas we prove the corresponding (and more
precise) formulas for trigonometric polynomials and extend it, using the
method described in the preceding section, to integrable and entire
functions of exponential type. The following lemmas are used for that
purpose.

LeEmMMA 3. For all trigonometric polynomials

S@ := X Cce”

j=—n
we have
13 k ((m/n)(km+y))i (km + v)
(16) — X (= Dkeltm/mbmtig (R, y)S(0 + ———)
2n k=1 n
= 2 ®RTM-nef+ X R - 1)cje'f"l
Jj=—m j=n—m+1
+e " X R - DCeE”,
j=—n
Where
\ - kw +
ARy =R —1+2 3 ®™ - 1)cos T+
r=1 n

and 0 = m = n is an integer.
LemMma 4. ([3, Lemma 3]) For all trigonometric polynomials
i .o
SO := X Ce, nz3,
j=—n

we have
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iy 2(n—m)

) kar +
(17) e 2 (_ l)ke—m(kw+7)z/(n*m)Ak’m(R, 7)5(9 + (_._77__.)/))

2(n — m) k=1

2m—n m

(n —m)

= 3 R e + X (R - DG

j=—n Jj=2m—n+1
+ &M (R — 1Ce
Jj=m
for 0 = m = n/3, whereas

3iy 2(n—m)

_ on km +
(18) ¢ 2 (—l)ke m(km+y)i/(n ’")Ak,m(R,v)S(0+u)
2(n — m) k=1 (n —m)
3m—2n
j==n !
2m—n
+ eZiy 2 (RZn—3m+j — I)Cjeuo
Jj=3m—2n
+ 2 R" = e
Jj=2m—n+1

n
+ M X (R - 1Ce

Jj=m
Jor n/3 = m = n/2. The coefficients A (R, y) are

n—m

A, (Ry):=R"™™—142 > (R - 1)co
k,m

v=1

. v(km + )

(n—m)

We do not include a proof of Lemma 3 since it is similar (and easier)

than that of Lemma 4.

4. Proofs of the theorems. We observe that both members of each of the
formulas (3), (4), (5) are periodic functions of y, with period 7. Also, we

may suppose that

max [f()| = 1;

—oo<t<oo )
in view of Lemma 1 this implies that |f,(x) | = 1, —oo

Hence, it is sufficient to prove the theorems for 0 = y
assume that |f,(x) | = 1 for all reals x.
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Proof of Theorem 1. Dividing both members of (16) by (R — 1) and
letting R — 1 we obtain

. (k7 + y\\2
o ) (k7 + 7)
(19) e 2 (_l)ke((m/n)(kﬂ+‘)/))l = S(a + —__l)
2n k=1 . (krr + y) n
sin
2n
=M X (G +mce + X (2n—m—j)Cje’f0]
j=—m Jj=n—m+1
e )
- 2 G+ mCe”.
j=—n

We apply (19), with § = 0, to the trigonometric polynomials (7). We
choose n = N and m = (p/q)N where p and g are positive integers such

that 0 = p = q. In order that N = 0 (mod ¢) we need to take A of the
form

PR
27Sq

where S is an integer which tends to oo if and only if A tends to 0. That
choice is permitted since all the limits under consideration will exist. We

have thus
(20)  €7S\(h) = €*7Sy(h) — Sy(h),
where
. (k7 + v\\2
1 2N st 2 km + vy
S e & S ket ( )
=y El( ) . (kﬂ +y) S 2ahN
Sin
2N
(1= (p/aON
PN
si = 2 (j+2)gm
Jj=—(pN/q) q
N
B e
j=(=(p/gON+1 q
and
—(p/q@)N p
Syh) = X (j + —N)Cj(h).
j=—N q
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Now,
1 sm e +
h Yk P/ ) km )i ( ™ 7)
= 2 (e f 2ahN
km 2
sm
+ 1 2 (= 1)kl P/ DUk + 1) 2 (qu + Y)
2N S.n(k‘ﬂ + ‘y) 2ahN
1

In the second summation we change k to (2N + k). Using the periodicity
of the function f, (Lemma 1) we obtain

Q1) hS\(h)

. (kT 4+ y\\2
o NG! - 2 kr + vy
_hk (= 1)kep/ain i ( )
2N « 2 ) . (kﬂ + y) ey
sin
2N
If 0 = 7 then
kr +
l—l}g’l (for =N = k < N)
2N 2

so that

Sin(k'n' + y)‘ - z‘kw + y{‘
al 2N

Also,

k7r+y)‘<l

ﬁ’( 2whN

(recall that we may assume

max |f(1)| =1

—oo<< <00
The summand in (21) is thus

hN T
= 2 = 2
2(N sin(kw + y)) (km + v)
2N

and the dominated convergence theorem implies that

A
IA

(h = 0),
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(22)  lim hS,(h)
h—0

. (qu + y) 2
sin

(e}
I N N O Cant 2 f(k” t Y).
T k=—o00 kr + vy T
Here we must observe that
. kmr + y) (kw + y)
tim -
hl—r>r(l)fh 2whN / / T
which follows from the inequalities
k7r+y)_ (kw+y)l
ﬁ'( 27hN S T
kﬂ+}') (kﬂ+y)‘ ‘ (kﬂ+y) (kw+y)‘
= - fl——— + | fl——| — fIl———
ﬁ'( 27hN / 2ahN / 2whN / T
and [6, p. 22]
k7r+y) (k7r+‘y)1< ( (k7T+Y))
- = 2 1 - .
f"( gy Bl e A 2N
On the other hand,
(d=(p/aON p 0 .
(23) hSy,(h) = R X ( j+ —N) f _glhx) f(x)e” ™hixax
j==(p/q)N q ®

J=U—(p/q

= f  Reh) fx)

[(1 _E)Ne—thix((l—(p/q))N+2) + (EN + l)ezﬂhix((p/q)N~1)
q q

X (e—2'77hix _ 1)2

_ ( (1 _I_’)N + l)e—zwhix((1~(p/q))N+1) _{’]_Vezﬂhix(plv/q)

q q

+ dx

(e_lﬂhix — 1)2

[ R wiet fix)
“q
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[e—2ﬂhix((l—(p/q))N+l) _ e2whix(pN/q)]

(e 1) dx

X

+ f o_ooo (2 - %)thcp(hx) f(x)

[e 2THiX(NFD) _ o= 2mhix(1=(p/ )N+ 1))

X dx

(e—zﬂhix _ 1)

— [ i fo)

[Ne—Zvrhix(N+2) _ (1 _ I_’)Ne—zwhix((l—(p/q))lwz)
q

X (e—ZWhiX — 1)2

~(N+ l)e—Zﬂhix(N+l) + ( (1 —]—))N+ l)e—Zﬂhix((l—(p/q))N+l)

9 dx.

+ (e—2whix _ 1)2

In each of the four integrals of (23) we can justify a passage to the limit
under the integral sign; the integrands are uniformly bounded by
%(7)| f(x) | where €(7) is independent of 4 (<1). Thus, assuming for the
moment that f € L(—o0, co) we obtain

(24)  lim hS,(h)
h—0

-5 T

[e—i'rx _ (1 _ e)iTxe—ifx 4 ei'rx(p/q) _ ze-(l—(p/q))i‘rx
q

X dx.

x2

Similarly,

(25)  lim hSy(h)
h—0

ei'rx(p/q) _ eirx + (1 _ E)iTxeiTx

1 o0
- f_oo f(x) = q dx.

Using (20);, (22), (24) and (25) we see that the following result is
established: if f/ € B, is integrable then, for all real y and all rational
numbers p/q such that 0 = p/q = 1, we have
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. (kw + y) 2
sSinl

< 2 km +
26) —dzre S (=1l f( m Y)
——o0 km + vy T
= & f - f(x)
— 00
e—i‘rx _ (1 _ E)i’rxe—i” + ei’rx(p/q) _ 2e—(l——(p/q))i'rx]
q
X 2 dx
. ei’rx(p/q) _ ei'rx + (1 _ .B)l-Txei'rx
q
+ /—mf(x) 2 dx.

X

Given any real number « in the interval [0, 1] let us choose a sequence
{p/q} of rational numbers in [0, 1] such that {p/q} — «. The summand in
(26) is bounded by 4nr/(km + y)* and the integrands by D(r)|f(x) | for
some constant D(r) independent of the sequence {p/q}. Taking the
appropriate limits in (26) we get:

. (kvr + y) 2
sin

o0
Q27) —dwre X (— etk 2 f(k’” + Y)

=-o0 kre + vy T

— 2y *°

=e o S

x [e™ — (1 = (x)i'rxe_i”; + X — e~ (17 i) W

x
00 QiTXx _ _iTX + (1 — . iTx
Tl ) e e

If £ is not necessarily in L(— 0o, co) but satisfies the condition (10) then
the functions

sin 6z
oz

8s(z) 1= f(z), 8 >0,

are integrable functions of B, 5 such that

lgs(x) | = |f(x)| and ;l_r)r(l) 8s(z) = f(2).

Applying (27) to the functions g5z we obtain
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. (kT + y\\2
~ - 2 ko + vy
28 —4 + 8 iy -1 k_a(km+vy)i ( )
(@8)  —dn(r + 8" X (~Dfe iy o

= f
— Y
e | gs(x)

[e—i('r+8)x _ (1 _ a)i(T + 8)xe—i(‘r+8)x

X
x2
N eai(‘r+8)x _ 26—(lfa)1(1+8)x1d
9l X
X
00
+ f_oo 8s(x)
[eai('r+8)x _ ei(‘r+8)x + (1 — a)i(‘r + 8)xei(1+8)X]
X 5 dx

X

The two terms in brackets, in (28), are bounded, for large |x| and small §,
by E(7)|x|; the integrands are thus bounded by

E@Ix| IfGx)| _ K(7)

x2 - |x|1+<’

(x — =o0).

The summand in the lefthand member of (28) being bounded by

8ar
|k + y|2+€

we may invoke the dominated convergence theorem and after the passage
to the limit we see that formula (27) is valid with the less restrictive
condition (10).

Finally, formula (3) is the same as (27) where we change a to (1 — «a).

(for 8 < 7)

Proof of Theorems 2 and 3. Lack of space does not permit us to include a
detailed proof of Theorems 2 and 3. However, we point out that they are
very similar to that of Theorem 1. We use respectively (17) and (18) to get
the formulas corresponding to (19). The lefthand members of the resulting
formulas are examined like the term S,(k) in (20); for the righthand
members we use (14) and (15) to obtain explicit integrands whose limits,
as h — 0, are evaluated. The passages to the limit are justified exactly as in
the proof of Theorem 1. We obtain (4) and (5) after possibly some obvious
change of variables.

5. Complementary results.
5.1. If hj(vr/ 2) = O then, in view of Lemma 2, we may write
f"’(x) — Ph(e2ﬂhiX)
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where P, is an algebraic polynomial of degree =N (:= [r/27h]). All the
coefficients Cj, j=—1,-2,...,in (19), are thus equal to 0. Taking that
observation into account we may follow the same line of reasoning as in
the proof of Theorem 1 and we obtain

THEOREM 1’. If we suppose, in addition to the hypothesis of Theorem 1,
that h/('rr/Z) = 0 then:

3y - 477'rGY’f(a)

oo T — aqitxe” ™ — 27"+ 1 + (1 — a)itx
_ f_oo fok = il )i ¥

An analogous observation can be made for Theorems 2 and 3. It is
interesting to observe here that formulas (17) and (18) coincide when the
trigonometric polynomial is of the form S(0) = P(e’e) where P is an
algebraic polynomial of degree =n.

5.2. Under suitable restrictions we can differentiate both members of
formula (3). In fact, if we differentiate two times then we obtain

CorOLLARY 1. Let f € B_ such that f(x) = O (leAs), é > 1,
x —> *00). For all reals y and 0 = a = 1 we have

oo
(29) 4_77 2 e*a(k77+y)i Sinz(kW; Y)f(k'” + Y)

T k=—0o0 T

— f_oo f(x)(ze—ai‘rx _ e(l—a)i7x)dx

o e‘2iy foo f(x)e(l—a)ifxdx
— 00 *

Here, the functions f(z)e” *" and f(z)e' ~®"* are respectively elements
of B(j1q) and B(;_,,. Using (13) we readily obtain, under the same
hypothesis as in Corollary 1:

[ee)

(B0) X e etkmtvi sin2(k'” A Y) f(k'” Al Y)
2

=—00 T

oo

1 it 2KT
S i/t )f( )

B Y a1+ ayr

_ cosye " § efzkm/(z—a)f(_ikj__)_
(2~ a) k=-o0 2 — a)r
As a particular case of (30) let us take « = 1/2 and y = 0; we obtain
that if f € B, is such that f(x) = O ( Ix|7%), 8§ > 1, x = oo, then
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S 2 5 i)

“ 3 P\

(31) 3
k

We have also

CoROLLARY 1". If we suppose, in addition to the hypothesis of Corollary 1,
that h(m/2) = O then:

(29/) 2_7T § e_u(kﬂ+7)i sinz(kw + Y)f(kﬂ + Y)
2

T k=—00 T

= fo_ooo f(x)e” *™dx.

Of course we can also integrate all the functions of « under
consideration. The resulting formulas become more complicated.
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