
SOLUTIONS 

P 57. Let m , n be relatively prime positive integers: 
(m, n) = 1 . Write 

f W , < . - - " ) ( . - - > ; 

(1-x ) ( l -x ) 

and show 

(i) f(x) is a polynomial of degree (m- l ) (n - l ) whose non
zero coefficients are alternately +1 and -1 . 

(ii) the number of non-zero coefficients is 

Mm + Nn - 2MN 

where M,N are integers defined by Mm - Nn = 1 , 0 < M < n . 

J. D. Dixon, California Institute of Technology 

Solution by L. Carl i tz , Duke University. 

It follows from 

Mm - Nn = 1 

that 
. mnw Nn Mm. 

Nn (1-x x - x 
x f(x = 

mv / n, 
(1-x ) ( l -x ) 

( l - x m n ) ( l - x M m ) _ ( l - x m n ) ( l - x N n ) 

( l - x m ) ( l - x n ) " ( l - x m ) ( l - x n ) 

n n (m- l ) v / m m(M-l] 
= (1 + x + . . . + x ')(1 + x + . . . + x 

m m(n- l ) x . n n(N-l) . 
- (1 + x + . . . + x ' ) (! + x + . . . + x ) 
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C l e a r l y f(x) i s a po lynomia l . 

Now if 

r n + s m = pm + qn 

w h e r e 0 < r < m , 0 < s < M , 0 < p < n , 0 < q < N , it 
fo l lows at once tha t 

( r - q ) n = ( p - s ) m , 

so tha t n j p - s , wh ich i m p l i e s p = s , q = r . C o n s e q u e n t l y 
we get 

Nn r n + s m pm+qn 
(*) x f(x) = 2 x 2 x 

N<r<m M<p<n 
0<s<M 0<q<N 

M o r e o v e r t h e r e i s no f u r t h e r c a n c e l l a t i o n . Hence the n u m b e r 
of n o n - v a n i s h i n g t e r m s on the r igh t of (*) (which i s a l s o the 
n u m b e r of t e r m s in f(x)) i s equa l to 

M(m-N) + N(n-M) = Mm + Nn - ZMN , 

as a s s e r t e d . 

F ina l ly to show that the nonvan i sh ing coe f f i c i en t s in f(x) 
a r e a l t e r n a t e l y pos i t i ve and n e g a t i v e , we w r i t e 

00 

f(x) = ( l - x ) ( l + x + . . . + x
v ) 2 x 

r = 0 

n - 1 oo 
2 2 

s=0 r = 0 
= ( l - x ) 2 S x r n + S m 

Since deg f(x) = ( m - l ) ( n - l ) we need only c o n s i d e r t hose t e r m s 
in which r < m . Thus we have 

k k k 
1 2 3 

f(x) = ( l - x ) ( l + x + x + x + . . . ) + . . . 
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w h e r e 0 < k < k < k < . . . . It f o l l o w s t h a t 
1 2 3 

k k +1 k k +1 
rt x 1 1 2 2 
f(x) = 1 - x + x - x + x - x + . . . . 

T h e a s s e r t i o n a b o u t t h e a l t e r n a t i n g s i g n s i s n o w e v i d e n t . F o r 

e x a m p l e if k = 1, k = 3 , w e g e t 

2 3 
f(x) = 1 - x + x - . . . . 

A l s o s o l v e d b y N . K i m u r a a n d t h e p r o p o s e r . 

E d i t o r 1 s c o m m e n t : T h i s p r o b l e m h a s s o m e c o n n e c t i o n w i t h t h e 

f o l l o w i n g : 

If e = m n - m - n , ( m , n ) = 1 , s h o w t h a t e v e r y i n t e g e r 

k > e i s r e p r e s e n t e d b y 

s m + y n , x > 0 , y > 0 

x a n d y i n t e g e r s 

a n d of t h e i n t e g e r s in t h e i n t e r v a l [ 0 , e ] e x a c t l y h a l f a r e 

r e p r e s e n t e d . ( T h i s c a n b e p r o v e d by o b s e r v i n g t h a t k i s 

r e p r e s e n t e d if a n d o n l y if e - k i s n o t ; s i n c e k < 0 i s n o t 

r e p r e s e n t e d , e v e r y k > e i s ; a n d t h e s t a t e m e n t a b o u t [ 0 , e ] 

a l s o f o l l o w s i m m e d i a t e l y . ) 

If v ( k ) d e n o t e s t h e n u m b e r of r e p r e s e n t a t i o n s , c l e a r l y 

oo 

2 v ( k ) x = g(x) = -

k = 0 ( l - x m ) ( l - x n ) 

a a m - 1 b 
1 2 _ r 

+ + 2 2 ' 1 - x r 
( 1 - x ) r = l ( 1 - p x) 

n - 1 c 

+ s - s 
S % 

s = l (1-cr x) 

w h e r e 
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p = exp (2i r i /m) , 

or = exp (2-rri/n) 

The n u m e r a t o r s of the p a r t i a l f r a c t i o n s a r e e a s i l y e v a l u a t e d : 

1 m + n - 2 • 
a = / m n , a 1 2 2mn 

1 
b. = , c = -

r , ~ n*\ s , - m s v 

m ( l - p ) n(l-cr ) 

C o m p a r i n g coef f ic ien t s we ob ta in 

. k m+n 
v(k) = + -

m n 2mn 

m - 1 k r n - 1 ks 

+A s _ e — + 1 s _ £ _ 
rn J - n r n J - m s 

r =1 1-p s =1 1-p 

k 
+ O( l ) . m n 

F o r e x a m p l e , the n u m b e r of so lu t ions of k = 2x + 3y i s 

V ( k ) = 6 + 1 2 + 4 ( - 1 ) 

1 2iTk 1 2irk 
+ •— c o s —— - ^ ,- s in —-— 

3 3 3V3 3 

R e t u r n i n g to the o r i g i n a l p r o b l e m , if 

f(x) = d + d x + . . . + d x 
' 0 1 e+1 

then 

(1-x) g(x) = d + . . . + d x e 

u e+1 

+ h i g h e r t e r m s ; 
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t hus 

d = v ( k ) - v ( k - l ) (k = 0, 1, . . . , e+1), (and t h e r e f o r e 

v(k) = d + d + . . . + d . k = 0, . . . , e+1). F o r the above 
0 1 k 

e x a m p l e t h i s is 

1 1 , j v k 1 2irk 
d k = 6 + 2 ( - 4 ) + l C O S ~ 

2l tk 
sin • " NT3 ° l i l 3 ' 

and in g e n e r a l 

m - 1 r k - r 
d = - ± - + - L Z p ( 1"p > 

k m n m 4 j - r n 
r =1 1 - p 

, n - 1 sk, - s v 

+ i s °- ( ^ ) . 
n . - s m 

s = l 1 - <r 
P 60. Let [x] denote the l a r g e s t i n t e g e r not exceed ing x. 

P r o v e tha t 

2 
2 [NA] = |V~n] (6n - 2 K n ] - 3[-sTn] + 5 ) /6 . 

n = l 

Can one give a s i m p l e r c lo sed e x p r e s s i o n for the left hand s i d e ? 

Leo M o s e r , U n i v e r s i t y of A l b e r t a 

See the note by H. W. Gould on page 275. 

A l s o solved by L.. A r t i a g a , M. M. B r i s e b o i s , L«. C a r l i t z , 
T . M . K. Dav ison , N. K i m u r a , and the p r o p o s e r . 

P 6 1 . F ind a l l so lu t ions of 4>(n) = T(n) . H e r e (|>(n) i s 
E u l e r ' s to t i en t function and T (n) i s the n u m b e r of d i v i s o r s of 
n . 

Leo M o s e r , U n i v e r s i t y of A l b e r t a 
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Solution by W . J . Blundon , M e m o r i a l U n i v e r s i t y of 

Newfoundland. 

It i s r e q u i r e d to solve in i n t e g e r s the equa t ion Q(n) = 1, 
w h e r e Q(n) - (p(n)/r (n) . Since <p(n) and T (n) a r e m u l t i p l i 
c a t i v e , so is C(n) . 

p - 1 q- 1 
H P > q (P> q p r i m e s ) , then Q(p) = — - > — - = Q(q) , so 

tha t , for p p r i m e , Q(p) i n c r e a s e s s t r i c t l y wi th p . A l s o , 

for k > l , Q(p k + S/Q(p k ) = p(l + k)/(2+k)> 2(l+k)/(2+k)> 1 , 

so tha t , for fixed p , Q(p ) i n c r e a s e s s t r i c t l y wi th k . 

C l e a r l y m i n Q(p ) = Q ( 2 ) = l / 2 . 

E n u m e r a t i n g a l l Q(p ) < 2 , we have 

Q(2) = 1/2 Q(3) = 1 Q(5) = 2 

Q(4) = 2 / 3 Q(9) = 2 

Q(8) = 1 

Q(16) = 8 /5 

Using the fact tha t Q(n) i s m u l t i p l i c a t i v e , we e a s i l y e n u m e r a t e 
the c o m p l e t e set of so lu t ions to Q(n) = 1 a s fo l lows: 

1 = Q(3) 

1 = Q(8) 

1 = Q(2) . Q(5) = Q(10) 

1 = Q(2) . Q(9) = Q(18) 

1 = Q(3) . Q(8) = Q(24) 

1 = Q(2) . Q(3) . Q(5) = Q(30) . 

Thus a l l so lu t ions of <p(n) = T (n) a r e given by 

n = 1, 3, 8, 10, 18, 24, 30 . 

A l s o solved by JL. C a r l i t z , N. K i m u r a , M . V . Subba R a o , 
and the p r o p o s e r . 
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