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THE POINCARE DUAL OF A GEODESIC ALGEBRAIC
CURVE IN A QUOTIENT OF THE 2-BALL

STEPHEN S. KUDLA AND JOHN J. MILLSON

Introduction. We shall consider an irreducible, non-singular, totally
geodesic holomorphic curve N in a compact quotient M = T\D of the
unit ball D = {(z, w) :|z|* 4+ |w|* < 1} in C? with the Kahler structure
provided by the Bergman metric. The main result of this paper is an
explicit construction of the harmonic form of type (1, 1) which is dual to
N. Our construction is as follows. Let p:D — T'\D be the universal
covering map. Choose a component D, in the inverse image of N under p.
The choice of D, corresponds to choosing an embedding of the fundamen-
tal group of N into I'. We denote the image by T';. Let 7#:D — D, be the
fiber bundle obtained by exponentiating the normal bundle of D; in D.
Let u be the volume form of D,. We define a family of closed (1, 1) forms
¥, depending on a complex parameter s, by the formula:

0.1) ¥(zs) = 4—S7; IIW*ulls{*W*# — ‘1 W*u}.

We define a meromorphic family of closed forms on M by the following
series, convergent for Re s > 1:
02) 06,9) = 2 7V 9.

ry\r

We then have the following theorem.

THEOREM. (i) Q(z, s) has a meromorphic extension to all of G and satisfies
the differential functional equation:

0.3) AQ(z,s) + (s — 1)Q(z,s) = (s — 1)Q(z,s + 1).

(ii) s = 1 s not a pole for @ and Q(z, 1) is the harmonic form of type
(1, 1) dual to N; accordingly, Q(z, 1) is never identically zero.

The above represents the special case of the general theory of the
hyperbolic Eisenstein series for pairs {G, G,}, where G, is the centralizer
of an involution ¢ of G, corresponding to the pair {SU(2, 1), U(1, 1)}.
This case is significant because of the curvature correction term —1/s7*u
in (0.1). Such a term did not appear in [4] and [5] where the pairs
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{SO(m, 1), SO(k, 1)} were considered. The reason for the appearance of
this correction term is that the normal bundle of D, in D is not flat.

The above theorem generalizes easily to compact cycles in non-
compact finite volume quotients in the ball; however, unlike the case of
a closed geodesic in a Riemann surface, the dual form is never a cusp
form. In fact, the dual of an irreducible variety N in a general non-
compact finite volume quotient of a domain is never a cusp-form because
there is an invariant form 7 (some power of the Kahler form) which has
a nonzero period over N. This period is exactly the inner product of #r
and the dual form of N. But *r is a residue of an Eisenstein series. The
generalization of our theory to non-compact cycles will require additional
work.

A discussion of a representation-theoretic interpretation of our work
is the content of the remark following Lemma 2.5. In particular the form
¥ (z, 1) gives rise to an embedding of the non-holomorphic discrete series
representation m;,; of SU(2, 1) in the square-integrable harmonic func-
tions on U(1, 1)\SU(2, 1). It can be shown that 7, occurs exactly
once in this space. Finally, analogous results could be obtained using
totally real curves. This corresponds to the pair {SU(2, 1), SO(2, 1)}.
In this case, the dual form is the imaginary part of a holomorphic
2-form. This form is never zero provided N is orientable.

We would like to thank Blaine Lawson and Jim Simons for helpful
conversations.

1. Topological preliminaries. We now explain what is meant by
the term ‘“‘dual’ in the first paragraph of this paper. The algebraic curve
N gives rise to an element, also denoted N, in H,(M; R). But we have
the Poincaré duality isomorphism H.(M; R) — H?(M;R). By the de
Rham theorem we can regard H2(M; R) as the space of closed 2-forms
modulo the exact 2-forms. We say any closed form w whose class in
H?2(M;R) is the image of N under Poincaré duality is dual to N. The
cohomology class of such a form is characterized by either of the following
two properties:

(i) for any oriented 2-cycle ¢’ we have

f =c- N

(here ¢’ - N denotes the intersection number of the cycles ¢’ and N.)
(ii) for any closed 2-form 7 we have

fn/\w=f .
M N

Remark. Since N is algebraic it is enough to verify that (ii) is true for
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all 5 of type (1, 1). By the Hodge theorem there exists a unique harmonic
form dual to N which we will refer to as the dual of N.

Since p:D — M is the universal cover of M, the fundamental group
of M acts holomorphically (hence isometrically) on D and we obtain a
representation p: I' — PSU(2, 1) with image (isomorphic to T') a torsion-
free, co-compact discrete subgroup of PSU(2, 1), the group of automor-
phisms of D. Since N is totally geodesic in M, the fundamental group T
of N injects into I'. Choosing an inverse image D; of N under p, is equiv-
alent to choosing an embedding 'y — I' and consequently an embedding
Iy - PSU(2, 1). We assume henceforth that such a choice has been
made. We note that D; must be a transform of the set {(z, 0):]z] < 1} by
an element of PSU(2, 1), since all totally geodesic holomorphic copies of
the 1-ball in D are obtained in this fashion. As a consequence, we see that
the automorphism group of D, is isomorphic to PSU(1, 1), so that the
following diagram of inclusion is commutative.

Gi——SU2, 1)

ry——rT

We begin our problem of constructing the dual of N by reducing the
problem to that of constructing a special form on the cylinder E = T',\D.

LeMMA 1.1. Suppose ¢ is a closed integrable 2-form on E satisfying the
following conditions:
(1) if m 1is any bounded closed 2-form of type (1, 1) then

fn/\¢=fn,
E N

(1) of {va:a € I} is a set of coset representatives for Ty in T then the
series Y ac; Yo' converges (we will henceforth demote such sums by
S orirv*e). Then w = D rry*¢ projects to a form on M which is dual
to N.

Proof. In order to have reasonable notation we will identify an in-
variant form under an equivalence relation with its projection to the
quotient space. Let & be a fundamental domain for T in D and &, be
a fundamental domain for T'; in D. We observe

D= Ueer 'Ya(‘@)-
We now prove that w is dual to NV by proving Property (ii) of paragraph
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1 of this section. Let 5 be a closed form on M. Then:

fn/\w=fn/\w=2fn/\7a*¢
M (7 acl 2

=Zf7a*(n/\¢)=2f 1A ¢
acl YV 2 acl Vv, 9

=f n/\¢=fn/\¢>=fn~
21 E N

With this the lemma is proved.

We are left with the problem of constructing a form ¢ satisfying the
conditions (i) and (ii). We first note that we may identify the manifold
E to the normal bundle of N in M by exponentiating the normal fibers
using the Riemannian exponential map in M. We also obtain a fibering
m:D — D; which is a homogeneous G; bundle, consequently is invariant
under Ty and induces the bundle £ over N. We next note that condition
(i) of Lemma 1.1 expresses the fact that ¢ is a dual of the zero section of
E. By abstract algebraic topology we would expect any form representing
the Thom class of E to satisfy (i). Motivated by the previous discussion,
we will call a form satisfying the hypotheses of Lemma 1.1 a Thom form.
We will construct the Thom form in the case of need in Section 2.

We now introduce a very useful operator.

Let w be a form on I';)\D. Then we define w by the formula:

1

How = —————— g*r¥w.

\701 F1\Gl rn\ei

II is a projection operator onto the image of the Gi-invariant forms in
\D.

LemMa 1.2. Suppose ¢ is a Gr-invariant form. Then to verify the condition
(i) of Lemma 1.1 1t is sufficient to assume 3 is Gi-tnvariant.

Proof. 11 is an orthogonal projection; hence, a self-adjoint idempotent.

fEn AN ¢ = (1, ¢) = (1, 11¢) = (Ilxn, ¢) = (+IIn, ¢)

and the lemma is proved.

2. The Thom form and coordinate computations. We now intro-
duce normal coordinates. Choose a base-point p on D; and let {ey, e, e3,
es} be an orthonormal frame for the tangent space to D at p so that e; and
ey are tangent to D; and es, e, are perpendicular to D;. We extend
e1, ez, €3, ¢4 to an orthonormal frame E., E,, E3, E, for T(D)|D, by using
radial parallel translation from p in D. However, since D, is totally
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geodesic in D the vector fields E; and E; are always tangent to D; and the
vector fields E; and E, are normal to D;. We now assign the coordinates
(%1, %9, x3, x4) to the point

exp, (x3F3(q) + x4E4(q))
where
g = expy(x161 + x0€3).

We then change the rectangular coordinates x3, x4 for the fiber to polar
coordinates by setting

r = V%32 + 22 and 6 = arc tan x4/x;.

We now construct a basis for the invariant (1, 1) forms on D. Let u be
the Riemannian volume form on D;. We define a form » on E by the
formula that for v, w € T, (E) we have:

v(v, w) = volp(prv, prw)

where pr is the projection on the vertical vectors of = given by the
Riemannian connection, F is the fiber through vy and volr is the volume
form on the Riemannian manifold F. Clearly v and 7*u are the required
basis.

We now compute » and 7*u in normal coordinates. We let S(r) for
r > 0 denote the sub-bundle of E consisting of circles of radius . We have
a projection mapping p:Ey — S(1) induced by the mapping x — x/||x||
on the fibers where E, is the sub-bundle of vectors which are not zero; that
is, the complement of T';\D; in I';\D. Then we have a commutative
diagram:

W

where 7’ is the bundle mapping induced by .

Now on S(1) we have the connection form w for the Riemannian con-
nection on w. By [3], volume 2, page 277, the normal bundle has curva-
ture — 1 (note that the curvature transformation of the normal bundle
is the restriction of the ambient curvature tensor). We choose the sign of
the connection form so that dw = — ir’*u. For this normalization the
restriction of w to the fiber is —d#f, where df is the volume element of the
circle (recall that the transgression of the fundamental class of the fiber
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is the negative of the LLuler class). We define a form & on E, by the form-
ula @ = p*w. Then we have:

2.1) do = —ir*u.

LeEMMA 2.1. Let K be the horizontal distribution of E. Then, we have:

(i) If y € 7=1(p), then K|, is spanned by 9/3x1|,, /0],

(i1) K|, is the orthogonal complement of the tangents along the fibers for
ally € E.

Proof. It is sufficient to prove (ii) for points in #—1(p) by G, invariance.
Hence we suppose y € 7#~1(p). Suppose

y = expp(ases + ases).
We define a section s of E by the formula

s(q) = asEs(q) + aiEa(q).

Since Ej3 and E, are covariant constant at p, the section s is covariant
constant at p and accordingly K|, is spanned by ds|,(e;) and ds|,(e2).
But

a 1¢)
ds|,(e1) = 6—x_1| and ds|,(ex) = F

Thus we have proved (i).
The statement (ii) will follow if we can prove that for 1 £ 7 £ 2,
3 < j = 4 we have:

ol o | >
<6xi S ox;l ) 0.
There is an involutive isometry o; of D, fixing #—'(p) and mapping D,
into itself. We now check that ¢» commutes with 7. Since
m'(g) = {expviv € T,(D1)t},

it is enough to prove

02 €XPy U = €XPorg A2 (v).

But this follows because ¢ is an isometry. Thus dr 0 dos = dos 0 d.
Since o, is an isometry, it maps K to itself. Suppose now y € 7—1(p) and
v € K|,. Thendn(v) € T,(D;) and hence

dosodr(v) = —dr(v) = dr o do2(v).

Hence do2(v) is the unique horizontal vector projecting to —dw(v). But
—uv is another such vector. Hence do2(v) = —v and we find do,|K, is the
negative of the identity map. But do, restricted to the vertical is the
identity and the lemma follows because distinct eigenspaces of an
isometry are orthogonal.
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LEMMA 2.2. Suppose y € E satisfies w(y) = p. Then we have

® <6x 3xs

2
r
(ii) <6x1 a0 = (cosh 2) .

Proof. We recall a standard result (see [1], page 90). Let ¢ be the nor-
mal vector to D; at p with exp, § = y. Let a be the geodesic given by

a(s) = exp, £/] &l

Let ||£]] = r. Forj = 1, 2, define Jacobi fields V;(s) along « by the initial
conditions:

V;0) =e; Vy (0) = 0.

=0

a 4

6962 6x2

Then:

9
5;; y = V]'(r).

Assuming this result, the lemma follows by solving the Jacobi equation
along «. This equation is:

VTZVj - RT,V]-Y‘ = 0

where 7 is the unit tangent field to a.
If we let X;, for j = 1, 2, be the parallel translate of ¢; along o then we
know by Lemma 2.1 that there exist functions f;i, f;» so that

Vi(r) = fu(r)Xa(r) + fi(r)X(r).

Now recalling that the curvature tensor R for D is parallel and using the
formula of [3], page 277, for R we find:

Rryx;inT(r) = %Xj(r)
and consequently

J11(r) = fae(r) = cosh (r/2) and fi2(r) = far(r) = 0.

The lemma follows.

COROLLARY. If w(y) = p then we have:

(i) (dx1, dws)|, = 0

(i) (dx, dxr)l, = (dwe, dua)], = 1/(C°Sh 5)2

4
(iii) (m*u, )|, = (dw1 A dxs, dxy A dia) = 1 / (cosh %) .
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Remark. By G, invariance, the formula

et =1/ (cosh )

is valid for all y € E.

LeEMMA 2.3.
(@) <39 60>‘ = sinh r for all y € E,.
(if) <39 e =0 forally € E,.

Proof. For each fiber 7—1(g), the functions {r, 8} are the usual geodesic
polar coordinates with center g. But each fiber is a hyperbolic plane with
curvature —1. The lemma is now immediate.

LeEMMA 24. If v(y) = p and y # p, then &|, = —db|,.
Proof. We have seen

) -0

v

o 9
(6x1 7J) =0 and w(a X2

in Lemma 2.2. But for all ¥ in E, we have

d
0(6.%‘1 y) B
d
de( 3x1 y)

Since df and & are defined as pull-backs of forms on S(1) they must both
annihilate d/dr. Thus if ¥y € #—!'(p) there is a smooth function \ on
7~1(p) so that

&, = Ny)dd|,.
Noting that N\op = X and A = —1 on the unit circle in #~!(p), the
lemma is proved.

9
y)——O and 0(62

M

hence

J
6.%'2

0.

) =0 and d()(

y

CoroLLARY (i) (&, dr)|, = 0 for all y in E,
(i) v = —sinh rdr A @
(iii) dv = — % sinh 7 dr A 7*u.
Proof. The first two formulas follow from the observation that they
are G, invariant and for y € 7#—1(p) reduce to:
(1)’ (dr,do) = 0
(i)’ v = sinh r dr A d6

where they follow from Lemma 2.3.
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The last formula follows from the formula (2.1).

Remark. Though we won’t make use of it, we can compute & explicitly.
Indeed, since {dxi, dxs, dr, d8} span T,*(E,) for all y, there are smooth
functions A\;, A\; on E; so that

@ = —d0 + )\1de + >\2dx2.

But noting that & 4 df annihilates vertical vectors and is invariant under
dilations of the fiber, we see that the form \idx; + Nodx. is the lift of a
form from the base; that is, there exist smooth functions ui, s on D; so
that A\; = 7*u;, N2 = 7*u,. But we have:

J
*~ — —
Es w(a&h) K

ad
*~ — =
Es w(axQ) Ha
Hence, if we define, for z = 1, 2:

4

Tis' = (VojarEs Ed) and  Tag' = (Vs0,,Es, Es)
we have u; = TI';3* and gy = T'y3* and hence
@ = ——d0 "+‘ 7r*,u1dx1 + 7l'*/.l.2dx2.

Changing to polar coordinates p = v/« + x,%, ¥ = arc tan x»/x; we
have, noting E; is parallel along rays emanating from p:

& = —db + B(p)dy
and noting Es*d& = — § sinh pdp A dy we find:
(2.2) @ = —df — % cosh pdy — Ldy.

Note that since ||df|| = ||@|| = 1/sinh 7, the forms d§ and & do not
extend smoothly to E.

We are finally able to produce the Thom form.

ProrositioN 2.1. (i) For any s with Re s > 1, the form

§69) = 5 ol frs = L oo

is a Thom form.
(ii) ¢ satisfies the differential equation:

AY(z,s) = —(s2 — DYz, s) + (s — DYz, s + 1).

Proof. We first note that the previous coordinate computations imply
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that y has the coordinate representation:

i 1
(23) ¢(Z, S) = - Z}i Slnh 7’2s+2 d?’ /\ @ —I_ - 1 2 ’)T*p, .
™ Y S r
cosh "2‘) (cosh 5)

We note that [|¢/||, the pointwise norm of ¢, is given by:

1ol = a<>(1—1)~
2

where a(s) depends only on s and is finite if s # 0.
From the above we see that ¢ has the following properties:

(1) ¢ is G, invariant for all s
(ii) ¢ is closed for all s
(iii) []¢|l is integrable on E provided Re s > 1

(v) |ly] = 0(1/ (cosh 5)4) provided Re s > 1

) f ¥ = 1 where Fis any fiber of .
E

We now show these properties imply ¢ is a Thom form if Re s > 1.
Let 5 be a closed and bounded form on E£. We must show:

fEn/\ ¢=an-

By Lemma 1.2 we may suppose 7 is G; invariant. Since » and 7*u span
the G, invariant (1, 1) forms we may write

n = Bi(r)dr N\ @ + By(r)r*pu.
We then see:
dn = —Bi(r)dr A\ da + BY (r)dr A\ 7¥u
= [3B:(r) + By (r)ldr A 7*pu.
Thus 7 is closed if and only if
Bi(r) = —2By(r)
and we may rewrite 1 as
n = —2B'(r)dr N & + B(r)r*pu.
We note that since ||n|| is bounded we have

|[B(r)| = Ccoshr for some constant C.
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Since ¢ is closed the above argument shows that there exists a function
A(r, s) so that:
Y= —24"(r,s)dr\ & + A(r, s)n*u.
Clearly
1

__ L _ .
A(71 S) - 4 COSh Z)?s = ﬁ(S)HT l"'” .
[ 2

We then have
nAY

—2[A4"(r, s)B(r) + A(r, s)B'(r)|]x*u A dr A @
= 2[4 (r, s)B(r) + A(r, s)B (r)]x*u A dr A db.

Since ¢ is integrable we have

an¢=M1 nA Y
. Zzoo E(r,¢€)

where E(r, €) is the bundle of annuli of points in E located in the tube
with boundary S(r), the circle bundle of radius 7, and the circle bundle
S(e) of radius e. Now in E(r, €) we have (abbreviating 4 (r, s) by A(r)):

A ¥ = 2d[A0)B() A d) = 2d| —LOBE ol |.
(sinh 7)| cosh g)

Thus:

f nA Y= 2|:1im f A)B() 7)2 vols(r

e Y S0 (sinh 7)| cosh =

2
. A(e)B(e
— hm P} VOIS(()
0 59 (sinh €) Cosh;)§ :
But:
A)B(r) p s volso = A()B(r) , zvol S(7)
50 (sinh 7)| cosh 5) (sinh 7)| cosh 5)

= 27A(r)B(r) vol N.
Now, for Re(s) > 1,
B(r) = O(coshr) and A(r) = 0o(1/coshr);

hence, the first limit is zero.
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Similarly, we observe:

A (e)B(e)

-/

2 VOlS(e) =474 (E)B (6) vol V
S(e) . €
(sinh €)| cosh 5)

and noting 474 (0) = 1 we find the limit to be

B(0) vol N =f 7.

The second statement of the proposition follows from a straightforward
calculation. With this the proposition is proved.

Remark 2.1. In [5], we chose ¢ to be

1
k(s)

In that paper, we considered totally geodesic cycles in quotients of
n-dimensional hyperbolic space. Any such cycle has a flat normal bundle
and consequently ||7*p||*(*7*u) was a closed form. In the case considered
in this paper it was necessary to subtract the correction term
1/s||7*ul|*7*u in order to make ¢ closed.

We now define the hyperbolic Eisenstein series @ for the pair
{SU(2,1), U(1, 1)}, or more precisely, for the pair {T, I';}, by the
formula

(2.4) Qg 5) = rz\r Y*Y(z, s).

[[*ull® Ger*n).

Since the Riemannian volume element, volg, for E is given by

2
voly = (cosh g) (sinh 7) 7*u A dr A d6

we see that [[¢|| is integrable provided Re s > 1 and we obtain:
LEMMA 2.5. The series in (2.4) 1s absolutely convergent provided Re s > 1.

Remark 2.1. Consider the form

¢ = ;E; | w*ul[{x7*u — 7*u}.

Then ¢ is easily seen to be square integrable and harmonic in I''\G/K.
The lift of ¢ to G via the projection p:G — T'1\G/K can be identified
(by using left invariant forms on G) with a collection of functions on G
which are right K equivariant, left invariant under G, and are annihilated
by the Casimir (since ¢ is harmonic). This collection of functions can be
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projected to G;\G to obtain a collection of harmonic, square-integrable
K-finite functions on G;\G, also to be denoted ¢; we note square inte-
grability follows from the compactness of the fibers in the diagram:

~.
N

G\G Ir'\G/K

I'\G,

T \G

A general representation theoretic argument then leads to the con-
clusion that ¢ generates a copy of the discrete series representation 3
in the square-integrable harmonic functions on G;\G. By analogy with
the usual theory of Eisenstein series one could rewrite @ as Q(z, s; ¢) and

(2.5) Qz, s;0) = ?\:r Y*Y (3, ).

This general @ would then be an intertwining operator from a space of
functions on G1\G to a space of tensors on T\G/K. We do not yet know
the correct domain for Q.

3. The meromorphic continuation of the hyperbolic Eisenstein
for the {SU(2, 1), U(1, 1)} pair.

TueoreM 3.1. (i) The hyperbolic Eisenstein series may be meromor-
phically continued to the entire complex plane and satisfies the differential
functional equation:

AQ(z, 5) + (52— 1)Q(z, 5) = (s2 — 1)Q(>z, 5 + 1).

(i) s = 1 is a regular value and Q(z, 1) is the harmonic (1,1) form dual
to ¢; hence, we may define the dual as lim,; Q(z, s), the limit of convergent
series.

Proof. We first prove (i). Let vy, vs, . .., v, . .. be an orthonormal basis
of eigenforms of type (1, 1) for A on M. We assume Ay, = \w»,. Then
for Re s > 1 we may write

3.1) Q@ s) = {; ()0 (2)
where

a,(s) = (QUz, s), vn)

=f Q(z, s) A v,
2
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Noting that Q(z, s) is C* on M, which is compact, we can conclude
that the series in 3.1 is uniformly convergent. By integrating by parts we
obtain

Ci(s) = (A*Q, v,) = (Q, Afv)
MR, va)
la, ()] = [Cr(s)] /N5
By (2] we have N\, ~ ¢n!/2, hence
lau(s)| = |Ci(s)]/n*".

Since Ci(s) is clearly decreasing as Re s goes to 0 we have

la,(s)| £ Br/n*"? for Res = a > 0.

Now we use Proposition 2.1.
AQ(z, s) + (st — 1)Q(z,s) = (s2 — 1)Q(>z, s + 1).
Differentiating 3.1 term by term we obtain

(32) )\nan(s) + (52 - 1)(1,,(5) = (52 - l)an(S + 1)

5 =1
(ln(S) = )\—n:_—;§—_——1 an(s + 1)

ap(s — 1) = -)\-"%I_(—%—(_E—z_—)g)— a,(s)
ss—2)(s — 1)(s+ 1)
N+ s =2)0+ =1+ 1)

In this way we can continue the functions a,(s) to the entire plane with
possible poles where the polynomials on the denominator of the recursion
equation vanish. In particular there is no pole at s = 1. Indeed it is suffi-
cient to use (3.2), since a,(s + 1) is defined for Re s > 0 by (3.1). Thus:

(s — 1) = a,(s + 1).

@,(0) = 0 unless n corresponds to the zero eigenvalue.

If the zero eigenvalue has multiplicity » where r = dim H''(X, C) we
have, forj =1,2,...,r:

a;(s) = a;(s + 1) for s in a neighbourhood of 1, s # 1.

Since ¢, is bounded near s = 2 it must be bounded near s = land s = 1
is a regular point.

Using the formula N\, ~ ¢n'/? we see that if we keep away from the
poles of a,(s) then the continued functions satisfy an even better estimate
(in the new region where they are defined by the previous argument)
than the old estimate; this is because )\, occurs in the denominator of
(3.2). Thus we have arrived at a continuation of Q(z, s) to the entire
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complex plane which is regular at s = 1. Substituting s = 1 into the
equation

AQ(z, s) + (52— 1)Q(z,5) = (s2 — 1)Q(z,5s + 1)
and recalling that Q is regular at s = 1 and s = 2 we obtain
AQ(z, 1) = 0.

We have constructed the harmonic form dual to N; indeed Q(z, 1) is
harmonic and the cohomology class of Q(z, s) is constant, since it is
constant for large s.

Since N is a Kahler submanifold of a Kahler manifold, it is never a
boundary; hence, 2(z, 1) is never identically zero. With this the theorem
is proved.
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