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Isoclinisms and covering groups

Michael R. Jones and James Wiegold

The article examines the connection between the concepts of
isoclinism and covering groups for finite groups. The main
result is that all covering groups for a given finite group are

mutually isoclinic. The converse is false. \

1. Introduction

The idea of isoclinism was introduced by Hall in [2] as a means of
classifying groups, and for completeness we reproduce the definition in 1.1
below. Covering groups for a given finite group were first defined by
Schur in [5] and arose out of his work on projective representations of
finite groups. For the reader who is unfamiliar with this notion, the
definition may be found in 1.3 below. The aim of this note is to see how
much connection there is between the ideas of covering group and isoclinism
and it is found that another interesting problem concerning isoclinism

arises. Throughout, the notation will be standard. In particular, the

commutator x_ly_lxy of two elements is denoted by [x, y] ; the derived
group and centre of a group G are denoted by G' and Z(G)

respectively.

1.1. Let G and H be groups. Then G and H are said to be
isoclinic if there exist isomorphisms & and n of G/Z{(G) onto H/Z(H)
and of G' onto H' respectively such that [a, bIn = [a', b'] whenever
@aZ(G))& = a'Z(H) and (bZ(G)]E = b'Z(H) for elements a and b of
G . //

The following idea due to Neumann [4] will be of importance to us in

our investigations:
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1.2. Let G and H be groups and O an epimorphism of G onto

H . Then 8 is said to be an ¢soclinic epimorphism if kerd nG' =1 . //

In the case of 1.2, ¢ and H are found to be isoclinic (see [4]) a

and G 1is said to be an isoeclinic ancestor of H .

1.3. Let G be a finite group. A group H 1is called a covering
group of G if there exists a subgroup L of H' n Z(H) such that
H/L %G and L = M(G) , where M{(G) is the Schur multiplier of G (see
[30). // '

It is well-known, and easy to see, that two covering groups of a given
finite group need not be isomorphic. We shall see in the next section that
they must at least be isoclinic. This fact unites and generalises the
results of Schur [6], who established isomorphism of the commutator
subgroups, and of Gaschitz, Neublser und Ti Yen [!] giving isomorphism of

the central factor-groups.

2. Isoclinisms of covering groups

THEOREM 2.1. A1l the covering groups for a given finite group are

mutually isoclinic.

Proof. Let G be a finite group and let F Dbe a free group of
finite rank such that F/R =~ G for some normal subgroup R of F . Let
H=F/[F,R] , I =R/[F, R] and T = (F'nR)/[F, R] .

Schur showed in [é] that, if L is any covering group for G , there
is an epimorphism ¢ from H onto L such that ker¢ is a complement
for T in I . To prove the theorem, we need only observe that ¢ is an

isoclinic epimorphism; and this is clear as
kerd n H' = ker¢ nH' nL =kerd nT =1 . //

The existence of a common isoclinic ancestor as in the proof of
Theorem 2.1 is not accidental, as the following result shows. It was
originally proved in [7] using different methods.

PROPOSITION 2.2. Let {Gi : 1 € I} be any set of mutually isoclinic
groups. Then there is a group G which is an isoclinic ancestor for edch
G. .
i

Proof. We prove the result for I = {1, 2} ; +the extension to any I
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is obvious.
There exist isomorphisms & of Gl/Z(Gl) onto GQ/Z(GZ] and n of

2
and (bz(cl))g = b'z2(G,) .

Gl' onto G' such that [a, bIn = [a’, b'] whenever (aZ[Gl))g = a'Z(Gz]

Let G be the subgroup of Gl X G2 consisting of those functions f

of I into Gl UG2 such that
F(1)6.E = £(2)0,

where ¢J- is the natural epimorphism of Gj onto Gj/Z(Gj) . Finally,
let T be the projection onto Gl and o the restriction of w to G .
Then @ is a homomorphism of G into Gl . We show in two steps that o
is an isoclinic epimorphism.

I. o is an epimorphism: Let <X be an element of Gl . Then there

exists y in 62 such that

Define f on I by the rule
fiy ==z, fle)=y.
Then it is clear that ,f belongs to G .
II. kerg nG' =1 : Now, G' is generated by all [f, g] where

f(1)¢,€ = f(2)¢, and g(1)9,€ = g(2)9, .
Then since Gl and 02 are isoclinic,

(1), g(1)In = [f(2), g(2)]

so that, since n is a homomorphism, G' consists of elements A such
that

h(1) € Gl' and h(1)n = h(2) .

If such an % belongs to kera , A(l) =1 so that h(2) =1 .

Hence G is an isoclinic ancestor of Gl . Similarly, by considering
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E-l and n > , we may show that G is an isoclinic ancestor of G, . //

There is no converse to Theorem 2.1. That is, given a finite group
and a covering group H for G , it is not always true that every group
isoclinic to H 1is also a covering group for G , even if it is of the
same order as H (an obvious restriction). For suppose that n is a
natural number with =z = 3 , suppose H 1is generalised quaternion of order

2n and suppose KX 1is dihedral of order 2" . Then since H has trivial

multiplier (see [3]), it is a covering group for itself. But X is

isoclinic to H and is clearly not a covering group for H .

However, we may pose the following problem:

PROBLEM 2.3. What finite groups G are there such that if H 1is a
covering group for G and K 1is a group isoclinic to H and of the same

order as H , K 1is also a covering group for G ? //

The class of groups satisfying the conditions of Problem 2.3 is non-

empty, as we shall now see.

LEMMA 2.4. Let G be a finite perfect group and H any finite
group igoclinic with G . Thenw H <is isomorphic with the direct product
of G and Z(H) amalgamating H' n Z(H) and Z(G) .

Proof. This is routine. //

COROLLARY 2.5 (Hall [2]). Let G be a perfect group with trivial

centre. Then any group isoclinic to G is isomorphic with the direct

product of G and an abelian group. //

PROPOSITION 2.6. Let G be a finite perfect group and H a group
isoclinic to G and of the same order as G . Then H <is isomorphic with
G .

Proof. By Lemma 2.4, H = (Gle)/zv , where |N| = |2(G)] and
G, =G . Since |H[=|(;1|, H=G =G . 1/

An immediate corollary of Proposition 2.6 is the following, which goes

some way towards solving Problem 2.3.

THEOREM 2.7. Let G be a finite perfect group. Let H be a
covering group for G , let K have the same order as H and suppose K
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is tsoclinic with H . Then K 1is isomorphic with H .

Proof. Since G is perfect, it is easy to see that H must also be

perfect. Hence, by Proposition 2.6, K = H and the result follows. //

Note here that any group H as in Theorem 2.7 has trivial multiplier,
whatever perfect (G we start with. This simple fact appears not to be

recorded anywhere.
In view of Proposition 2.6 we may pose the following problem:

PROBLEM 2.8. For what growps G does |H| = |G| and H isoclinic
to G imply H=G? /7

Clearly, groups of the form A x B x C , where A is perfect, B is
centreless and € 1is cyclic of square-free order, have the property
required by Problem 2.8. However, this is not the only class 6f groups
with this property. For, suppose G 1is the covering group of Ah , the

alternating group on four letters. Then |G'[ = 8 so that a Sylow 2-
subgroup is normal. Now suppose |K! =24 and K is isoclinic to G .
Then K' =~ G' so that K' is isomorphic with the quaternion group and an
element of order 3 acts non-trivially on XK' . Hence K=~ G so that G

.has the desired property.
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