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CONVOLUTION ESTIMATES
AND GENERALIZED DE LEEUW THEOREMS
FOR MULTIPLIERS OF WEAK TYPE (1, 1)

NAKHLE ASMAR, EARL BERKSON AND T. A. GILLESPIE

ABSTRACT.  In the context of a locally compact abelian group, we establish max-
imal theorem counterparts for weak type (1, 1) multipliers of the classical de Leeuw
theorems for individual strong multipliers. Special methods are developed to handle
the weak type (1, 1) estimates involved since standard linearization methods such as
Lorentz space duality do not apply to this case. In particular, our central result is a max-
imal theorem for convolutions with weak type (1, 1) multipliers which opens avenues
of approximation. These results complete a recent series of papers by the authors which
extend the de Leeuw theorems to a full range of strong type and weak type maximal
multiplier estimates in the abstract setting.

1. Introduction. Throughout all that follows, G will be a locally compact abelian
group with dual group I'. The group I' endowed with the discrete topology will be denoted
by ['y. For ¢ € L*°(I'), we symbolize by T, the corresponding multiplier transform on
LXG): Tyf = W) . If 1 < p < oo, then ) is said to be a multiplier of weak type (p, p)
(in symbols, ¢ € M[(,W)(F)) provided that T, is of weak type (p,p) on L2(G) N LP(G). In
this case, T,, extends uniquely from L*(G)N L?(G) to a linear mapping Tg’) of L/(G) into
the measurable complex-valued functions on G such that whenever £, — f in L7(G), we
have Tflf’?f,', — T(f)f in measure. In this notation, the usual space M,(I') of strong type
Fourier multipliers consists of the functions 1 € M;)W)(l") such that Tﬁf’) is of strong type
(p.p)- For asequence {1);};>1 € MOV(I'), we write NO"({1);};>1) to symbolize the weak
type (p, p) norm of the maximal operator on L”(G) defined by the sequence {be,’,’)}jz,.
We shall also denote by C(I') the Banach algebra of all bounded, continuous, con&plex-
valued functions on [" (with the usual uniform norm || - ||,,). The symbol N will stand for
the set of positive integers, Z will be the additive group of integers, and R will be the
additive group of real numbers. A given Haar measure on G will be indicated by 6.

In his celebrated article [7], K. de Leeuw introduced fundamental relationships be-
tween the individual multipliers of strong type (p, p) which are defined on R”, and those
which are defined on R/}, or on a quotient group or (by restriction) on a closed subgroup
of R”. In [12], these theorems of de Leeuw were completely extended to individual mul-
tipliers and their strong type norms in the context of the general locally compact abelian
group I'. De Leeuw’s restriction theorem concerning subgroups, as well as another semi-
nal result in the classical setting of his paper [7, Corollary (4.6)], foreshadow the abstract
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Multiplier Homomorphism Theorem [9, Appendix B], which asserts that composition
with any continuous homomorphism into I decreases the strong type norms of individ-
ual multipliers belonging to M,(I")M C(I'). Moreover, throughout the range 1 < p < oo,
all the aforementioned abstract generalizations of de Leeuw’s single multiplier results
have counterparts for the strong type (p, p) norms of maximal multiplier operators (see
[2, Theorem (4.1)] and [5, Theorems (4.25) and (6.5)]).

Abstract analogues of de Leeuw’s theorems have also been obtained when 1 < p <
oo for weak type multipliers and for the weak type norms of corresponding maximal
operators ([4, Theorem (4.1)-(i)] and [S, Theorems (4.11) and (6.3)]). However, special
difficulties arise when one attempts to carry over de Leeuw’s theorems to weak type (1, 1)
multipliers and their corresponding (individual and maximal) weak type norms, because
standard linearization techniques such as Lorentz space duality cannot be applied in this
case. Consequently when p = 1 only the de Leeuw theorem for multipliers defined on
quotient groups has been generalized to weak type multipliers (see the statement of [5,
Theorem (4.11)] reproduced in Theorem (3.1) below). The purpose of this article is to
establish analogues of the other de Leeuw theorems in the refractory case of weak type
(1, 1) multipliers, and thereby furnish locally compact abelian groups with the complete
array of generalizations for weak type as well as for strong type maximal multiplier
transforms over the range 1 < p < oo. This goal is accomplished by an appropriate
theorem for M{")(I'y) and a homomorphism theorem for weak type (1, 1) multipliers,
which are stated in (1.3) and (1.5), respectively.

The key ingredient in these considerations is the following convolution theorem for
M(]W)(l") (established in Section 5). In essence, this result on convolutions extends to the
weak type (1, 1) case a genre of approximation techniques useful in general multiplier
theory.

THEOREM 1.1. Let G be a locally compact abelian group with dual group T'. Suppose
that k € L\(T), and {4;}°; © C(")NM{"(T). Then {k * 1;}3°, C M (T), and
(1.2) NPk 320 < Clll N G2,
where C > 0 is the absolute constant specified in Theorem 2.7 below.

Our generalized de Leeuw theorem for the Bohr compactification 5(G) of G (and its
dual I'y) is expressed in the following result (see Sections 3, 4 for the proof).

THEOREM 1.3.  Let G be a locally compact abelian group with dual group T, and let
v:Ty — T be the identity homomorphism. Suppose that {;}22, C C(I'). Then {;}72, C
M‘l'“)(r) if and only if the composite functions ;o v satisfy {1); o L}fg, - A/[(l“")(l"d), If this
is the case, then
(1.4) N o220 < MU < C{y 0 2,
where C is the absolute constant in (1.2).

As a consequence of Theorem 1.1, we obtain (in Section 6) a generalized de Leeuw

theorem which asserts that composition with a homomorphism preserves maximal esti-
mates for weak type (1, 1) multipliers. In particular, this automatically covers restrictions
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of multipliers to subgroups. The specific statement of the homomorphism theorem fol-
lows. This result is new even in the special case of a single multiplier of weak type (1, 1).

THEOREM 1.5.  Suppose that p is a continuous homomorphism of the locally compact
abelian group T'y into the locally compact abelian group ">, and that {; 2 C C()N
M‘lw)(l“z). Then the composite functions ;o p, j € N, belong to M(I”’)(I“l ), and

Ny 0 320 < EM (e 12)),s
where C is the absolute constant in (1.2).

Our procedure for deducing these main results can be outlined as follows. In Section 2
we establish the special case of Theorem 1.1 when G is compact. In Section 3 we deduce
the left-hand inequality in (1.4) for groups having a special form. With the aid of the
structure theory for locally compact abelian groups, these results are used in Section 4
to demonstrate Theorem 1.3, which in Section 5 enables us to deduce the Convolution
Theorem 1.1. After carrying out the proof of Theorem 1.1, we apply it in Section 6 to
infer a general theorem transferring weak type (1, 1) multipliers to measure spaces. We
close Section 6 by showing how this general transference result leads directly to a proof
of the Homomorphism Theorem 1.5.

We remark that a variant of the convolution Theorem 1.1 has been established in [1,
Theorem (1.2)] for the special case I' = R". At the expense of replacing the absolute con-
stant C in (1.2) by a constant depending on the dimension #, this variant of Theorem 1.1
drops the pointwise continuity requirement on the functions 1);. Although the methods
in [1] do not generalize directly to the setting of locally compact abelian groups, the
discussion in Section 2 below adapts the strategy of [1] to the case of compact G.

2. A preliminary convolution theorem. As a forerunner to our main results, we
establish in Theorem 2.7 below the special case of Theorem 1.1 for compact G.

For ease of reference we begin the considerations of this section with the statement
of Khintchine’s Theorem [15, Theorem V.8.4, p. 213], which will be used repeatedly.

THEOREM 2.1.  If 0 < r < o0, then there are positive real constants «,, B,, depend-
ing only on r, such that ifJ € N, and c|, . .., c; are complex numbers, then

a,{jé ch|2}l/2 - [/‘DIL:ZIijjrde]l/r < Br{/ZJ:l [lez}l/z,

where IV is the J-fold product of the multiplicative group D = {—1, 1}, with general
element € = (ey,...,¢), and de is Haar measure on I’ normalized so that de has total
mass 1.

REMARKS. Notice that for 0 < r < 2, the constant B, in Theorem 2.1 can be taken
to be 1. This fact will affect the values of the constants obtained in our results.

To set the stage for Theorem 1.1 in the special case of compact G, we first take up
three lemmas which will simplify and focus the discussion. The first of these is shown
in [1, Lemma (2.1)] by a variation on the method used to prove [14, Lemma 1, pp. 146,
147].
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LEMMA 2.2.  Let G be a compact abelian group, and let m be normalized Haar mea-
sure on G. Suppose that A is a measurable subset of G such that m(A) > 0. Let

N = max{k € N : m(4) < k'}.
Then there are elements z,, . . . ,zy of G such that the corresponding translates satisfy
N 2
2.3) m(Ua+z)>(1-2),
=1 ' ¢
where e is the base of natural logarithms.

The next lemma provides a variation on the theme of [ 13, Theorem 1]. While the latter
provides only the conclusion that M is of weak type (1, 1), the precise estimate we obtain
in (2.5) is essential to all the reasoning used to establish the convolution Theorems 2.7
and 1.1.

LEMMA 2.4.  Suppose that G is a compact abelian group with normalized Haar mea-
sure m, and that 0 < p < oco. Suppose further that M € N, and that Ty, | < k < M,
is a bounded linear mapping of L' (G) into LP(G) which commutes with translations. Let
M be the maximal operator defined on L'(G) by the operators {Tk}ﬁ,”: 1» and denote the
strong type (1, p) norm of M by | M|\ ,. Then we have:

o 1/p
@5 mlreGNm >y} < () o Ml

Jor all f € LY(G), and all y > 0, where «, is the constant corresponding to p in
Khintchine's Inequality (2.1).

PROOF. Suppose that f € L'(G) and y > 0. Put
A={xeG:(MNH(x) >y}
The non-trivial case occurs when m(4) > 0, and we let
N = max{k € N : m(4) <k '}.

Choose elements zi,...,zy of G so that (2.3) is satisfied. For u € G, we write u as a
subscript to denote translation by u, and we denote the characteristic function of'a subset
S of G by xs. Let 49 = va=| A, and notice that for 1 < j < N, it follows by the
translation invariance of the operators 7 that we can take

A, = {r e€eaG: max
<k<M

(7)) 0| > v}

It follows readily that we have pointwise on G:

N 1/2
= max <y max max |T; <y! max{ TAf . 2}
Xeo = DR XA, y! [max max | Tu(F2) max, /——le W)
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By Khintchine’s Inequality we infer from this that pointwise on G,

4
de

N
Z € Tk(f—z,)
J=1

—Py,P
4 < max /
X 4o 14 y 1<k<m JDV

<oty - [M(jé ejszj)]pa’e.

Integrating this last inequality over G with respect to dm, we see with the aid of (2.3)
that:

-2
—p,P
B <ap y Jp»

M(ivjl ejf_zl>

=
< o, Py P MY NI

< o,y PIMI I (m)) "

Ip

14
‘de
p

This completes the proof of Lemma 2.4.
The next lemma ([1, Lemma 2.8]) involves a well-known circle of ideas, stated here
in a form convenient for our purposes.

LEMMA 2.6.  Suppose that (Q, i1) is a measure space, M € N, and Ty, | <k <M, is
a linear mapping of L' (Q, i) into the complex-valued measurable functions on Q such
that Ty is of weak type (1, 1). Let M be the maximal operator on L' (Q, 1) defined by the
operators {Tk}kM:p and denote the weak type (1, 1) norm of M on L' (Q, 1) by N(lw)(M).
If0 < p < 1, and S is a subset of Q such that ji(S) < 0o, then for each g € L'(Q, p):

Ml s,y < wS) PP~ p)y PN gl 1

THEOREM 2.7.  Let G be a compact abelian group with dual group T. Suppose that
¢e LX), and {¢:}32, € MUV(). Then {Cx ¢y}, € MY(T), and

(2.8) NP g2 ) < ClIClln N i),

where C > 0 is the absolute constant specified by

. e 'p -2 ~1/p
C_()g))gl(e“‘z) @ (=p) 7

oy, being as described in Khintchine s Inequality.

PROOF. Obviously it is enough to establish the inequality corresponding to (2.8) in
the case of a finite sequence {¢ }4., C M{"(I'), and to suppose that {Y € " : {(Y) # 0}
can be arranged in a finite sequence of distinct terms {7,}_,. Let g € L3(G). For 1 <
k < M, we have

N
2.9) Tt 8 = Z Oy, 8

n=1
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where (¢y). ~, denotes the translate of ¢4 by —7,.
Fix an index p such that 0 < p < 1. We now proceed to show that

@10) | max [Teoel], < o' (1= py IV oD gl

The Cauchy-Schwarz Inequality implies that for 1 < & < M, we have pointwise on G:

Z C(lyﬂ)T(@) e .Z Q(’Y,,)“Y,,T(/)k(%,g)l < ”<”l/2 Z K(%l)l ITW(’Y"g)I }

n=1 n=1

Application of Khintchine’s Inequality to the majorant gives:

IZC(%)T(@) .8 < HCHP/2 '

enlcwn)|‘/2T¢,,(mg)§ de.

Consequently we get pointwise on G-

[ max ‘Z O Ty,

ol <l e [, max }Z SO T (g e

1<k<M

Integrating this inequality over G with respect to normalized Haar measure dm, we easily

infer that:
(2.11)
12~
max )-8 “ < ”C” / 1 /DN |r<I)¢21<)§l/llT¢k< (n|C(7n)|l/27ng 'H de.

An application of Lemma 2.6 to the majorant in (2.11) shows that:

max
1<k<MI,

Z ) Tisy) -,

14

< lclh? e, (01— p)y

enlcm)!'/zv o] de.

Another application of Khintchine’s Inequality gives:

s 4= Jo dl 2

. 1/2
< ./c@ Icm)l} lgldm = i1} el

z enlCrY 2vng e,,|<m)|'/ 29,g|de dm

n=

Using this in the majorant of the inequality just preceding, we see from (2.9) that (2.10)
is now established.

Since L2(G) is dense in L'(G), and LP(G) is a complete metric space, straightforward
application of Lemma 2.4 to 2.10 enables us to deduce that {¢ * ¢4}, C M(IW)(F), and

1/
MO i) < (555) a2 = pr I Qo).

Since p has been chosen arbitrarily in the range 0 < p < 1, the proof of Theorem 2.7 is
now complete.
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3. Preliminaries for the Bohr Compactification 5(G). Let K be a compactabelian
group with dual group D. In this section we establish the left-hand inequality of (1.4)
when G has the special form G = R* x 7% x K, where a and b are non-negative integers.
We shall require the case p = 1 of the following maximal theorem from [5] regarding
weak type multipliers defined on quotient groups.

THEOREM 3.1 ([5, THEOREM 4.11]).  Let G be an arbitrary locally compact abelian
group with dual group T, and let A be a closed subgroup of I'. Denote the canonical
homomorphismof T onto T/ A by m. Suppose that {1/;}32, C C(T'/A), and 1 < p < c0.
Then {ypjoma}?2) C MY(T) if and only if {4}, € MO/ A). If this is the case, then

NP0 = Ny 0 ma o))

The first step will be to obtain the desired inequality when 6 = 0 (Theorem 3.4). We
start by considering a group W having the form W = R" x b(R") X K, where n € N.
The dual group R” x (R;)" x D of W will be symbolized by X. The result for the case
b = 0 will be achieved by recourse to the properties of a certain “coordinate switching
function” §y: X — R” X D introduced in Corollary 3.3 below. Let a be a positive real
number, and define the closed subgroup A of X by writing

A= {(u,—au,0): u € R"}.

Let 7, be the canonical homomorphism of X onto X' / A, and notice that for each (u, v, d) €
X, the coset 75 (u, v, d) contains a unique element belonging to R” x {0} x D. Moreover
this unique element is expressed by (u +a~'v,0,d). It is easy to see from this that there
is a bicontinuous isomorphism 6 of R* x D onto X/ A given by

0(s,d) = ma(a's, 0, d).

Define the continuous homomorphism d, of X onto R” x D by writing

ba(u,v,d) = (au + v, d).

It is easy to see that Ty = 6 0 §,. From this and Theorem 3.1 we immediately infer the
following lemma.

LEMMA 3.2. Suppose that {1;}22, C C(R"x D)YM{”(R" x D). Then {1;08,}%, C

CX)NMM(X), and
N2 = MY 06432).

COROLLARY 3.3.  Let by be the continuous homomorphism of X onto R" X D specified
by
bo(u,v,d) = (v,d).
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I{w}2, € CR % DYNMURY X D), then {1 060}72) € M™(X), and

N(]"')({ ;0o },)31) < Nﬁ“’)({'lﬁ/}//?—ﬁl )-

PROOF. Fork € N, letay = 1/k. Applying Lemma 3.2 to gy, and letting k — o0,
we readily obtain the desired result with the aid of Plancherel’s Theorem.

THEOREM 3.4.  Let K be a compact abelian group with dual group D, and let G =
R" x K, where n € N. Denote the dual group of G by g and let LZ(G)d — G be
the identity mapping. Suppose that {y;}°, C C(G)N M(l”')(g). Then {1 0 1} C
M(l“’)(((})d), and

MOy 0 120 < MUY R ).

PROOF. Suppose that /' € L? (h([R{”) X K). Let x denote the characteristic function,
defined on R”, of [0, 17", and define F € L>2(W) N L'(W) by writing

F(s, t,w) = x(s)f(t, w).

By Corollary 3.3 we see that for N € N, and y > 0:
(-5 gl € W max (e, HO] > v} < MOCEEDI Loy

By taking Fourier transforms, it is casy to see from the definition of 6y that for cachj > 1,
we have for puy-almost all (s, t, w) € W:

(Tl;‘f,ob(l F)(Sv f M)) = X(b)( TQ’Y,OL./)(t’ W)

Using this in (3.5), we infer immediately that
wwyxk{z € bR") x K = max [(T,o, NE@)| >y} < N DI !
HhRyxK {2 R e Yi= W Y S =1 LUbERIxK)YY -

The remainder of the proof for Theorem 3.4 is evident from this.

THEOREM 3.6. Let H = R® x 70 x K, where a and b are non-negative integers,
and K is a compact abelian group. Let H be the dual group of H, and let ' (H)y — H
be the identity mapping. Suppose that {¢;}7°, C C(H) MY, Then {¢; o Ve, C
M(]"’)<(H),,), and

NG 0 )2 < MG ).

PrROOF. If b = 0, then the desired conclusions are either trivial (¢ = 0), or follow
from Theorem 3.4 (¢ > 0). So we suppose that b € N. Put G = R0 x K. We regard H
as a closed subgroup of (G, and we denote by A the annihilator of H in g In this notation,
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we can identify A with G/A. Let 7 be the canonical homomorphism of G onto G/ A,
and denote by 7’ the canonical homomorphism of(G)d onto (G)d//\ = (G//\)‘,‘ Let ¢
be the identity mapping of (G)d onto G, and notice that the mapping ¢’ in the hypotheses
is the identity mapping of (G /A), onto G/A.

By Theorem 3.1, {¢; o 7}, € M™(G)N C(G), and

3.7) NPy ) = NP2

Applying Theorem 3.4 to the sequence {¢; o 7}, we see that {¢; o m o 1} C
/V[(IW)((G)‘/)’ and
N(IW)({(ij oo L})’oil) < N(|W)({¢j o 7T}/‘O:‘)'

Clearly m o1 = "o 7’. So we have just shown that {¢; 01 o 7'}, C M ((G)d), and
N gy ot o' }2)) < NPy o )2y,

Using (3.7) in this, we get

3.8) NI{grod on'h2) < MU,

Since {¢; 01/ 0 n’}jf’il - M(l"’)((G)d), we see from an application of Theorem 3.1 to the
functions {¢; 0 '}, € C((G)a/A) that {¢; 0 1/}32, € M ((G)a/A), and

MU0 ) = Nyt o m 12,
Using this in (3.8) completes the proof of Theorem 3.6.

4. Proof of Theorem 1.3. We now return to the setting described at the outset of
Section 1. G will be an arbitrary locally compactabelian group, and I" will denote the dual
group of G. We shall denote by (.o(I') the algebra consisting of all compactly supported
functions belonging to C(I'). Let H be a closed subgroup of G such that / is open in
G, and H is topologically isomorphic to a group R? x 7% x K, where a and b are non-
negative integers, and K is a compact abelian group. Since H is open we can take as
the Haar measure of H the restriction to A of any Haar measure for G. In this section,
A will denote the annihilator in I of H, and 7, will be the canonical homomorphism
of I" onto I'/A. Since H is open, G/H is discrete, and hence (G/H)" = A is compact.
Consequently we can extend the normalized Haar measure p14 of A from the Borel sets
of A to a regular Borel measure \g on " by putting Ao(4) = pa(4 N A) for every Borel

setA of I'.
THEOREM 4.1.  In terms of the foregoing notation, suppose that {1); 21 € Go(DN
MY(T). Then
{1y % Mo} C CoolD) M),
and

M * M) < MO 12
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PROOF. It will be convenient at the outset to select compatible Haar measures on
various groups needed in the demonstration. We choose Haar measures yi and g which
are normalized for Fourier inversion. Our choice of y together with the prior choice of
11n automatically fixes the choice of i/, for the operation of the Weil Formula [11,
Theorem 28.54]. We then take 114y to be normalized for Fourier inversion with respect to
this choice of i/ . Itis not difficult to see that the Haar measures j and py standardized
in this way coincide on H.

Temporarily fix j € N. Since 1); € Coo(I'), the conclusion that 1 * Ao € Coo(I') is
immediate from the relation

(W) ¥ X)) = [ 4= 0dus(®, forally € T.

It is easy to see directly that A coincides with y y, the characteristic function, defined on
G, of H. Consequently, if * denotes the L?-inverse Fourier transform, then we can take
; and (Y * Xo) to be continuous functions on G satisfying:

(4.2) (W % Xo) (¥) = xu()(x), forallx € G.

Next we observe that since 1); * Ao is constant on the cosets of A, and belongs to
Coo(I), there is a function ¢} € Coo(I"/ A) such that

(43) wj*)\():lp_;OTrA onl.
If x € H, then, with the aid of the Weil Formula, we see from (4.3) that:

(‘l/)j * )‘O)v (X) = /1_(1/1] * Ao)(yxx,y) d,ul"(y)
= ./F/A /A(l/),’- o mA)(Y +0)(x, Y + 1) dpa(@) dpr (Y + A)
/N VY + A+ A) dpp (Y + A)

= (1)) (¥).

This together with (4.2) gives us:
4.4 (W)Y () = (1 * M) (x) = Y(x), forallx € H.

Next suppose that f € L' (H) N L*(H), and extend f to a function F € L'(G) N L*(G)
by taking F to vanish on the complement of H in G. Forj € N and x € H, we see with
the aid of (4.4) that:

(Ty ) = [/ = D) O dun(®
= [, Fee = 00 dpc(o)
= (T, ).
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Hence for N € N, and y > 0:
pi{x € H: max, (TN >y} = nol{x € H: max, (T4, F)x)| >y}
< e :
<nu{xeG: max (T, P >y}
< Mw,)({l/’j};vzl)yil IFl L)
= N(lw)({‘l’j _ﬁn)y"llfllz‘l(m-
It follows that {¢)/}°, C M{"\(I"/ A), with
(4.5) N2 ) < NOE2).

The proof of Theorem 4.1 is now readily completed by applying Theorem 3.1 to {1/)1’ 2
and taking (4.3) into account.

COROLLARY 4.6.  Under the hypotheses of Theorem 4.1 we have that {(1); * \o) o
2, © ML), and

NP M) o 21) < M2y,

where 1: Ty — T is the identity mapping.

PROOF. Let ' be the canonical homomorphism of I'y onto I';/A = (I'/A)4, and
let o":(T/A)s — T’/ A be the identity mapping. By (4.5) and Theorem 3.6, we see that
{w) o1/}, € M(Ty/A), with

“.7) NP o120 < NP < MO,
Applying Theorem 3.1 to {1; 01/}, we find that {j ot o 7'}, C ML), and

=1
Ny od om' 2 = Mo 12,
Observe, with the aid of (4.3), that for eachj € N,
Yjoton =yiomyor= (Y *No)ot,

and so we have {(1); x M) 0 1} C MW)(Fd), with

N(lw)<{("/?/ * Ao) 0 L}.,C-ﬁl) =My o 1)),

The proof of Corollary 4.6 is now completed by using (4.7) in this.

With the prior notation of this section remaining in effect, we now consider an ar-
bitrary function ¢ € (C,o(T'), and we let ¢ be the L’-inverse Fourier transform of ¢:
() = fi d(){t,y) dur(y), for all £ € G. From [10, Theorem 5.14] we obtain an increas-
ing sequence {H,}°2, of compactly generated open and closed subgroups of G such
that ¢ vanishes on the complement in G of | J°2, H,,. By [10, Theorem 9.8], we see that
for each n, H, is topologically isomorphic with a group R% x 7% x K,, where a, and
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b, are non-negative integers, and K,, is a compact abelian group. Thus, for each n, H,
is a subgroup of G fulfilling the requirements listed at the outset of this section. Now
let A, be the annihilator in I of H,.. In particular, {A,}>°, is a decreasing sequence of
compact subgroups of I'. We further define the compact subgroup Ay of [ by writing
Ao = N2, A Suppose now that ¥ € Ay, and denote by ¢, € C.o(I") the corresponding
translate of ¢: ¢, (v) = ¢(y +7),y € I'. Foreacht € G,

@) (0= [ 60+ N dury) = (L)),

Sincey = 1 onJ2, H,, it follows that (¢,) = ¢ on G, and consequently (y+Y) = (1),
forall y € I', and all ¥ € Ag. Hence there is ¢" € Coo(I'/ Ag) such that

(4.8) ¢ = ¢ om,,

where m,, is the canonical homomorphism of I" onto F/Ao.

For each n € N, let p15, be the normalized Haar measure of A,, and, following the
procedure described at the beginning of this section, let the regular Borel measure A, on
I" be the extension of p5, to the Borel sets of I'. Similarly, we let 7,, be the regular Borel
measure on I'/Ag obtained by extending the normalized Haar measure of the compact
subgroup 7, (A,). The uniqueness properties for Haar measure [10, (15.8)] readily show
that

4.9) Ta(A) = /\,,(WXO' (4)), for all Borel subsets 4 of I'/ Ag.

We claim that ¢ * A\, — ¢ uniformly on I'. This claim, which can be viewed as a
simple variant of the martingale theorem in [11, Section 44], is established as follows. It
follows directly from (4.9) that for each Borel measurable simple function / on I'/ Ao,
we have

fdn = [(fomr)dN,

JT /Ay

and consequently for eachy € I,

(4.10) (@ T (T, () = (@ % A)().

Hence, by taking account of (4.8), we see that in order to have ¢ x A\, — ¢ uniformly on
I, it is enough to show:

@.11) ¢" %7, — ¢' uniformly on '/ A,.

Since {ma,(An)}2, is a decreasing sequence of compact subgroups of '/ A such that
Mz ma,(Ay) = {0}, it is clear that for each open neighborhood U of the identity in
'/ Ao, we have w5, (A,) C U for all sufficiently large n. Applying this, and the uniform
continuity of ¢’ on I’/ Ay, to the identity

(¢ T — ¢'0) = |

Tag(An)

(/0= 5)— ¢'(n) dru(s), forally € /A,

we see that (4.11) holds. Hence the claim is established.
The foregoing observations can be summarized in the following lemma.
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LEMMA 4.12. Suppose that N € N, and {¢;}}" € Coo(T'). Then there is an increas-
ing sequence {H, }2° | of compactly generated open and closed subgroups of G such that
for 1 <j <N, the continuous function éj vanishes on the complement in G of | J;2 | H,.
Forn € N, let A, be the annihilator in U of H,, and let \, be the regular Borel measure
on I obtained by extending as described above the normalized Haar measure 5, for the
compact group A,. For 1 <j < N, we have:

(4.13) ¢; x Ny — ¢j uniformlyonI', as n — oo.

Having set the stage with the foregoing considerations of this section, we now pass to
the proof of the “only if” assertion in Theorem 1.3 together with the left-hand inequality
in (1.4). For this purpose, we suppose that {wj};gl cC (l")ﬂM(IW)(F). By [5, Lemma4.1],
we can assume without loss of generality that {wj}f.ﬁx C Goo(I). Let N € N, and apply
Lemma 4.12 (with its notation) to {4 }}_,. For each n € N, we see from Corollary 4.6
that {(y); * ) o}, C M{(Ty), and

N(]“’)({(wj * \,) 0 L}jN:l) = MIW)({wJ' JN:I)

With the aid of (4.13), we can let n — oo in this, and then let N — 0o to obtain the
desired conclusions.

In order to complete the proof of Theorem 1.3, and to demonstrate Theorem 1.1 in
the next section, we shall require the following technical lemma and corollary thereof.
Henceforth we shall denote convolution on I'; by the symbol #. Given subsets 4 and
B of T', we shall write 4 — B to indicate the group-theoretic difference set {a — b :
a € A,b € B}

LEMMA 4.14.  Suppose that G is a locally compact abelian group with dual group
ke Ll'(I),N€EN, {dy}szl C Coo(), and € > 0. Then there is a complex-valued
function k. defined on Ty such that: k. vanishes outside a finite set:

kel oy < Wkllpqry:  and, for 1 <j <N,Y €T,
|k % $)(Y) = (ke # (8 0 1)) )| <.

PROOF. Clearly we can choose M € N, complex numbers {a,}* |, and disjoint
compact subsets {F;}¥, of I' (with corresponding characteristic functions denoted by
xr,) so that pur(Fy) > 0 for | <s < M, and so that the simple function /" defined on I" by

M
(4.15) f=2_ asxr,
s=1

satisfies |f| < || pointwise on T, and ||f — k||, < €. Let U be a symmetric open
neighborhood of the identity element in I" such that wheneveru € I',v € T', and (u—v) €
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U, then |¢;(u) — ¢;(v)] < e for I <j < N. Choose a symmetric open neighborhood V
of the identity element in I such that V' + V' C U. Since Fy C [J,r, x + V, it follows by
compactness that we can express F as the union of a finite family {W_s.,,},zl of non-void
disjoint Borel subsets of I" with the property that for eacht > 1, W,, — W,, C V+ V.
Using this in (4.15) for | <s < M, we see that / can be represented on I” in the form

L
/ = Z:I ﬁl/XSm

where L € N, 3, 1 < < L, is a complex number, and {S, }_, is a family of non-void
disjoint Borel sets such that (S,) < 00,5, — S, CV+V, forl <v <L
For1 <j < N,and? €T, we have

(4.16) [k * ) — (F* S| < llk =Mooyl dille < ell il
For1 <v <L, pick 5, €S, and define k. on ', by:

ke = Zﬁ Hr (S, )X{I} }

V=

Clearly k, vanishes outside a finite set, and
ey = Wlowy < Mell-
Forl <; < N,7v €T, we have:
(7 % () = (ke # (¢ 00)) ()|
2B /Xs () (Y — w)dpr (u) — Zﬂnur(S )i (Y =)

Iz

=S8 [ 160~ 0~ 60— n )

=1

< Z 1B, | 1ur (S )e
=1

= ‘-“f”/.l(ﬂ

< 6Hknl"(r)-

Combining this with (4.16), we see that for | <j < N,andally € T,

[k () = (ke # (850 0))| < eIkl iy + max [19;1]u)-

<j<N
This suffices to complete the proof of Lemma 4.14.

COROLLARY 4.17.  Suppose that G is a locally compact abelian group with dual
group T, k € L'T), N € N, {¢}; C CoA), and {¢; o 1}.| C MP"N(Ty). Then
{(/‘ * Qsj) S L}/l'\l;l g M(|M)(F¢1)- and

N ({kx gy o i} ily) < Clllpny My o e},
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where C is the absolute constant in Theorem 2.7.

PROOF. Foreachn € N, let ¢, = n™!, and choose the function k., on I'y for £,
{¢j}jN:l ,and ¢, in accordance with Lemma 4.14. Then by Theorem 2.7 applied to ., and
the functions ¢; o ¢, we have for cachn € N,

(4.18) N ({ke, # (350 )} ) < Cllkll N { gy o L}l

It is clear from the last conclusion of Lemma 4.14 that for 1 < j < N, k., # (¢; 0 1) —
(k* ¢;) o v uniformly on I'y, as n — oo. Consequently the proof of Corollary 4.17 can be
completed by letting n — oo in (4.18).

In order to avoid digressions later on, it will be convenient to collect in the following
scholium some standard facts about approximate identities for the group algebra. The
symbol \ will denote set-theoretic complementation: 4 \ B = {a € 4 : a ¢ B}.

SCHOLIUM 4.19 ([11, THEOREMS 28.52 AND 33.12)]. Let Y be a locally compact
abelian group. The algebra L'(Y) has an approximate identity {us}sca such that: (i) for
eachd € A, us > 0, fyusduy = 1, and s is compactly supported; (ii) for every open
neighborhood W of the identity in Y, [y\yus dpy — 0 as b runs through A; (iii) ii; — 1
uniformly on compact subsets of the dual group of Y.

From these properties it is easy to see that if 8 € C(Y), then us * 8 — 0 uniformly on
compact subsets of Y. Moreover, if § € (.o(Y), then us * § — 6 uniformly on Y.

Having attended to these preliminaries, we can now complete the proof of Theo-
rem 1.3. For this purpose, suppose that {1;}2°, C C(I), and {y; 0 }2, C ML)
We wish to establish the right-hand member of (1.4). Consider first the special case in
which {1}, € Coo(T), let N € N, and choose an approximate identity {k; }sca for
L'(') enjoying the properties listed in Scholium 4.19. For each § € A, it follows from
Corollary 4.17 that {(ks * 1);) o L}jN:| C M(r,), and

(4.20) N ({Cks %) o b)) < CNP ({0}

Since ks is compactly supported, it follows by Fourier inversion that ks % 1; is the Fourier
transform of a function in L'(G), for 1 < j < N, € A. In particular, (ks * ;) is a
multiplier of strong type (1, 1), and it follows from this by [5, Theorem 5.1] that for
o €N

MGk = 1) = M7 ({ks # 4 0 kL ).
Using this in (4.20), we get for each § € A,
(4.21) M (ks * 1) < OV (o L),

For 1 <j <N, ks x 1); — 1 uniformly on I". We can apply this fact to (4.21), and then
let N — o0, in order to obtain the desired conclusions of Theorem 1.3 in the special case
Where {wj jqil (_: Coo(r).
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In the general case, we let {uq }aco be an approximate identity for L'(G) possessing
the properties described in Scholium 4.19. For N € N, and each o € O, we can apply the

preceding special case to {lnl[,’k[{/}j‘{\/:l, and thereby infer that {i,1); ,\Ll - M(l“')(r), and

N {ia ) < CN (i) 0 )Y )
< CN ({0} ).

The proof of Theorem 1.3 is readily completed from this by taking into account the fact
that &1, — | uniformly on compact subsets of I".

5. Proof of the Convolution Theorem 1.1. Our task in this section will be simpli-
fied by establishing the reduction described in the following lemma.

LEMMA S.1.  Let G be a locally compact abelian group with dual group T, and sup-
pose that A is a real constant such that whenever k € L'(I') and {v; }]”:1 C Co(MnN
MP(T), we have {k =}, C M), and

(5.2) NP 320 < Allkl N2
Then wheneverk € L'(T), and {;}22, € C(N)NMM(I'), we have {kx}7° € M™(ID),
and the inequality in (5.2) continues to hold with the same constant A.

PROOF. Letf € LY(G)N L*(G), and let n € N. Let K be a compact subset of I'
such that fr\x lf|2d/tr < n 2 and Jrk |k|dur < n~'. Pick g, € L'(G) such that: g, is
compactly supported, g, = 1 on K — K, and ||g,|| ;1) < 1 +n ' [11, Theorem 31.37].

Suppose now that {1;}2°, C C(I) AMM(I), and N € N. Clearly, for 1 <j < N, we
have:

S Vo @) = K s TP diar < WK+ n VI [ 1P diee
< IkIF@+n"Yllyllizn 2.

(5.3)
Fory € K,and ¢t € K, we have (Y — f) € K — K, and so g,(Y — ¢) = 1. Hence for
YeK,and I <j <N,
[k * (@uy) — kx1(7) = _/r\K k(D[gn(Y — DY;(Y — ) — (Y = O] dpr (1),
and consequently
[k @) — ke O] < @+ Dllugll 1K e

<2 +n7l)l|wj”unﬂl-

It follows that for 1 <;j < N, we have:

[ @) — kxR dur < @ n VG111
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Combining this with (5.3), we obtain for | <j <N,

l

[k (@) — ko Y lf 172y < UKL+ Dl P+ [+ Dlillan™ 1 261

From this we infer with the aid of Plancherel’s Theorem that, as n — oo,

5.4 1 o] = s T

in the norm topology of L*(G). If we now apply the lemma’s assumptions for the case of
compact supports to

{8111 C CoolD) M),

and observe that N ({g,v); j/v:l) <+ n”')N‘lW)({t/Jj}/"’zl), then we deduce from (5.4)
that {k 1L, C M\(T"), and

Nl by < Al NG HL).-

Since N is arbitrary, the conclusions of Lemma 5.1 are now evident.

PROOF OF THEOREM 1.1. In view of Lemma 5.1, it is enough to show that if N € N,
{Y}L, € Co(DN M), k € L'(T"), and k has compact support, then {k * Pt
M{(T), and
(5.5) N(IW)({k* Yj szl) < C”k”L'(r)N(lw)({wj jN=1)~
By Fourier inversion, k *1);, 1 <j <N, is the Fourier transform of a function belonging

to L'(G), and hence is a multiplier of strong type (1, 1). It follows from this and [5,
Theorem 5.1] that

(5.6) NP ({kx ) o }il) = Nk * g 1L,

where, as previously ¢: 'y — I is the identity mapping.
By Theorem 1.3, {1 01}, C M™(T4) and

(5.7) NSy o)) < NP ).
It follows by Corollary 4.17 that {(k x ¢);) o L}JN:I C MYA(Ty), with
NP ({0 L)) < Cllklley Ny o k).

Applying (5.6) and (5.7) to this, we obtain (5.5), and thereby complete the proof of The-
orem 1.1.
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6. Maximal estimates of weak type (1, 1) on measure spaces. In[4, Theorem 2.6]
it was shown that for | < p < oo “distributionally controlled” representations of the
locally compact abelian group G transfer elements of C ([’)ﬂM;”’)(l" ) and their associated
maximal estimates to L7(€), o), where (Q, 0) is an arbitrary measure space. In this section
we utilize Theorem 1.1 to extend these results to the case p = 1. A strongly continuous
representation . — R, of G in L'(0) is said to be o-distributionally controlled ([3])
provided the following requirements are satisfied:

(6.1) R is separation-preserving on L' (o) (that is, whenever f € L!(0), g € L'(0), and
fg = 0 0-ae, then, forall u € G, we have (R,/)(R,g) = 0 g-a.e.);
(6.2) there is a positive real constant K| such that ||Ryf]|11) < Killf||11(s), for all
u € G,andallf € L'(0);
(6.3) there is a positive real constant K, such that ||R,f|| 1) < Kool|f1| 1), for all
u € G,andall f € L'(0) N L®(0).
The terminology “distributional control” stems from the fact that the foregoing definition
implies:

of{x € Q: |RNHX)| >y} <(KiKo)o{x € Q: |[f(x)| > y/Kw},
forallu € G, f € L'(0), and y satisfying 0 < y < +00

(see [3, (2.3)-(ii), (2.13)-(D))).

By [3, (2.2), (2.4), and (2.6)], there is a (necessarily unique) uniformly bounded
strongly continuous representation R of G in L?(o) such that for all f € L2(¢) N L' (o)
andall u € G, RYf = R,f. Since R® is similar to a unitary representation of G in L*(o)
[8, Theorem 8.1], we can apply Stone’s Theorem to infer that there is a unique regular
Borel spectral measure E(-) on the dual group I" of G which acts on L*(c0) and satisfies

RY = /r'y(u) dE(Y), forallu e G.

For each complex-valued, bounded Borel measurable function ¢ on I', we define the
bounded linear operator T,: L>(0) — L?*(c) by writing

T, = [ 60)dEM),

If T, is of weak type (1,1) on L*(0) N L'(0), then Z; has a unique extension from
L*(0) N L'(0) to a linear mapping ‘Z;“) from L'(0) to the complex-valued measurable
functions on Q (identified modulo equality o-a.e.) such that whenever {f, }°>°, C L'(0),
f € LY(0), and ||f, — f]l — 0, then, with respect to o, the sequence {Qj')f,, o, con-
verges to ‘Z:;”f in measure. General transference methods for strong type multipliers (see
[6, Theorem 2.1 and Remarks preceding (2.7)]) apply to the context at hand, where they
show that if ¢ € C(T') is a multiplier of strong type (1, 1), then T, is of strong type (1, 1)
on L?(o) N L'(o). The simplest case of this phenomenon arises when ¢ is the Fourier
transform of a function k£ € L'(G). In this instance, it is easy to see by Fubini’s Theorem
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that ‘Tk.(') coincides with the transferred convolution operator Hy, which is defined on
L' (o) by using Bochner integration to write

(6.4) Hf = /(, KOR_f dug(t), forall f € L'(0).

Having described the appropriate setting, we can now state the transference theorem for
multipliers of weak type (1, 1).

THEOREM 6.5.  Let R be a strongly continuous distributionally controlled representa-
tion of the locally compact abelian group G in L' (Q, o), where (Q, 0) is an arbitrary mea-
sure space. Assume the preceding notation, and suppose that {1);}2, C C (l")ﬂM(lW)(r).
Then for eachj € N, T/,/ is of weak type (1, 1) on L*(0) N L' (o), and

o{weQ: fggl(%f,'v)(w)l >y} < KK OV 120y I oy
| forall f € L' (o), and all y > 0,
where C is the absolute constant in Theorem 2.7.
PROOF. Suppose that N € N, and {qﬁj}f’:, C Co(N M(]W)(l"). We show first that:

6.6)  ofweQ: max (NI >y} < KK N0 Wl

for all f € L*(o) M L'(0) and all y > 0. Let {h; }sc be an approximate identity for L'(I")
having the properties listed in Scholium 4.19. For§ € A,and 1 < j < N, there is, by
Fourier inversion, a function &;5 € L'(G) such that (kjs)" = hs * ¢;. The transference of
weak type estimates for maximal convolution operators expressed in [3, Theorem 2.14]
can be applied to {kj,g,»}jN:,. In the notation of (6.4), this gives:

ofw e Q@ max [(Hy, )| >y} < KiKoo® M7 (Cho x 307 I o
forall ' € L?(0) N L'(0), and all y > 0. We can rewrite this in the form:
ofw e Q1 max (T, )] >y} < KiKoo) N (s x 1200 W o

forall f € L?(0) N L' (o), and all y > 0. Applying Theorem 1.1 to the right-hand side of
the last inequality, we see that:

6.7 ofwe: max (BN > v} < KKl O {00 Ml

forall f € L?(0) L' (o), and ally > 0. For | <j < N, hs * ¢; — ¢; uniformly on T, and
consequently 7, .5 — Ty in the uniform operator topology of the bounded operators on
L*(0). Applicationb of this fact to (6.7) readily establishes the claim made in (6.6).

We now consider the sequence {wj}j?ﬁ, in the hypotheses. Fix N € N, f €
L*(o) N L' (o), and suppose that ¢ > 0. There is a compact subset K of I' such that:

(6.8) ”(E(K)f *f”l,z(n) <.
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Choosc k € L'(G) such that k is compactly supported, £ = 1 on K, and ||&[| 1, < 1 +¢.
Clearly {ky;}I.; C Coo(T") N M{(T), and

MOk < (1 MY,

We have g-a.e. on Q,

<
S Tl < g i1 e,

/r\ij(l — B dEf|.

It follows easily from this that for y > 0, > 0:
6.9)
U{w eQ: llgagx (Zy,N(w) >y}

< o{w €eQ: max |( w,/‘)(w)l >y(1+n)” }
O'{UJ eQ :j:zli(./r\xqu(l — /%)de)(w)l > (1 +71)71}.

We now specialize {d’; *, in (6.6) to be {kwj * - Applying this result to the first term
on the right of (6.9), and Chebychev’s Inequallty for L?(0), together with (6.8), to the
second term on the right of (6.9), we find that:

ofw € Q: max [(TyNw)| >y} < (KiKao) L+ NP AU+ Il
N 2
+ [(1 + 1])(1]y)*14e(2 +¢)A Zl Hll/,”u] s
~

where A is the supremum, taken over all Borel sets « in T, of || E(c)||». Letting ¢ — 0
and 17 — 0 successively in this inequality, we arrive at:

olweQ: max |(ffm<w>|>y}<(1<l Koo NP Ay 1 o

for N € N, f € L*o) N L' (o), and y > 0. The conclusions of Theorem 6.5 follow
immediately from this.

We finish the discussion by showing that Theorem 6.5 implies the homomorphism
theorem expressed in (1.5), which extends to the case p = 1 the results for | < p < o0
in [4, Theorem 4.1-(1)].

PROOF OF THEOREM 1.5. Let G| and G, be the dual groups of I'} and Iy, respec-
tively, and let p: G, — G be the dual homomorphism of p:

(p)) () = u(p(7)), forue Gy, vy €.

For u € Gy, let R, designate translation by p(u) on L'(G;). Obviously, u — R, is
a strongly continuous, distributionally controlled representation of G, in L'(G/), with
K = Ko, = 1. Moreover, the reasoning in [2, Proof of Theorem 4.1] shows that for each
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bounded Borel measurable function ¢ on I',, the operator 7, on L*(G)) is the L*(G))-
multiplier transform corresponding to the bounded Borel measurable function poponT;.

Applying these facts to the functions {); 21> we can invoke Theorem 6.5 to complete
the proof.
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