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A slow uniform flow of a rarefied gas past a sphere with a uniform temperature
is considered. The steady behaviour of the gas is investigated on the basis of the
Boltzmann equation by a systematic asymptotic analysis for small Mach numbers in
the case where the Knudsen number is finite. Introducing a slowly varying solution
whose length scale of variation is much larger than the sphere dimension, the fluid-
dynamic-type equations describing the overall behaviour of the gas in the far region
are derived. Then, the solution in the near region which varies on the scale of the
sphere size, described by the linearised Boltzmann equation, and the solution in the
far region, described by the fluid-dynamic-type equations, are sought in the form of
a Mach number expansion up to the second order, in a way that they are joined
in the intermediate overlapping region. As a result, the drag is derived up to the
second order of the Mach number, which formally extends the linear drag obtained by
Takata et al. (Phys. Fluids A, vol. 5, 1993, pp. 716-737) to a weakly nonlinear case.
Numerical results for the drag on the basis of the Bhatnagar—Gross—Krook (BGK)
model are also presented.
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1. Introduction

The problem of slow uniform flow (or low Reynolds number flow) past a sphere
is a textbook example in fluid mechanics (e.g. Landau & Lifshitz 1987). It is also an
important research topic in rarefied gas dynamics (Knudsen & Weber 1911; Epstein
1924; Willis 1966; Cercignani, Pagani & Bassanini 1968; Sone & Aoki 1977a,b;
Law & Loyalka 1986; Aoki & Sone 1987; Beresnev, Chernyak & Fomyagin 1990;
Loyalka 1992; Takata, Sone & Aoki 1993; Torrilhon 2010), not only because of
its fundamental importance but also because of its relevance to aerosol sciences as
well as to small-scale engineering. The success is also highlighted by the agreement
between the theoretical predictions (e.g. Cercignani et al. 1968; Loyalka 1992; Takata
et al. 1993) and Millikan’s experimental results (Millikan 1923).

On the other hand, up to now, most of the results have been based on the linearised
Boltzmann equation (or on linearised kinetic models). As a consequence, very little
is known about the nonlinear effect caused by the slow motion of a rarefied gas
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around a sphere. In particular, the existing formula for the drag is linear with respect
to the flow speed (or the Mach number). It would seem to be useful if we could
derive a higher-order (nonlinear) correction to the linear drag on the basis of the full
Boltzmann equation, thereby improving the accuracy of the existing formula.

If we consider the problem of a slow flow (small Reynolds number flow) past a
sphere in the framework of conventional fluid mechanics (the Navier—Stokes equation
and the no-slip boundary condition), a perturbation theory was developed around the
late 1950s (Kaplun & Lagerstrom 1957; Proudman & Pearson 1957; Van Dyke 1975).
According to this theory, another length scale appears, besides the sphere dimension,
which is much larger than the sphere, in the far region when the Reynolds number is
small. The whole domain is then divided into two regions, the near and far regions,
and the solutions in the respective regions are obtained in the form of a Reynolds
number expansion by joining them in the intermediate overlapping region. As a result,
an asymptotic formula for the drag is derived in the form of a Reynolds number
expansion with the Stokes’ drag being the leading-order term. In view of this, it is
worth trying a similar analysis for the Boltzmann system using the Mach number as
a small parameter. In this paper, we carry out such an analysis.

It should be mentioned that the Boltzmann equation has an intrinsic length scale
known as the mean free path of gas molecules. Therefore, the ratio between the mean
free path and the size of the sphere (i.e. the Knudsen number) also enters the system
as a parameter. In this paper, we restrict our consideration to the case where the
Knudsen number is of the order of unity, leaving the case of small Knudsen numbers
to a subsequent study.

2. Formulation
2.1. Problem and basic assumptions

Consider a slow uniform flow of a monatomic rarefied gas past a sphere with
radius L. At a great distance from the sphere, the gas is in the equilibrium state with
velocity (veo, 0, 0), pressure po, and temperature 7,,. The sphere is kept at the same
temperature as the uniform flow and is assumed to be at rest. We investigate the
steady behaviour of the gas around the sphere under the following assumptions:

(i) the behaviour of the gas is described by the Boltzmann equation;
(i1) the gas molecules are reflected from the sphere according to the rule described
below;
(iii) the Mach number of the flow is small, i.e. Ma = v, /(5RT,/3)"* <« 1;
(iv) the Knudsen number is finite, i.e. Kn=~{,,/L= O(1).

Here, R is the specific gas constant (R = kg/m with kp and m being the Boltzmann
constant and the mass of a molecule, respectively) and £, is the mean free path of the
gas molecules at the equilibrium state at rest with pressure p,, and temperature 7.

2.2. Basic equations

We first introduce some basic notation. Let Lx; (or Lx) be the space coordinates and
(2RT)'?¢; (or (2RT,,)'/*¢) be the molecular velocity (see figure 1). We also use the
spherical coordinate system (Lr, 8, ¢) throughout the paper whenever it is convenient.
The 7, 6 and ¢ components of ¢ are denoted by ¢,, { and ¢,, respectively. The
relation ¢; = ¢, cos @ — & sin @ is frequently used. We denote by po(2RT ) 2(1 +
¢(x, £))E the velocity distribution function, where 0., = poo/RTs is the density of
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FIGURE 1. Problem and coordinate system.

the uniform flow and E = n~%2 exp(—|¢|?). Further, we introduce the density p. (1 +

w(x)), the flow velocity (2RT.,)"?u;(x), the temperature T, (1 + 7(x)), the pressure
Doo(1 + P(x)), the stress tensor p.,(8; + Pj;(x)) (8; is the Kronecker delta) and the
heat-flux vector p.,(2RT,)"*Q;(x) of the gas. The components of u = (4;)i—; 23, P=
(Py)ij=123 and Q = (Q;)i=123 in the spherical coordinate system are denoted by using
r, 0 and ¢ as the subscripts, e.g. u,, uy, P,., etc.

The Boltzmann equation for the present steady problem is written as

o 1

é‘iaix,»:%

(Lol + Z19, o). 2.1)

Here, Z[¢] and _Z[¢, ¢] are the linear and nonlinear parts of the collision operator
(appendix A) and k = (4/7/2)Kn. The boundary condition on the sphere is written in
the form

¢=x1p] for ¢n;>0 (r=1), (2.2)

where #[¢] is the (linear) scattering operator whose explicit form depends on the
prescribed rule for the molecule—surface interaction and n; is the unit normal vector
on the surface pointing to the gas. #[¢] is further expressed by a scattering kernel
K as
A= [ R@.eEdL @m0, 3)
Cixni<0

where ¢, = ¢(¢,) and E, = n~%? exp(—|&,|*). Since the sphere is at rest and its
surface temperature is uniform, K is independent of the local position on the surface
(appendix A). The derivation of (2.3) from a more general scattering kernel is given
in appendix A. For the diffuse reflection condition, K= —2./n¢in;. We assume that
K satisfies the following properties.

(i) Positivity: k(;, &) =0 for ¢n; >0 and ¢n; <O.
(ii) Impermeability: —fm’_w (G /Gxn)K (E, CIEAE =1 for gn; <O0.

(iii) Let
_ 1+ (& —a)’
aroE= e e (<) .

be an arbitrary Maxwellian, where ¢y, ¢;, and ¢4 are independent of {. Among
such ¢, only ¢ = ¢, satisfies the relation ¢ =% [¢] for ¢;n; > 0.


https://doi.org/10.1017/jfm.2015.265

https://doi.org/10.1017/jfm.2015.265 Published online by Cambridge University Press

366 S. Taguchi
(iv) Local isotropy:

AN Ugp)€) = A f()]U5¢)), (2.5)

where /; is any orthogonal transformation matrix (//x = 8;) that satisfies the
condition /;n; =n;.

Finally, the boundary condition at infinity is given by
1 A
(1+@E— (1 +¢o)E = —7 exp (=& — 0811)?)  as r— oo, (2.6)

where Dy = Vs /(2RT)"? = \/5/6Ma.
The macroscopic quantities of interest, w, u;, , P, P; and Q;, are expressed in
terms of ¢ as

w={(p), 1+ w)u;=/ (), (2.7a)
dd+w)r={(It=32)¢) - 1+ o, (2.7b)
P=w+t+4+owt, P;=2(¢5¢) —2(1 + w)uu, 2.7¢)
Qi = (GILIPp) — %Mi —u;Py — %Pui -1+ a))uiujz. (2.7d)

Here, the angle brackets represent the following moment with respect to ¢:

() = / F@E, 2.8)

where the integration is carried out over the whole space of ¢.

To summarise, the present boundary-value problem contains two basic parameters,
i.e. k (or Kn) and ¥, (or Ma). Because of the assumptions (iii) and (iv), we assume
that

oo L1, k=0(1). (2.9)

The aim of the present study is to investigate the behaviour of the gas in the situation
(2.9) by a systematic asymptotic analysis for small 9., < 1. Finally, we note that the
existence of a solution in the present situation was mathematically proved by Ukai &
Asano (1983).

3. Asymptotic analysis: Whitehead’s paradox in kinetic theory

In the following sections, we carry out an asymptotic analysis of the boundary-value
problem (2.1), (2.2) and (2.6) for small 0, <« 1 in the case where k= O(1). Hereafter,
we denote the small parameter U, by

€ =1(K 1), (3.1)

and use € rather than 0.

First, we try to look for a solution of the problem (2.1), (2.2) and (2.6) whose
length scale of variation is of the order of unity. The solution with this length scale
is denoted by attaching the subscript S, i.e. d¢s/dx; = O(¢s), and will be called the
inner solution for later convenience. We seek ¢ in the form of a simple power series
of €, i.e.

bs = Psiy€ + Pse” + - (3.2)
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Here, the expansion starts from € order because ¢s is already a perturbation.
Corresponding to the expansion of ¢g, the macroscopic quantities are also expanded
in € as

hS = hs(l)é + hs(z)Ez +---, (33)

where h = w, u;, T, etc. The relations between hg,, and ¢s., are obtained by
substituting the expansion (3.2) into the definitions of the macroscopic quantities
(2.7) with h=hg and ¢ = ¢ and gathering the terms with the same power of €.

If we substitute the expansion (3.2) into (2.1) with ¢ = ¢ and take into account the
property d¢s/0x; = O(¢s), we obtain a sequence of linearised Boltzmann equations for

¢S(m)9 i.e.

0 1
Gi (gjil) = %g[%(l)], (3.4)
3¢ 1 1
S(m
g ax(i ) = %X[qbsm)] + % rzz; HNbseys bsim—nl (m=2,3,..)). (3.5)

Similarly, substituting the expansion into the boundary condition (2.2) and taking
into account the linearity of the operator .#°, we obtain the boundary condition for
Osomy (m=1,2,...) as follows:

¢S(m) = %[¢S(m)] for gini >0atr=1. (36)

For the boundary condition at infinity (cf. (2.6)), we first consider the following
expansion of the uniform Maxwellian (1 4+ ¢ )E in €:

1
b0 =5 XP(— (G — €6 HET —1=20€+ 2f =D+ (3)

Then, we require that ¢g, approaches the corresponding term of the expansion (3.7)
as r— 0o.

3.1. Problem for order €
At the leading order, the problem is reduced to

3¢ 1

¢ ajc([l) = Zbs0) (3.8)

sy = H syl for ¢n; >0 (r=1), 3.9
¢say —> 251 as r— oo. (3.10)

The macroscopic quantities hg, (h=w, u;, T, etc.) are expressed in terms of ¢y, as
follows:

wsay = (Psqy),  Uisay = (Cibsq)), (3.11a)
sy = % <(|§|2 - %) ¢S(1)> , Psqy = wsay + Tsqy, (3.11b)
Pisay = 2(8i5idsay)s  Qisay = (Gl E Pdsay) — %Misu)- (3.11c¢)

The problem (3.8)-(3.10) is a boundary-value problem for the linearised Boltzmann
equation, and is nothing but the problem that has been investigated by many authors
in the past (see e.g. Takata er al. 1993, and the references therein). Therefore, the
property of the solution is well known. Hereafter, we call this problem the linearised
problem for short.
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3.2. Problem for order €*
Suppose that ¢, is known. Then the next-order problem takes the following form:

0
Gi ¢S(2) $[¢S(2)]+ /[(155(1) dsyl, (3.12)
¢S(2) = a%/[¢5(2)] for ¢m; >0 (r=1), (3.13)
(bs(z) — 2;12 —1 asr— oo. (314)

The relations between the macroscopic quantities hgp) (h=w, u;, T, etc.) and ¢g) are
summarised as follows:

ws2) = ($s)), (3.15a)

uis2) = (Cibs2)) — wS(l)uiS(l)s (3.15b)

Ts@) =3 <(|§| - ;) ¢S(2)> 3 ]S(l) — Ws(1)Ts(1)» (3.15¢)
Ps@y = ws) + Tse) + wsayTsay, (3.15d)

Piis)y = 2(¢i¢iPs)) — 2uisayUjs) (3.15¢)

Ois) = (&1L PPs) — 2uise) — wisy Pisay — 2Pscylisqr)- (3.15f)

Equations (3.12)—(3.14) again form a boundary-value problem of the linearised
Boltzmann equation for ¢sp), but with an inhomogeneous term. However, it can
be shown that ¢, does not satisfy the boundary condition at infinity, except
the case k = oo, and therefore the problem admits no solution for k < oo. This
situation corresponds to what is known as Whitehead’s paradox (Van Dyke 1975) in
conventional fluid mechanics.

The reason for this ill-posedness can be understood as follows. We are seeking a
solution of the Boltzmann equation (2.1) whose magnitude is of the order of €. If the
length scale of variation of the solution is of the order of unity, the nonlinear term of
the Boltzmann equation remains much smaller than the other terms. On the other hand,
if the length scale of variation is much longer and is of the order of 1/¢ (i.e. d¢p/0x; =
O(e@)), the streaming term {;0¢/dx; becomes comparable to the nonlinear term. In
this case, the cumulative effect of the nonlinear term cannot be neglected but plays
a decisive role in describing the flow behaviour in the far region, irrespective of the
smallness of ¢. In the next section, by taking this into account, we will investigate
the behaviour of the gas in the far region as described by the Boltzmann equation.

We end this section by stating the following property of the leading-order inner
solution ¢g(;) concerning its asymptotic behaviour at large r.

PROPOSITION 1. Let ¢s) be a solution of the boundary-value problem (3.8)—(3.10),
and let wsq), Uisq), Tsqy and Psqy be the associated macroscopic quantities given by
(3.11). Then, ¢suy, wsqy Uisqy, Tsqy and Psqy approach the corresponding values at
infinity at the following rate:

bsay =28 + 00, (3.16)
Uisy = 6i1 + o™, (3.17)
ws1y =00, Ty =002, Psqy=002). (3.18a—c)

Proof. The estimates are the direct consequences of the results in § 5.3 below. More
specifically, (3.16) follows from (5.14) and (5.24), and (3.17) and (3.18) from (5.19)
and (5.23) there. ]
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4. Slowly varying solution in the far region

Motivated by the consideration in the preceding section, we now introduce a slowly
varying solution with the length scale of variation much larger than unity (or the
sphere dimension in dimensional space) in the region far from the sphere. We call
this solution the outer solution and denote it by attaching the subscript O. The length
scale of variation of ¢, is assumed to be of the order of 1/e, i.e. d¢pp/0x; = O(€dp).
The validity of this assumption is verified if such a solution is obtained.

In order to investigate the behaviour of the outer solution, it is convenient to
introduce a new variable y; (the outer variable) related to x; (the inner variable) by
the relation

Yi = €X;. 4.1)

Assuming that the outer solution is a function of y; in space (i.e. ¢p = do(yi, &;)), wWe
can transform the equation into the form

d
G- ¢0 f(z [pol + 7 [¢0, Pol). (4.2)

Leaving aside the boundary condition, we seek the outer solution in the form of a
power series of €, i.e.

bo = Pouye + Po€” +- - . 4.3)

Correspondingly, the macroscopic quantities are also expanded in € as
ho = hoye + hopye” + -+, (4.4)

where h = w, u;, 7, etc. The relations between hgg, and ¢og, are obtained by
substituting the expansion (4.3) into the definitions of macroscopic quantities (2.7)
with h=hy and ¢ = ¢ and collecting the terms of the same power of €. The results
for m=1 and 2 are given by (3.11) and (3.15) with the subscript S replaced by O,
respectively.

If we substitute the expansion (4.3) into the Boltzmann equation (4.2) and take
into account the property d¢o/dy; = O(¢p), we obtain a sequence of linear integral
equations for ¢ogm:

$[¢0<1)] =0 (4.5a)

8(l’)O(m 1)

LNpoom] =kii— Z/[dm(m pbow] (m=2,3,..).  (45b)

The equations can be solved successively from the lowest order, provided that certain
solvability conditions are satisfied.

The solution of (4.5a) is given by a linear combination of the collision invariants
(1, ¢, |1¢1%) or, equivalently,

doay = woq1) + 2Uion)&i + (|§'|2 - %) Toq)» (4.6)

if we take into account the relations between ¢, and woy, Uioqy and o). On the
other hand, (4.5b) is an inhomogeneous linear integral equation, whose homogeneous
counterpart has a non-trivial solution. Therefore, in order for the equation to have a
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solution, the inhomogeneous term should satisfy the following solvability condition
(Sone 2002):

d
T(Wi@¢0(zn—l)) =0 (m = 29 35 .. ')9 (47)
i

where (Yo, Vi, ¥4) = (1, &, |£]?) are the collision invariants. Substituting Por (r=
1,2, ...) into the condition, the fluid-dynamic-type equations describing the overall
behaviour of the gas in the far region (i.e. the outer solution) are derived.

4.1. Fluid-dynamic-type equations and velocity distribution function
for the outer solution

Since the derivation of the fluid-dynamic-type equations is well established and is
expatiated (e.g. Sone 2002, 2007), we only summarise the results of the analysis here.
First, the fluid-dynamic-type equations describing the behaviour of the gas in the far
region are summarised as follows:

order € ap
ow _y, (4.8)
ay;
ou;
tio _ ), (4.9q)
ay;
8 i 1 aP kaz 1
o) o) — __Toe)  METHom, (4.95)
8'[0(1) 2k 82'50(1)
, 4.9
Ujo(1) 8 2 8){,2 (4.9¢)
Poay = woqy + Toq); (4.9d)
order €*
ou; 0
ho®) — —Ujoq) 600(1), (4.10a)
ay; ay;
3”;0 2) 8MiO(l)
Ujo(1) 3, + (WomyUjoqy + Ujow)) 3y,
10 —4 92
=—=— | Pog — ny Vs K T02(1)
2 dy; 6 ay;
k 8%u; k o ou; ou;
 AE8toe | MR D o, (w4 Thow ) | (4.10b)
2 0y 2 9y ay; Ay
370 0toa)y 2 9Po)
Ujo( —— oy, (womUjo) + Ujoe) —— 8y] 5 4o ayj
2
ylk 8u,~0(]) 8Mj0(1) k 0 ( )
=— - T, D2 4.10
5 ( ayj + ayl + 29 V2702 + ) o(l) ( C)
P0(2) = wo@) + Towe) + ®o)Toq), (4.10d)
where y; (i =1, ..., 5) are constants (dimensionless transport coefficients) whose

definitions are given in appendix B.
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Equation (4.8) shows that the leading-order pressure is constant. On the other hand,
(4.9a) and (4.9h) are the continuity equation and the Navier—Stokes equation for an
incompressible fluid, respectively, while (4.9¢) is an energy equation. Equation (4.9d)
is the linearised equation of state. Equations (4.10a—d) are similar to (4.9a—d) but
contain some extra terms corresponding to the effect of compressibility and to a non-
Navier-Stokes effect (i.e. the thermal stress, the term with y3). They become important
when 7o) (wo1y) or Poe) is not uniform. However, as we will see, they are constant
in the present situation, and, therefore, these effects become of the higher order (see
§5.1). It should also be mentioned that the derived equations are essentially the same
as the fluid-dynamic-type equations obtained by the S expansion (Sone 1971, 2002,
2007). The interested reader is referred to Sone (2002, 2007) for further discussions
on the features of the fluid-dynamic-type equations.

Once the macroscopic quantities are obtained (by solving the fluid-dynamic-type
equations), the velocity distribution functions ¢o, are readily obtained from the
expressions

o) = beo)> “4.11a)
¢o<2>—¢eom—k;<;]B<|c|) ’0“) — kGA(Ig ) 2 "(” (4.11b)

j i

The functions A(|¢]) and B(|¢|) are defined in appendix B and ¢.oum (m=1,2,...)
are the expansion coefficients of the local Maxwellian in e, i.e.

__ Itw (& — o)\ 5
(1+¢60)E_mex (_1+To =E(l + ¢e00)€ + deo)€” +- ).
4.12)
More specifically,
beo0y = Poq) + 2&iuioq) + (|§|2 - %) Toa)> (4.13a)

5 3
$e02) = Pow) + 28iuio) + <|4'|2 - 2) To) + 2Liwo)Uion) + <|4'|2 - 2) wo(1)To(1)

Sji 5
2 (Cifj - J) UioUjor) + 2&; <|§|2 - 2) Uio)To()

1 15
+§ <|§'|4 51617 + ) 70(1) (4.13b)

4.2. Boundary conditions for the outer solution at infinity

Up to now, we have not considered the boundary condition for the outer solution ¢o.
At infinity, ¢ is required to satisfy the condition

1
$o— b = —; exp(—(6i —€8))E™ — 1 as n— 00, (4.14)
T

where 7= (y})"2(=€r) (cf. (2.6)). If we expand ¢oc as Poc= Poo(1)€ + Pcr€” + -
the boundary condition is satisfied by demanding

Pomy —> Poomy AS 1 —> OO (4.15)
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(m=1,2,...), where

Do) =281, Do) =2§12 -1, ¢ = %{1 (é’lz — %) , etc. (4.16a—c)

On the other hand, since the functional form of ¢¢(, with respect to the molecular
velocity is specified (cf. (4.11a) and (4.11b)), the above condition is satisfied if the
macroscopic quantities contained in ¢q, take special values at n — oo. For example
for ¢o1y and ¢p(), the conditions take the following forms:

PO(]) —> O, Uio) — 8;‘17 To) — 0 as n— oo, (417(1—6')

P0(2) — 0, Uioo) — 0, To@) — 0 as n — 0. (41861—6‘)

These conditions will provide natural constraints for the fluid-dynamic-type equations
at infinity. The remaining boundary conditions (at n — 0) will be derived in the course
of the analysis by considering the matching with the inner solution in § 5.

5. Asymptotic matching

We now come back to the original problem. In the preceding section, we have
introduced a slowly varying solution and derived the sets of fluid-dynamic-type
equations that describe the overall behaviour of the gas in the region far from the
sphere. On the other hand, we can still expect that the solution varies on the scale
of the sphere size in the vicinity of the sphere (i.e. the near region). If the slowly
varying outer solution ¢, valid in the far region, and the inner solution ¢y, valid in
the near region, can be made to match in the intermediate region, they together form
a meaningful solution of the original problem.

Let us recall that the inner solution ¢s is described by the linearised Boltzmann
equation (see e.g. (3.4)). For the linearisation to be valid, the nonlinear term
F (¢s, ¢s) should remain much smaller than the term ¢;d¢s/dx;. From Proposition 1
in § 3, the magnitude of d¢s/dx; at large r is estimated as |d¢s/0x;| ~ |ps|/r ~ €/r.
Therefore, the range of r where the inner solution is valid is restricted to

1
r&< — (5.1
€

(see figure 2). On the other hand, since the fluid-dynamic-type equations describing
the outer solution have been derived under the condition of slowly varying property
(0¢0/0y; = O(¢o)), the condition d¢py/dy; K O(po/€) is required for its validity. If
we assume that |pp| grows polynomially as n — 0, the gradient of ¢, is estimated as
0¢o/dy;=O(¢o/n) for n < 1. In other words, the range of validity for ¢, is restricted
to n>> € or, equivalently,

r>1. (5.2)

Therefore, the near and far regions, where the inner and outer solutions are valid
respectively, overlap in the intermediate region characterised by

1
1<r<g’ (5.3)

and we may expect that the two solutions can be joined there, as in the case of
the classical theory for the Navier—Stokes equation (Van Dyke 1975). In this section,
assuming such a structure, we carry out an asymptotic analysis of the original problem.
The analysis will be carried out up to the second order in €.
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«

r<l/e

7 r=0a/e)

r

!
. ! .
Near region K Far region
/

Overlapping region

FIGURE 2. Schematic illustration of the near and far regions. The near and far regions,
where the inner solution ¢s and the outer solution ¢, are valid, respectively, overlap in
the intermediate region characterised by 1 < r < 1/e.

5.1. Leading-order problem

In view of the fact that the boundary-value problem (3.8)—(3.10) in § 3 has a solution,
we shall start with the following inner problem:

3¢ 1
gi 8;21) = %g[éﬁsa)], (5.4)
¢S(1) = %[4)5(1)] for {,’I’li >0 at r= 1, (55)

supplemented by the boundary condition
¢S(1) — 2&‘] as r — OQ. (56)

The problem is the same as (3.8)—(3.10) and therefore has a solution.

Assuming that ¢sq, has been obtained, we now consider the leading-order outer
solution ¢¢;,. First, we note that the macroscopic quantities Po), 4oy and o
contained in ¢pq) (cf. (4.11a) with (4.13a)) are described by the fluid-dynamic-type
equations (4.8) and (4.9a—d). The corresponding boundary condition at infinity is
given by (4.17). The remaining condition is provided by the connection (or matching)
condition for ¢, with ¢g) as follows.

To derive the connection condition, we consider a point where r is large but €r is
small. According to Proposition 1, ¢y, behaves like

bsay =26+ 00 (5.7)

at such a point. This means that the inner solution ¢y, if written in terms of the
outer variable n(=e€r), has the form

b5y =261+ O(€) (5.8)

at the point under consideration. Here, the asterisk has been added to emphasise that
the independent variable of the inner solution has been changed from the original r
(or x;) to n (or y;), i.e. ¢5qy = Psalr=pse. From (5.8), we immediately see that ¢o(,
coincides with ¢, within an error of O(e), if we impose the following connection
condition:

doay — 28, as n— 0. (5.9
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To proceed further, we note that the functional form of ¢o( is specified as given by
(4.11a) (with (4.13a)). Therefore, in order for the above condition to be satisfied, the
macroscopic quantities contained in ¢, should take the following values as n — 0:

PO(l) — O, Uio) —> 8,’1, TO(]) — 0 as n— 0. (51061—6')

In summary, the matching condition (5.10) and the boundary condition at infinity
(4.17) provide appropriate boundary conditions for the leading-order fluid-dynamic-
type equations (4.8) and (4.9a—d).
It is easily seen that
Poy = Toay = wo) =0, (5.11)

Uioa) = 8,’1, Po(z) = const., (512a,b)

(trivially) satisfy the equations and the boundary condition (4.17) as well as the
matching condition (5.10). Consequently, the leading-order outer solution (4.11a) is
reduced to

boqy =241. (5.13)

That is, ¢oq) is just a linearised uniform flow.

In summary, the leading-order solution is given by ¢oq) =2¢; (far from the sphere)
and by ¢gq) (in the vicinity of the sphere), where ¢g;, solves the problem (5.4)-
(5.6). Incidentally, it is worth noting that the constant pressure Py (cf. (5.12)) is left
undetermined at this stage. This constant will be determined later when we consider
the next-order outer problem ((5.31) below).

5.2. Further transformation of the problem for ¢

Before going into the next-order approximation, here and in the subsequent subsection
we shall recall some basic properties of the leading-order inner problem (i.e. the
problem (5.4)—(5.6)). Thanks to the axial symmetry of . and %', we can employ a
similarity solution of the form (Sone & Aoki 1983; Sone 2007)

sy = D1, ¢, [8]) cos 0+ 4@, (r, ¢, 1) sin 6, (5.14)
where @V and cDb(l) are functions of r, ¢, and |¢|. Then, the problem is reduced to
a (spatially one-dimensional) boundary-value problem for @{" and cD,El) as follows:

L R e ik L N T e e 1

L~ r__a R A L] 5.15
¢ ar + r 9¢, + b k [#.7] ( )

00, P =52 8®" & ay PV 1,

g r — 2LV - o — _ Lo, 5.16
¢ or + r e, ro b r k 11271 ( )
oW %[(p(l)]
“ = ° for ¢, >0 (r=1), 5.17
@lgn %[(pb(n] é- ( ) ( )
@, 20
o — [_2} as r — 0o, (5.18)

where %, and | are operators defined in appendix C. Further, substituting (5.14)
into (3.11), we find that the (leading-order) macroscopic variables take the following
simple forms:
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;‘;S:é — sy (1), (5.19q)
:OSS“(; = Ty (1), % = Tosy (D)s sy =0, (5.19b)
S0 F0) (1), (ZST“; = Py (), (5.19¢)
20 B 2 = B (), (5.194)
ZecfsS(Ql) = ﬁeesu)(r), ’Zs;wsSg) = INDWS(U(F), P.osay = Pogsay =0, (5.19¢)
CQ(;Z“@) = érsa)(”), Qiasu) = éesm(”) Qwsa) =0, (5.191)
where the quantities on the right-hand side, depending only on r, are given by

ws(1) =27 /oo /ng“zsin@@ﬁ”Ed@; de, (5.20a)

0 0
’ﬁrs<1>=n/(00 (n§3sin29;q§(§l)Ed0; de, (5.200)

) )
Tsy = T / / ¢*sin’ 0,0V Edo, d¢, (5.20¢)
Toy = = / / ( ) sin 0, ®VE d6, d¢, (5.20d)
Py = n/ / ¢*sin0, @ VE db, d¢ = wsq1) + Tsa)s (5.20e)
Py =21 / / ¢* cos 6, sin 20, ®VE do, d¢, (5.20f)

0 0

Posay =27 / N / ' ¢° cos 6, sin’ 6, ®,"E d6, d¢, (5.209)
Pooscty = Ppsay = 270 / / ¢*sin’ 0, @ VE do, de, (5.20h)

Oys1) =T / / ( )st@;@mEdG; de, (5.20i)

Qpsy =T / / ( )sm 6,0, Edo, d¢. (5.20)

Here, ¢ =¢|, and 6, (0 < 6, < m) is the angle between ¢ and the radial direction,
ie. {,=|¢|cos O, (see figure 1).

5.3. Asymptotic behaviour of ¢su, at large r
Based on the above decomposition, we shall now derive an asymptotic expression for
¢sq) at large r>> 1 that will be needed in the subsequent analysis. In this problem,
the approach of ¢g, (or (q§{§1), <1>,§‘>)) to the (linearised) uniform flow is very slow.

If we assume it to be of r~* (o > 0), the length scale of variation of ¢g,, will be
of the order of r* for r > r*, where r* is a sufficiently large number. In other words,
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the local Knudsen number, k. =k/r*, is sufficiently small in the region where r > r,,
and, therefore, we can make use of the asymptotic theory of the Boltzmann equation
for a slightly rarefied gas (Sone 2002, 2007) to investigate the asymptotic behaviour
of ¢sa) at large r. Because ¢y, is described by the linearised Boltzmann equation,
we can apply the linear theory (or the Grad-Hilbert expansion) (Sone 2002). As a
result, the flow velocity and the pressure are described by the Stokes equations for an
incompressible fluid and the temperature is described by the Laplace equation, i.e.

821'3(1)

2
0x;

8 i 8P azu,
Uis(1) -0 DO ylk S(1)

—0,
ox; ox; ox;

=0, PS(l) = ws(1) + Ts(1)- (521a—d)

In addition, the velocity distribution function is expressed in terms of Py, u;sq) and
75y as follows (Sone 2002):

5
osay = Psay + 28iuisqy + <|§'|2 — ) Ts(1)

U oP
—kc,g,B(|c|> "0 — kGA(E)) 85(” Di(gh =
J Xi Xi
+k24;,ckD2(|;|> Y ] LU (5.22)
0x;0x; x,ax,
where the functions A(|¢]), B([¢]), ..., F(|¢|) as well as the constant y; are defined

in appendix B.

Since the angular dependence of the macroscopic quantities is explicit in (5.19),
its substitution into (5.21) yields a set of ordinary differential equations for u,s;)(r),
Ups1y (1), 7’3(1)(1’) and Ts()(r), which is easily integrated under the condition u,s;) — 1,
Tpsy — —1, Psqy— 0, Tgqy — 0 at r— oo, corresponding to the condition g, — 2¢;.
As the result, we obtain

~ Ci (&) ~ Ci (&)
usay =1+ " + a0 Uesy == <1 + 5 ﬁ) , (5.23a)
~ ]/1](01 — C3 ~ C3 ~ ylkcl
Wsy="—">5 > Tsm= 5> S = "5 > (5.23b)
r r r

where ¢, ¢, and c; are constants introduced because the boundary condition at r=1
is not specified. Then, further substitution of (5.19) with (5.23) into (5.22) (written in
the spherical coordinates) yields, after taking into account the decomposition (5.14),

the following asymptotic expressions for @{" and CD,EI) at large r:

o =2(1+~+ )6+ (|;|2_>

k C3 1 2
+ =5 (na+—E8A— < | a (1¢1* —3¢)B
r 2

3
~ = {mm - %(mz —3¢)F

[Cl(ZICI -3¢ )+ (SICI 54“,2)] CrDz}, (5.24a)
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k 3
o)) = —2— C—‘+ +<C3A+62§,B)

2

k 6¢;3
- 0D+ —
/-

—oF+ 5 |:Cl(|§| -3¢} )-I- (|§| —=5¢; )} Dz} , (5.24b)

where the arguments of the functions A(|¢]), B(|¢]), etc. have been omitted. It should
be noted that the expressions (5.23) and (5.24) contain the constants ¢, ¢; and c; that
still need to be determined. A way to determine them in a numerical computation will
be given in §7 below. For the moment, we shall assume that the solutions @51) and
CDZEU as well as the constants c¢;, ¢, and ¢; have been obtained and proceed to the
next-order approximation.

5.4. Second-order outer problem for ¢o)

Now we proceed to the second-order approximation in €. We first consider the outer
problem for ¢¢, here, and subsequently ¢s», in the following subsection. To begin
with, we repeat the fluid-dynamic-type equations describing the overall behaviour of
the macroscopic quantities associated with the second-order outer solution. That is,
owing to (5.11) and (5.12), the pressure Py is constant and the fluid-dynamic-type
equations (4.10a—d) are simplified to

ooy _ (5.254)
ay;
duiopy __19Pos) | nik 0 uio) 5.255)
9y 2 ay; 2 3y]2 ’ )
0ton) _ 12k 3°top) (5.25¢)
ay, 2 ay; :
Pop) = wop) + To)- (5.25d)

The equations are supplemented by the boundary condition at infinity (4.18), i.e.
Po(z) —> O, Uio@2) — 0, ToR) — 0 as n— oo, (526a—c)

as well as by an appropriate matching condition at n — 0 derived below.

As we have seen in §5.1, ¢pq, coincides with s if we allow an error of the
order of € (cf. (5.8) and (5.13)). The leading-order term in the difference can be made
precise if we refine ¢g,, with the aid of (5.24) and (5.14), that is,

C .
#ia) = b =€ -(26, €080 = Gy sin6) + O(€). (5.27)

Thus, it follows that, in order for ¢o(1) + ¢o@€ to coincide with ¢, within an error
of O(€?), the following condition should be imposed:

Poo) — %(2;, cos0 — ¢, sinf) as n—> 0. (5.28)

To further derive the corresponding condition for the macroscopic quantities, we
recall that the functional form of @) (with respect to &) is specified and is given
by (4.11b), which, with the aid of (5.11) and (5.12), reduces to

boe) = Po) + 28ittio) + (|C|2 —3) 00 + 200 — 1. (5.29)
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Therefore, in order for (5.28) to be satisfied, the macroscopic quantities contained in
(5.29) should take the following values as n — O:

Cr .
Ntyo) —> €1 €086,  Nupor) —> 3 sinf, nugoe) — 0, nToe—>0 asn—0.

(5.30a—d)
Here, we have used the fact that Py, and 2¢7 — 1 are independent of 7. In summary,
the second and third conditions of (5.26) as well as (5.30) provide the boundary
conditions for the fluid-dynamic-type equations (5.25a—c).
From the first condition of (5.26), Po«) (= const.) must vanish identically, i.e.

Po@)y=0. (5.31)

On the other hand, (5.25a) and (5.25bh) are, respectively, the continuity equation and
the Oseen equation for an incompressible fluid, and (5.25¢) is an energy equation with
a linear convection term. We first observe that 7o) =0 is a trivial solution of (5.25¢)
satisfying the boundary condition (5.26) (the third condition) as well as the matching
condition (5.30) (the fourth condition). Consequently, the density wp, also vanishes
owing to (5.31) and (5.25d). On the other hand, the axisymmetric solution of the
Oseen equation, vanishing at infinity and having the proper singularity (see (5.30))
at the origin, is given by the Oseenlet oriented along the x; axis (Imai 1973), that is,

Uro(2) 1 1 n il
=-S5+ |l+—+cost)|exp(——(1—cosh) |, (532a)
o 77 n 'J/lk Vlk
1 siné
oy _ _ 1 sin exp <_77(1 — cos 9)) , (5.32b)
o ik 1 Vik

Uy =0, (5.32¢)

P 2 0
Tod _ g (5.32d)

o n

where « is a constant whose magnitude is of the order of unity, introduced by virtue
of the linearity of the equations. Note that Py, is determined only up to an additive
constant at this point. However, it is not difficult to see that this constant is zero by
using the boundary condition for ¢, at infinity. This fact has already been used in
(5.32d).

To determine «, we shall make use of the matching condition (5.30). For this
purpose, we expand (5.32a) and (5.32b) in terms of (small) n to obtain

U002 icos@ _ (1 —cosB)(1+3cosH)

= +0(n), (5.33a)

o ik n 2(yik)?

u 1 sinf sinf(1 —cosH

08 — _ — ( - ) 4 o). (5.33b)

o vk n (y1k)

Multiplying by n and taking the limit n — O, we have

200 o,

NUro) — — €0s0, Nugopy = ———sind (n — 0). (5.34a,b)
Yik Yik

Thus, a comparison with the first two conditions in (5.30) immediately yields

k
o= V‘zcl. (5.35)
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To summarise, the second-order outer solution has been obtained as

ki
ooy = 2=t |14 (14 = (14 c0s0) ) exp [ ——=(1 —cos ) | | , (5.36a)
2n ik nk
sin 0 n
Uso) = —Clﬂ exp _ﬂ(l —cosf) |, (5.36b)
Uy02) = Wo) = To) = Pop) =0, (5.36¢)

with the corresponding velocity distribution function (cf. (5.29)) given by
bo) = 28u00) + 2sttson) + 267 — 1. (5.37)
Note that ¢y depends on the constant c¢; through u,0p) and wuppp). It may also be

noted that, owing to (5.13) and (5.37), the outer solution is a Maxwellian up to the
order €2, i.e.

1
(14 ¢0)E = —5exp(= (4 — €81 — €ioe))’) + O(€”). (5.38)

5.5. Second-order inner problem for ¢sn): connection condition

Finally, we consider the second-order inner problem. The equation and the boundary
condition on the sphere are the same as (3.12) and (3.13), i.e.

0 1 1
Gi (giiz) = %3[%(2)] + %/WS(U, bsyls (5.39)
bso) =K ps), tni>0 (r=1), (5.40)

but the boundary condition at infinity (3.14) should be replaced by an appropriate
connection condition. Below, we shall derive the connection condition and complete
the boundary-value problem.

To derive the connection condition, we consider again a point where r is large
but er is small. Owing to (5.33) (with (5.35)) and (5.37), ¢p@) has the following
asymptotic representation at the point:

2¢, Co . o
$oo) = — [ ¢cosO — —=sinf | + — [—(1 —cosO)(1 + 3 cos0)¢,
n 2 21k
+2sin6(1 — cos 0)¢p] + 257 — 14 O(n). (5.41)

Thus, noting the relation n = er (see also (5.13)), the outer solution ¢¢ (= €doq) +
€%Po@) + O(€?)) is written in terms of the inner variable r as

* [ 201 < é‘e ! >:| 2 { Cl
¢, = € |25+ — [ ¢cos0 — —sinf || +¢€ [-(1 —cosB)(1 +3cosh)e¢,
r 2 2y1k

+25in0(1—cosQ)§9]+2§12—1}+0(63). (5.42)
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Here, the asterisk has been attached to indicate that the outer solution is expressed
in terms of the inner variable, i.e. ¢} = ¢ol,—c,. It confirms that the terms of order
€ coincide with ¢g, (at large r>> 1) up to the terms of r~'. On the other hand, the
terms of € order cannot be represented by ¢gy. Therefore, in order for ¢s to match
@}, $s@) should satisfy the following connection condition as r — 00:

s — —[ (1 —cos0)(1 +3cos0)¢ +2sinO(1 —cos0) gyl +2¢7—1  as r— oo.

(5.43)

In summary, the boundary-value problem for ¢g,, consists of (5.39) and (5.40),

supplemented by the connection condition (5.43). It may be noted that the term 2¢7—1

in (5.43) corresponds to the uniform flow (cf. (3.7) or (4.16)) and the rest is the
contribution from the slowly varying outer solution.

5.6. Further transformation of the problem for @)

With the aid of the relation ¢; = ¢, cos 6 — & sin 6, the matching condition (5.43) is
transformed into

Pse) —> _7;1 - F [(1 —3¢0s% 0)¢, + 2¢, cos @ sin 9]
1k

+2(§, cosf —¢ysin@)?> —1 as r— oo. (5.44)

Then, by the linearity of the problem, we can set the solution in the form

Ps@) = P, (5.45)

where the first term satisfies the homogeneous equation and the (homogeneous)
boundary condition on the sphere as well as the first term of the matching condition
(see also (5.6)), while the second term @@ solves the following problem:

0@ 5
& i 3[45( N+ - j[(pS(l) dsml, (5.46)
PP = ,/“i/[qﬁ(z)] for ¢n; >0 (r=1), (5.47)
o0 5 L [(1 =3 cos® 6)¢, + 25 cos 0 sin 6]
2)/]](
+ 2(g,cos0 — g sinf)> — 1 (r — 00). (5.48)

Further, thanks to the axial symmetry of ./, ¢ and % (appendix C), we can seek
@? in the following form (similarity solution):

2 _ g2
DD =D (r, ¢, |2]) cos® 0 + £, @, cos O sin 6 + 4 5 St 2@ sin’ 0+ 0P, (5.49)
where (Dj(z) (J=a, b, c or d) are functions of r, ¢, and |¢|. Then, the problem is
reduced to a (spatially one-dimensional) boundary-value problem for (@, &7, @,
@?) as follows:

ADP  ¢P =2 ad®  3|¢|sinG, _, 1 1
4 L4 4= &, = -LdPN+ -1, 5.50.
37 + . aé_r + ) b k [ a ]+ k ( a)

¢
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3@(2) 2 8(p(2) p 1
99, +|C| - C(D(Z) <1§(2) 2 - rq§(2) $[¢,§2)]+*Ib,
or r g, r k
(5.50b)
9p®@ 2_ 2990 : ¢(2)
G il —25¢<2>— b .f[q><2>]+ L, (5.50¢)
ar r ag,
00, 15 —¢rad? |c|2—c o _ 2
g r g = .zqs“ 71, 5.50d
e ar =+ p 8;,, 2 b [ d 1+ X d ( )
Pd@ Jg/[(p@)]
o) | _ || 0 (re1 ss|
o0 | = | oy rE=0 =D, oD
o] 10,1
B 3 CI 2 2 T
(ptgz) Eﬁgr + 3§r - |§|
o? _a g
o0 |~ ko (r— 00). (5.52)
c 2
@;2) C1 2 2
ERRLEYS —r
I Zykg +I1817 = ¢; |

where the operators .Z; and JZ; (i=1 or 2), as well as _Z; (i=1,2 or 3) in (5.53)
below, are defined in appendix C. The inhomogeneous terms (I, I, I, I;) are given
by

2 2
L, = 7o, o]~ =& 3 ¢ oL, o'1— _gi[e), o1, (5.53a)
I, =2 700, o], (5.53b)
I = o), o1, (5.53¢)
2 _
I, = '“ ¢ 2t g, oV 14+ _gley", o1 (5.53d)

Further, if we

substitute (5.45) with (5.49) into (3.15), we obtain the following
expressions for the (second-order) macroscopic quantities:

C1~ ~ ~
Ws2) = —271166()5(1) cos 6 + Cl)g(z) 0082 0 + a).‘S{(Z)’ (55461)
Urso) = — ZkMrS(l) cos 6 + ( rS(2) — 655(1)ﬁ,5(1)) COS2 0 + ﬁfS(Z)’ (554b)

C . ~ ~ ~ .
Ugs) = —ﬂues(l) sin 60 + (MZS(Z) — C()S(l)ugs(l)) cos 0 smG, (5546’)
Uys) =0, (5.544d)

9 ~a 2 o~ 29 474
Ts@) = —ﬂfsu) cost + | Tgo) — g(ursu)) — Ws) Ts(1) | COS™ 0 + Ty
- g(ﬁQS(l))z sin” 6, (5.54¢)
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C ~ . 2 . ~ 2 .
Pso) = —j{PS(l) cos 8 + <P§(2) - 3(”rs<1))2> cos’ 9+P‘SJ(2)_§@95(]))2 sin 0,
(5.54f)
Cl ~ ~ _
Prso) = —Elcprrsa) cos 6 + (Pfrs(z) — 2(urS(1))2) cos® 6 + Pfrs(z), (5.54g)
Cl~ . ~ ~ ~ .

Prg_g(z) = —TIICPVQS(D sin 6 + (PI:HS(Z) — 2u,s(1)ugs(1)) cos 6 sin 9, (554h)
Prosa =0, (5.54i)
1~ - 1~ . .

Poos) = —glcpeem €08 0 + Pjyg c0s* 0 + (4P§95<2) - 2(”95(1))2> sin® 6
+ Peasa)’ (5.54))
Pyys2) =0, (5.54k)
Cl~ ~ 1~ . ~
Popsa) = —il(Ppr(l) cos 0 + Py 50, cos* O — ZP;"”S(Z) sin” 6 + Piwsa)’ (5.54])
Cl = ~ 5 ~ ~ ~ ~
Orso) = _7QrS(1) cost + | Oy + S @sttrs) = UrsyPrrsq)
3
— Eps(l)u,s(l) COS 9 —+ QrS(Z) — ugs(l)Prgs(l) Sll'l 9 (554]’}1)
Cl ~ . ~ 5. - o~
052) = — 77 Yos) 0s2) T A WsUesay — UrsyLros(1)
[0) 2kQ sinf + | Qygo) + 2 P
_ 3 )
— u@S(l)Peg(]) — Eps(l)u(;g(l) cos 6 sin 0, (554}’1)
Oys2) =0, (5.540)

where the quantities with tilde are functions of r. The explicit forms of these quantities
are summarised as (J =a or d)

W) =2 / ) / ' ¢*sin 6, @”E df, d¢, (5.55a)

0 0
Wgpy =T / N / e sin 20, ® P E do, dt, (5.55b)

0 0
Uy =T / N / ' ¢*sin® 6, @, E d6, d, (5.55¢)
’fsfm_f / / ( >s1n9;¢1( 'E d6, de, (5.55d)
P, = / / ¢*sin 0, @V E b, df = @y, + Ty, (5.55¢)
'ﬁj,m):zn / / ¢* cos O, sin 20, @ E do, d¢, (5.55f)

0 0
Py =27 / N / ' ¢ cos 0, sin® 0,7 E do, de, (5.55¢)
Fé“@l = [P{"*’S(”] 27 / / ¢ sin® .‘p’m Ed6, dz, (5.55h)
Pges(z) qu(pS(2) (¢ sin 94)2459
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Qi = / / ( )sm29§q§ YE do, dt, (5.550)

Qs =T / / ( )sm 0, " E db, d¢, (5.55j)

where ¢ =¢| and 0, =cos™'(¢,/|¢]) (see figure 1).

In summary, to obtain the flow field in the vicinity of the sphere to the second order
in €, it suffices to solve one more spatially one-dimensional problem, in addition to the
leading-order linearised problem. More precisely, we solve (5.50)—(5.52) to obtain <15,(2)
(J=a,b, c,d) and compute &y, U], Uy etc. from (5.55). Then, the second-order
macroscopic quantities are readily obtained from (5.54). In this paper, however, we
do not carry out this analysis, leaving it to a subsequent study. Instead, we derive the
expression for the drag to the second order in ¢ in the remaining part, by assuming
the existence of the solution to the problem.

6. Drag exerted on the sphere

Let us denote by (Fp, 0, 0) the total force acting on the sphere and by IA*"D =
Fp/poL? its dimensionless counterpart. Then, F), is given by

ﬁDz—/Pljsndez—/(P,,SCOSQ—P,gssin0)dS, (61)

where dS =sin 6 df d¢ is the (dimensionless) surface element on the sphere and the
integration is carried out over the whole surface (i.e. 0 <6 < 7 and 0 < ¢ < 2m).
Also, the macroscopic quantities are evaluated on the sphere (r = 1) in this section.
Substituting the expansion P;s = Pjsay€ + --- of the inner solution, we obtain the
following expansion of the force in terms of e, i.e.

Fp=Fpue+Fpoe +--- 6.2)
where
IA?D(m) = — /(PrrS(m) cosf — Pr@S(m) sin 9) ds (63)

(m =1, 2,...). With the aid of (5.19d), the leading-order drag FD(I) is readily
calculated to give

FD(I) = —%ﬂ(ﬁrrsm - Zﬁresu)), (6.4)

where ﬁ,,s(l) and 13,05(] y are given by (5.20f) and (5.20g), respectively. This is nothing
but the drag investigated in the existing literature on the basis of the linearised
Boltzmann equation (or linearised kinetic models). Since FD(I) depends on k, we
denote it by Fp, = hp(k).
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Next, with the aid of (5.54g) and (5.54h), the second-order drag is calculated as

~ 27 C1 ~ ~
Fppy = ?W(PrrS(l) —2Pps1))
Ci o~
= ——Fpy. (6.5)
2)/1](

In this calculation, the contributions of the terms of (cos’>6, 1) in P.:s@) and those of
cos @ sin @ in P,yspo) vanish by the integration with respect to 6, and (6.4) has been
used in the last equality. Thus, the second-order drag is a constant multiple of the
first-order drag. Summarising the above results, we obtain the following expression
for the drag:

) k
Fp=c (1 _ ;])f]]ze) hp (k). (6.6)

where the terms smaller than O(e?) have been omitted. It should be recalled that
the constant c¢; depends on k. This dependence has been made explicit in the above
expression. It should also be noted that (k) and c; (k) also depend on the molecular
model as well as the gas—surface interaction rule through . and 7.

7. Summary of the drag and numerical results
If we replace € by the original 0, the drag obtained in the preceding section is

written as
PN ci(k) .
Fp=1 | 1— Voo | hp(k), (7.1)
2)/]](
or, using dimensional quantities,
1 (k) PooVooL

Fp=6muvaL (1 ) Hp(k), (7.2)

where 1 = (/T/2)Y1P00(2RT) V%€, is the viscosity of the gas at the reference
equilibrium state (see appendix B), and the function Hp(k) is defined by

(7.3)

It should be emphasised that the above second-order drag contains only two
fundamental functions hp(k) (or Hp(k)) and ci(k) depending on k, which are
calculated merely from the information on the leading-order problem for ¢g,. This
greatly reduces the amount of numerical computation required to obtain actual values
of the drag.

In order to obtain the actual values of the drag, we need numerical values of
hp(k) and c (k) for given £ and % (i.e. the inter-molecular and molecular—surface
interactions). The values of hp for a hard-sphere gas under the diffuse reflection
condition were obtained by Takata er al. (1993) by an accurate numerical analysis
of the problem (5.15)—(5.18) (table V in the reference; k is denoted by k.,). The
drag for the linearised kinetic models has also been investigated by many authors
(e.g. Cercignani et al. 1968; Lea & Loyalka 1982; Law & Loyalka 1986; Beresnev
et al. 1990; Loyalka 1992; Takata et al. 1993). Therefore, we can use these data
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k I’l[) —Cq k I’lD —C1

0.10 1.7056 1.3573 1.20  9.0020 0.5974
0.15 2.4382 1.2934 1.50  9.6616 0.5131
0.20 3.1012 1.2338  2.00 10.4034 0.4145
0.30 4.2450 1.1260  3.00 11.2362 0.2985
040 5.1865 1.0319 4.00 11.6882 0.2329
0.50 5.9678 0.9499  5.00 119705 0.1908
0.60 6.6226 0.8785  6.00 12.1630 0.1615
0.70 7.1769 0.8161 7.00 12.3027 0.1400
0.80 7.6507 0.7613 8.00 12.4084 0.1235
0.90 8.0594 0.7130 9.00 12.4913 0.1105
1.00 8.4150 0.6701 10.00 12.5579 0.1000

TABLE 1. hp and ¢; as a function of k for the BGK model under the diffuse reflection
condition.

for hp. On the other hand, the value of ¢; is not available at present. In this paper,
we present some results for ¢; on the basis of the Bhatnagar—-Gross—Krook (BGK)
model of the Boltzmann equation (Bhatnagar, Gross & Krook 1954; Welander 1954)
with the diffuse reflection condition for the gas—surface interaction.

To obtain c;, we need to solve the boundary-value problem (5.15)-(5.18). The
numerical method used in the present study is essentially the same as that used in
Takata et al. (1993). That is, we employ a finite difference method which is capable
of capturing the discontinuity in the velocity distribution function (Sone & Takata
1992). A method to determine c¢;, ¢, and c¢; has also been introduced there, where
the asymptotic form (5.24) was first derived and used for the purpose of reducing the
size of the computational domain (for » variable). To be more specific, let us denote
by rp the upper limit of r used in the numerical computation, which is carefully
chosen depending on k. Then, we impose (5.24) at r =rp as the boundary condition
for the incoming molecules with the molecular velocity ¢, <0, in place of (5.18). In
this process, we need the numerical values of c¢;, ¢; and c¢; to evaluate (5.24). They
are obtained by connecting the numerical values of u,g), Upsay and gy (cf. (5.20))
with those of (5.23) at r =rp. Our numerical results show that c¢;, ¢, and c¢; converge
to certain values, together with @, and 45(”1 . We take the value of c¢; thus obtained
as its approximate value. The reader is referred to Takata er al. (1993) for further
details of the numerical method.

The numerical values of hp and c¢; obtained in the present computations are shown
in table 1 and in figure 3. The values of s, have been recomputed in this study with
higher accuracy. /p increases monotonically in k. On the other hand, ¢, takes negative
values and its magnitude decreases with k. With the aid of the asymptotic solution
for small k£ (Sone & Aoki 1977a; Aoki & Sone 1987; Sone 2007), one can obtain the
asymptotic expressions for hp and ¢; for small k as follows:

hp = 67y1k(1 + kok + (3k(2) —day +ay +az +2b)k> + -+ -), (7.4)

o1 =—3(1 4+ kok + (3ky — 4ay + az + as + 2b)k> + - - ), (7.5)

where ky, a; (i=1,2 or 3) and b, are the slip or jump coefficients. The numerical
values of these coefficients are tabulated in table 2 for the BGK model as well as

for a hard-sphere gas. The hp and c¢; values based on the formulae, as well as the
limiting value hp — 2+/m(m + 8)/3 as k — oo, are also shown in figure 3.
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FIGURE 3. (a) hp versus k and (b) ¢, versus k for the BGK model under the diffuse
reflection condition. The symbols represent the numerical results. In (a), the solid (or
dashed) line shows (7.4) up to the order k (or k*). The dash-dotted line indicates the
limiting value hp — 2./m(w + 8)/3 as k — 00. In (b), the solid (or dashed) line shows
(7.5) up to the order k° (or k?).

ko a a as b,
BGK —1.01619 0.76632 0.50000 —0.26632 0.11684
HS —1.2540 0.9039 0.6601 —0.2438 0.1068

TABLE 2. Slip and jump coefficients for the BGK model and for a hard-sphere gas (HS)
under the diffuse reflection condition. The data are taken from Sone (2007) and Takata &
Hattori (2012a) (see also Takata & Hattori 2012b).

With the information on hp and ¢y, the force exerted on the sphere is readily
calculated from (7.1). The result is shown in figure 4 as a function of 9, for k=0.1,
0.5, 1 and 10. Note that the curves are also shown for relatively large 9... In the
figure, the solid line shows the drag based on (7.1), whereas the dashed line the
linear drag (the first term of (7.1)). The nonlinear effect becomes noticeable with
the increase of .. For k = 10, there is almost no difference between the present
result (solid line) and the linear drag (dashed line). The difference becomes larger
as k becomes smaller (k =1 — 0.5 — 0.1). However, it should be kept in mind
that the present analysis assumes that the Mach number is small while the Knudsen
number is of the order of unity. In other words, for the formula to be applicable, the
Mach number (or 0.,) should be much smaller than the Knudsen number (or k), so
that the correction term in (7.1) remains smaller than the leading-order term. This
is the limitation of the present formula, when applied to the case of small Knudsen
numbers. Incidentally, it may be noted that the formula (7.2) formally coincides with
the Navier-Stokes result (Van Dyke 1975) if we take the limit kK — 0 keeping 0
fixed (see (7.4) and (7.5)). However, as mentioned, such a limit cannot be taken
without violating the underlying assumption. We need further investigations to clarify
the (nonlinear) force in the case of small Knudsen numbers.

Finally, we compare the present result with some existing numerical and experime-
ntal results available in the literature. The result of the comparison is summarised
in figure 5 using the Mach number (Ma) and the Knudsen number (Kn) rather
than U, and k. Here, the (dimensionless) drag based on (7.1) and the linear drag
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FIGURE 4. Dimensionless force F p exerted on the sphere as a function of 0, for various
k (the BGK model under the diffuse reflection condition). (@) k=10, (b) k=1, (c) k=0.5,
(d) k=0.1. The solid line shows (7.1) and the dashed line (7.1) without the second term.

based on the first term of (7.1) are shown (as a function of the Mach number)
by the solid and dashed lines, respectively, for Kn = 0.1, 0.2, 0.4, 0.6, 1, 2, 4
and 6. The symbol o represents the numerical result obtained by Volkov (2011)
by the direct simulation Monte Carlo (DSMC) method for a hard-sphere gas under
the diffuse reflection condition. Strictly speaking, these DSMC results are not for
a resting sphere, but for a rotating sphere, spinning around an axis of revolution
perpendicular to the uniform stream with a constant (dimensionless) angular velocity
QL/(2RT,)"> = 0.1. However, the effect of rotation on the drag is weak when the
rotation speed is small (A. N. Volkov, private communication). Therefore, we may
consider the DSMC result as approximately the drag for a non-rotating sphere and
expect that the comparison provides reasonably accurate information for the present
purpose of ‘rough’ comparison. It is also noted that the DSMC result assumes a
hard-sphere gas, whereas the present result (more precisely, the numerical values of
hp(k) and c,(k)) has been obtained on the basis of the BGK model. In the present
comparison, we take the viscosity u = (x/7/2)¥1Ps0(2RT) *€,, (see appendix B)
as a common basic quantity, instead of £, and convert k (or Kn) for the BGK model
to that for the hard-sphere model using the relation

k(BGK) = 1.270042427k(hard sphere). (7.6)

In the same figure, the drag based on the semi-empirical formula proposed by
Henderson (1976) (subsonic formula) is also included and shown by the dash-dotted
line.

The agreement between the present and the DSMC results is favourable. For large
and moderate Knudsen numbers (figure 5a—f), the present formula (7.1) gives a result
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FIGURE 5. Comparison of the dimensionless force Fp, exerted on the sphere versus Ma.
(a) Kn=6, (b) Kn=4, (c) Kn=2, (d) Kn=1, (¢) Kn=0.6, (f) Kn=0.4, (g) Kn=0.2,
(h) Kn=0.1. The solid line indicates the result based on (7.1) and the dashed line that
based on (7.1) without the second term. The symbols (o) indicate the DSMC result by
Volkov (2011) for a rotating sphere, assuming a hard-sphere gas and the diffuse reflection
condition. The dash-dotted line represents the drag based on the semi-empirical formula
by Henderson (1976).

close to the numerical result even at a relatively large Mach number (i.e. Ma = 0.6).
For small Knudsen numbers (figure 5g,4), the agreement at Ma = 0.6 becomes poorer.
However, as discussed previously, the present formula is theoretically applicable
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only to the case where Ma is much smaller than Kn. Therefore, this discrepancy
does not conflict with the present theory. As a matter of fact, the agreement becomes
satisfactory as Ma becomes small enough (say, Ma < Kn) even at these small Knudsen
numbers. For Henderson’s semi-empirical formula, a good agreement is observed at
moderate Knudsen numbers (see e.g. figure 5f).

8. Conclusions

In this paper, we considered the slow motion of a rarefied gas past a sphere with
a uniform temperature and investigated the steady behaviour of the gas on the basis
of kinetic theory (the Boltzmann equation). The problem has been the subject of
many studies in the past under the assumption that the linearisation of the system is
permissible under the condition of small Mach numbers. The present study aimed to
extend these works to include a weak nonlinear effect, still keeping the Mach number
to be a small quantity.

The primary length scale of the problem is the size of the sphere (i.e. L). However,
it was shown that, when the Mach number Ma is small, another length scale appears
which is much larger than L and is characterised by L/Ma, in the far region. The
solution with this length scale of variation is described by the fluid-dynamic-type
equations derived from the Boltzmann equation (§4). Then, the slowly varying
solution described by the fluid-dynamic-type equations and the solution in the near
region described by the linearised Boltzmann equation were looked for in the form
of a power series of Mach number, in such a way that they are joined in the
intermediate overlapping region (§5). As a result, a drag formula has been derived
up to the second order of the Mach number (§6). It contains two fundamental
functions, hp(k) and c;(k), that are obtained from the information on the solution of
the linearised problem, a well-known problem in the literature. To be more specific,
hp corresponds to the drag obtained from the linearised problem and ¢, is related to
the asymptotic behaviour of the solution at a large distance from the sphere. Finally,
the numerical values of these functions, as well as the drag, were obtained on the
basis of the BGK model of the Boltzmann equation under the diffuse reflection
boundary condition in §7.
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Appendix A. Operators ., ¢ and %
The operators .2’ and _¢# are given by (Sone 2002, 2007)

$[¢]=/E*(¢'+¢;—¢—¢*)Bd9(e) dg,, (AD

1
PAURAES 5 /E*(dfiﬁi + Y — ¢ — dY)BdS2(e) dg,, (A2)
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d=0¢1&), ¢.=0¢&), ¢ =¢&), d.=0(). (A3a—d)
C'=¢+ele- (& —0)], Cl=¢ —ele- (& —0)], (A da,b)

where E, = 13/ exp(—|¢,|%), e is the unit vector, d§2(e) is the solid angle element
in the direction of e, d¢, = d¢. d¢y, dgs,, and the integration is carried out over the
whole space of ¢, and the whole direction of e. In (A1) and (A 2), B is a non-negative
function of |e - (&, — ¢)|/|¢ — ¢| and |&, — &| whose functional form is determined
by the intermolecular potential; for example, B = |e « (&, — &)| /4@ for a hard-
sphere gas. It is also noted that for this model, the mean free path at the reference
equilibrium state at rest is given by £, =1/ «/ind,zn(poo /m), with d,, and m being the
diameter and mass of a molecule, respectively.
For the BGK model (Bhatnagar et al. 1954; Welander 1954), . is given by

Zlgl=3g19] - ¢, (AS)

where
gl =(d) +2¢(tp) + (161 = 3) 2 (1L —3) ¢) . (A6)

Regarding ¢ of the BGK model, we define it as the remainder of the full collision
term, subtracted by the linearised collision term. Thus, denoting the local Maxwellian

by
_ 1+o (& —u)®
(1+¢e)E—meXP (—1_}_{> ) (A7)

¥ for the BGK model is given by

J19] = (1 + )¢ — ¢) — L[]
= (I 4+ w)(@e — &[@) + 0 L[] (A8)

Note that the mean free path at the reference equilibrium state for the BGK model is
given by £, = (2//T)(2RT,,)"? /A pso, Where A. is a constant (A.ps is the collision
frequency at the reference equilibrium state).

Next, we shall explain the reduction process to obtain the kinetic boundary
condition (2.2). To begin with, we consider a slightly more general situation where
the surface is characterised by its velocity and temperature distributions specified by
(2RT)"*u,; (u,,n; =0) and T, (1 + 1,), respectively. We assume that u,; and 7, do
not change in time; they are functions of the local position x = (x, xp, x3) only. The
kinetic boundary condition states the relation between the full velocity distribution
function (1 + ¢)E of the outgoing molecules ({n; > 0) and that of the impinging
molecules ({;n; < 0) in the following manner (Sone 2002, 2007):

a +¢)E=/ K¢, & 0)(1 + ¢ )E dg,. (gn; > 0), (A9)

Cixni <0

where Kjp is the scattering kernel. We further assume that the kernel Kz depends on
the position x only through the local velocity and temperature of the surface, i.e.
Ky =K3(, &,; u,i(x), 7,(x)). Note that in so doing we exclude the possibility that the
properties of the surface itself (e.g. accommodation coefficient) change from point to
point. Now we consider the case u,; = 1, = 0. Writing Kz(¢, & u,; =0, 17, =0) =
Kpo(Z, &), we have

(1+¢)E =/ Kpo (¢, §)(A +@)EdS.  (Gin; > 0). (A10)

Cixni <0
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Since the condition should be satisfied in the reference equilibrium state, we have
E= [ K@ 8)Ed5 @n>0). (A1)
Cixni<0

Subtracting (A 11) from (A 10) and setting IA((C, L) =Kpo(, &)E™", we obtain (2.2).
Incidentally, since

_ 2§i*ni (gj uw;)
Ky = (1l +t,)? °xp < 147, ) (Al12)

for the diffuse reflection condition, we have K = —24/m¢in; for this model.

Appendix B. Functions related to the collision operator and the transport
coefficients

We first introduce the functions A(|¢]), B(|¢]), Di(1¢]), D2(|¢]) and F(]¢|) which
are the solutions of the following integral equations:

LA =—¢ (18P -3), (B 1)

2 2

[(;; L1l »)B(MD] <;,;, L1l ,,>, (B2)
2 2

[(;; ";' )F(ICI)}:(M] Lin <)A<|c|>, B3)

[({i i + ijski + b)) D1 (1S 1) + §i§j§kD2(|§|)]

= Y1(&idj + §idi + Ciby) — §ig;&iB(1E1), (B4)

supplemented by the following subsidiary conditions:
(Ig1PA(ED) =0, (B5)
(51£1”Di (151 + 18 1*D2 (18 1)) =0. (B 6)

We further introduce the functions C(|¢|), D(|¢]) and G(|¢]|) by the following
relations:

27 [ICI2 3. GGBUED] = 6gC(ED) + 8;DAED), (B7)
S 181 =3, 6AdgD] = &GgD. (B8)

Then, the constants y; (i=1,...,5) are defined by

i=1I1B), y.=2(A), y;=1I6(AB)=>5Ic(D1)+Is5(D>) =—2I(F), (BY9a)
va= 371 +1s(B) + 51s(BC),  ys=—6y, + 2I3(A) + 2I,(AG), (B9b)

where I,(f) is given by the following integral:
8 o0
L(f)=—= " —¢%)de, B 10
=157 [ Cr©en=ra (B 10)

where ¢ = |¢|. The y; are related to the transport coefficients. For example, the
viscosity and the thermal conductivity are given by i = (//7/2)V1Po0c(2RT)™"* 4o
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and k; = (5/7/4)y2ps (2RT ) "2RE,, tespectively. The values of y; depend on the
molecular model. For a hard-sphere gas, y; have been obtained as (Sone 2002, 2007)

y; = 1.270042427, v, =1.922284066, y;=1.947906335, (B1la)

va=11/2=0.635021, ys=1,/2=0.961142. (B 11b)

For the BGK model,
vi=1 (=1,...,5). (B 12)

Note also that, for this model,

A=—F=t’—3, B=2, D =-1, Dy=2. (B 13a—d)

Appendix C. Axial symmetry of the operators ., # and 7

In this appendix, we list formulae related to the axial symmetry of .#, %" and 7.
For any functions f and g of ¢, (=¢mn;) and [¢], £, # and _Z satisty the following
relations (Sone 2002, 2007):

L[¢f] = Llf], 1)

LIE 5 f1= 8, Lalf 1+ (85 — nin) Ls[f1, €2)

S el =7 L. f] =8 Al 8l (C3)

I D" o] =T A 1+ Gy — mim) F5lF S, (C4)

where L=.2 or A, {;={ — ¢n;, and Lios[f], _Zilf, g and _Z5;[f, f] are functions
of ¢, and |¢]|. From (C2), we have

LITF1 = C.La[f] + 2Ls[f1. (C5)

Multiplying this by (8; — n;n;)/2 and subtracting the result from (C2), we obtain

[(CQ gk( ”i”ﬂ)f] [CCJ gk( ”i”j)] L[f1. (C6)

From (C1), (C3), (C4) and (C6), it immediately follows that

L [Zof | = LoLalf), (C7)

TN togl = 7 [tog. f] =8 A0S 8l (C8)
J eof . tof | = 8 2N 1+ _Z5UF L f1 (C9)
[ze—gf] g—gL[f 10

These relations are used in §§5.2 and 5.6.


https://doi.org/10.1017/jfm.2015.265

https://doi.org/10.1017/jfm.2015.265 Published online by Cambridge University Press

Asymptotic theory of a uniform flow of a rarefied gas past a sphere 393

REFERENCES

AOKI, K. & SONE, Y. 1987 Temperature field induced around a sphere in a uniform flow of a
rarefied gas. Phys. Fluids 30 (7), 2286-2288.

BERESNEV, S. A., CHERNYAK, V. G. & FOMYAGIN, G. A. 1990 Motion of a spherical particle in
a rarefied gas. Part 2. Drag and thermal polarization. J. Fluid Mech. 219, 405-421.
BHATNAGAR, P. L., GROSS, E. P. & KROOK, M. 1954 A model for collision processes in gases.
I. Small amplitude processes in charged and neutral one-component systems. Phys. Rev. 94,

511-525.

CERCIGNANI, C., PAGANI, C. D. & BASSANINI, P. 1968 Flow of a rarefied gas past an axisymmetric
body. II. Case of a sphere. Phys. Fluids 11 (7), 1399-1403.

EPSTEIN, P. S. 1924 On the resistance experienced by spheres in their motion through gases. Phys.
Rev. 23, 710-733.

HENDERSON, C. B. 1976 Drag coefficients of spheres in continuum and rarefied flows. AIAA J. 14
(6), 707-708.

IMA1, 1. 1973 Fluid Mechanics. Shokabo (in Japanese).

KAPLUN, S. & LAGERSTROM, P. 1957 Asymptotic expansions of Navier—Stokes solutions for small
Reynolds numbers. Indiana Univ. Math. J. 6, 585-593.

KNUDSEN, M. & WEBER, S. 1911 Luftwiderstand gegen die langsame Bewegung kleiner Kugeln.
Ann. Phys. 341 (15), 981-994.

LANDAU, L. D. & LiFsHITZ, E. M. 1987 Fluid Mechanics, 2nd edn. Pergamon.

LAaw, W. S. & LOYALKA, S. K. 1986 Motion of a sphere in a rarefied gas. II. Role of temperature
variation in the Knudsen layer. Phys. Fluids 29 (11), 3886-3888.

LEA, K. C. & LoyALKA, S. K. 1982 Motion of a sphere in a rarefied gas. Phys. Fluids 25 (9),
1550-1557.

LOYALKA, S. K. 1992 Motion of a sphere in a gas: numerical solution of the linearized Boltzmann
equation. Phys. Fluids A 4 (5), 1049-1056.

MILLIKAN, R. A. 1923 The general law of fall of a small spherical body through a gas, and its
bearing upon the nature of molecular reflection from surfaces. Phys. Rev. 22, 1-23.
PROUDMAN, I. & PEARSON, J. R. A. 1957 Expansions at small Reynolds numbers for the flow

past a sphere and a circular cylinder. J. Fluid Mech. 2, 237-262.

SONE, Y. 1971 Asymptotic theory of flow of rarefied gas over a smooth boundary II. In Rarefied
Gas Dynamics (ed. D. Dini), vol. 2, pp. 737-749. Editrice Tecnico Scientfica.

SONE, Y. 2002 Kinetic Theory and Fluid Dynamics. Birkhduser, Supplementary Notes and Errata:
Kyoto University Research Information Repository (http://hdl.handle.net/2433/66099).

SONE, Y. 2007 Molecular Gas Dynamics: Theory, Techniques, and Applications. Birkhauser,
Supplementary Notes and Errata: Kyoto University Research Information Repository
(http://hdl.handle.net/2433/66098).

SONE, Y. & AOKI, K. 1977a Forces on a spherical particle in a slightly rarefied gas. In Rarefied
Gas Dynamics (ed. J. L. Potter), pp. 417-433. AIAA.

SONE, Y. & AOKI, K. 1977b Slightly rarefied gas flow over a specularly reflecting body. Phys. Fluids
20 (4), 571-576.

SONE, Y. & AOKI, K. 1983 A similarity solution of the linearized Boltzmann equation with application
to thermophoresis of a spherical particle. J. Méc. Théor. Appl. 2, 3-12.

SONE, Y. & TAKATA, S. 1992 Discontinuity of the velocity distribution function in a rarefied gas
around a convex body and the S layer at the bottom of the Knudsen layer. Transp. Theory
Stat. Phys. 21, 501-530.

TAKATA, S. & HATTORI, M. 2012a Asymptotic theory for the time-dependent behavior of a slightly
rarefied gas over a smooth solid boundary. J. Stat. Phys. 147 (6), 1182-1215.

TAKATA, S. & HATTORI, M. 20126 On the second-order slip and jump coefficients for the general
theory of slip flow. AIP Conf. Proc. 1501, 59-66.

TAKATA, S., SONE, Y. & AOKI, K. 1993 Numerical analysis of a uniform flow of a rarefied gas
past a sphere on the basis of the Boltzmann equation for hard-sphere molecules. Phys. Fluids
A 5, 716-737.


http://hdl.handle.net/2433/66099
http://hdl.handle.net/2433/66098
https://doi.org/10.1017/jfm.2015.265

https://doi.org/10.1017/jfm.2015.265 Published online by Cambridge University Press

394 S. Taguchi

TORRILHON, M. 2010 Slow gas microflow past a sphere: analytical solution based on moment
equations. Phys. Fluids 22 (7), 072001.

UKAI S. & AsANO, K. 1983 Steady solutions of the Boltzmann equation for a gas flow past an
obstacle, 1. Existence. Arch. Rat. Mech. Anal. 84 (3), 249-291.

VAN DYKE, M. 1975 Perturbation Methods in Fluid Mechanics. Parabolic.

VOLKOV, A. N. 2011 Transitional flow of a rarefied gas over a spinning sphere. J. Fluid Mech.
683, 320-345.

WELANDER, P. 1954 On the temperature jump in a rarefied gas. Ark. Fys. 7, 507-553.

WILLIS, D. R. 1966 Sphere drag at high Knudsen number and low Mach number. Phys. Fluids 9
(12), 2522-2524.


https://doi.org/10.1017/jfm.2015.265

	Asymptotic theory of a uniform flow of a rarefied gas past a sphere at low Mach numbers
	Introduction
	Formulation
	Problem and basic assumptions
	Basic equations

	Asymptotic analysis: Whitehead's paradox in kinetic theory
	Problem for order ε
	Problem for order ε2

	Slowly varying solution in the far region
	Fluid-dynamic-type equations and velocity distribution functionfor the outer solution
	Boundary conditions for the outer solution at infinity

	Asymptotic matching
	Leading-order problem
	Further transformation of the problem for φS(1)
	Asymptotic behaviour of φS(1) at large r
	Second-order outer problem for φO(2)
	Second-order inner problem for φS(2): connection condition
	Further transformation of the problem for φS(2)

	Drag exerted on the sphere
	Summary of the drag and numerical results
	Conclusions
	Acknowledgements
	Appendix A. Operators L, J and K
	Appendix B. Functions related to the collision operator and the transport coefficients
	Appendix C. Axial symmetry of the operators L, K and J
	References


	animtiph: 
	1: 
	2: 
	3: 
	4: 
	5: 
	6: 
	7: 
	8: 
	9: 
	10: 
	11: 
	12: 
	13: 
	14: 
	15: 
	16: 
	17: 
	18: 
	19: 
	20: 
	21: 
	22: 
	23: 
	24: 
	25: 
	26: 
	27: 
	28: 
	29: 
	30: 
	31: 
	32: 
	33: 
	34: 
	35: 
	36: 
	37: 
	38: 
	39: 
	40: 

	ikona: 
	363: 
	364: 
	366: 
	367: 
	368: 
	370: 
	371: 
	372: 
	374: 
	375: 
	376: 
	378: 
	383: 
	384: 
	385: 
	386: 
	387: 
	388: 
	389: 
	390: 
	392: 

	TooltipField: 


