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Abstract

Let n be a positive integer. We obtain new Menon’s identities by using the actions of some subgroups of
(Z/nZ)y* on the set Z/nZ. In particular, let p be an odd prime and let @ be a positive integer. If Hy is a
subgroup of (Z/p®Z)* with index k = pPu such that 0 < B < aand u | p — 1, then
a -1
Z(x—l,p")zm(l+k(a—ﬁ)+upﬁ )
k p-1

XE€H)

where ¢(n) is the Euler totient function.

2010 Mathematics subject classification: primary 11A25; secondary 11B13.

Keywords and phrases: arithmetical sums, Menon’s identity, group action.

1. Introduction

In [4], Menon proved a classical identity: for any positive integer n,

D = 1m) =gy,

X€(Z/nZ)*

where (Z/nZ)* is the group of units of Z/nZ, ¢(n) is the Euler totient function and 7(n)
is the divisor function. In [8], Sury proved that, for every r > 2,

Z (xl - 13 X2y ooy Xpy n) = ‘;D(n)Tr—l(n)s

x1€(Z/nZ)*
X240 n X EZ[NZ

where 7,_1(n) = de d™!. There are many generalisations of Menon’s identity; see
[1-3,5,6,9, 10].

The key tool in proving these results is the Cauchy—Frobenius—Burnside lemma
concerning group actions.
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Lemma 1.1 (Cauchy—Frobenius—Burnside lemma, [7]). Let G be a finite group acting
on a finite set X and, for each g € G, let X8 = {x € X | gx = x} be the set of elements in
X that are fixed by g. Denote the set of all orbits of X under the action of G by G/X.
Then

D IXE =Gl G/XI.

geG

The generalisations mentioned above are derived from the Cauchy-Frobenius—
Burnside lemma for the action of (Z/nZ)* on some fixed sets. We obtain some new
Menon'’s identities by using the action of the subgroups of (Z/nZ)* on the set Z/nZ.

THeEOREM 1.2. Let p be an odd prime and let « be a positive integer. Suppose that Hy
is a subgroup of (Z/ p*Z)* with index k. Then

»

_1)
p-1/

Z(x—l,p“):@(l+k(a—,8)+u

xeH;

where k = pPuwith 0 < B < a and ul(p - 1).

TueOREM 1.3. Let a and l be two integers such that @ > 3 and 0 < I < a — 2. Let Hy be
a subgroup of (Z/2°Z)* with index 2!. Then

o[22 N @=1+1) for Hy = (527",
E ‘(x— 1,2%) = Ha-1 a—Ii-1 _ 2 21
(@—1)+2 for Hy = (=1) x (5¥) or (=52,

)CEHZ[
Let n> 1 be a positive integer such that n = []!_, p?", where p; < py <--- < p;
are primes and «@; > 1 for i = 1,...,7. The Chinese remainder theorem gives the
isomorphism

(Z/nZ)* = H(Z/p;’fZ)X.
i=1

Let Hy, be a subgroup of (Z/p"Z)* with index k;, that is, [(Z/p]"Z)* : H},] = k;.
Consider the subgroups of the form H = []i_, Hy, and write

F(Hi, p™) = > (x=1,p).

erki

This leads to the following composite result.

TueoreMm 1.4. With the notation introduced above,

t

D= 1m =] | fHy, p.

xeH i=1
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2. Some lemmas

Let p be a prime and let @ be a positive integer. We start with some well-known
facts about the quotient ring Z/p“Z. Firstly, the ring Z/p®Z is a principal ideal ring
with the ideal chain

0Cp*'@/p"Z) - € p(Z/p*T) CZ/p°Z.
Hence the number of ideals in Z/p®Z is exactly a + 1. Secondly,
Z/p"Z ={0)u p*N(Z/p"T)* V- U p(Zp*D)* U (Z/p*T)"

is a partition of Z/p®Z. In particular, p'(Z/p®Z)* is the set of the generators of the
ideal p'(Z/p®Z) fori=0,1,...,a.

LemMma 2.1. Let p be a prime and let « be a positive integer. Then two elements x and
Yy of Z| p*Z are two generators of the same ideal of Z/ p®Z if and only if there exists an
element p € (Z] p*Z)* such that y = ux.

Let p be an odd prime and let @ be a positive integer. Then there is a primitive
root modulo p?, that is, the group (Z/p®Z)* is cyclic. Throughout, an element g of
(Z/p*Z)* denotes a primitive root modulo p®, that is,

(Z/p"Z) =1{g.&"....8"""} = (g).

Hence for each klo(p®), there is only one cyclic subgroup H; = (g} of (Z/p®Z)*
generated by g. Furthermore, [(Z/p®Z)* : Hy] = k. We call k the index of Hj in
(Z/p°Z)~.

It is well known that (Z/2%Z)* is not cyclic for @ > 3.

Lemma 2.2. Let a and | be two integers such that @ > 3 and 0 <[ < a — 2. Then the
subgroup Hy of (Z/2°Z)* with index 2! must be one of

7N, (=1 x(5Yy or (=5%).
Proor. For a > 3,
(Z)2°2)% = (—1) X (5) = ZJ2Z x Z/2°"*7,

where (a) denotes the cyclic subgroup of (Z/2*Z)* generated by a. It is clear that 5
has order 2?72 modulo 2. Hence, for each [ with 0 < I < @ — 2, if Hy is a subgroup of
(Z/2°Z)* with index 2/, then

Hy = {5%,5% .. 5%} u{=5", 502 . —5b)
where l1<aj<ay <---<a;=22and0< by <by<---<b, <22 —1.Put
Ty ={59,5%,...,5%} and T,={-5%,-5% .  —5")
Then T; N T, = 0.
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Now we shall show that T, is a subgroup of (5). If 1 < i, j < s, then 54%% € Hy. If
5%+aj ¢ T, then 5%*% € T,. Hence there exists an element —5% € T, such that

54%4; = _5Pn (mod 2%).

But this implies that 1 = —1 (mod 4), which is a contradiction. Hence 5%*% € T: that
is, T is closed under multiplication. If 5% € T, then

5% x 5% 774 = 1 (mod 2%).

Hence 5% 4 ¢ H,i and so 527 e Ty Consequently, 7' is a subgroup of (5).
If T, = 0, then Hy =T is cyclic. Hence Hy = (5% .
If T, # 0, we shall show that T, = —=5"1T. It is easy to see that —5"'T| C T. If
1 < j<t, then
(=52 Py x (=5P) e Ty

Hence there is an element 5% € T such that —5% = -5 x 5% (mod 2%). It follows that
T, C -5 T,. Hence T, = =5 T;. Let Ty = (5*"), where [; > [. Then

Hy = (=5 x (52").

Since (-5°1)% € T}, we have |(52’l ) =222 and 24-!|b,. Hence I, = [ and b; = 2" 'k.
If k is even, then Hy = (—1) x (5%). If k is odd, then Hy = (—52"'). This completes the
proof of Lemma 2.2. O

3. Proof of Theorem 1.2

Let (Z/p®Z)* = (g). Then Hy = (g*). Now we compute the number of orbits of the
group H; acting on the set Z/p“Z. Let x, y € Z/p“Z. Then x, y are in the same orbit if
and only if y = g¥x for some 7 with 1 <7 < ¢(p®)/k. By Lemma 2.1, x and y are two
generators of the same ideal. Hence it is enough to compute the number of orbits of
H; acting on the set p'(Z/p*Z)* for i =0,1,...,a. If i = a, then p*(Z/p®Z)* = {0},
which is an orbit. Let 0 < i < & — 1. Then each element of p'(Z/p®Z)* is of the form
pig™, with 1 < m < ¢(p®). Suppose x = p'g™ and y = p'g" are in the same orbit. Then

p'g" = p'g"* (mod p) 3.1)
for some ¢ with 1 < ¢ < ¢(p®)/k. Since g is a primitive root modulo p®~, by (3.1),
m —n =kt (mod p*(p - 1)). (3.2)
Let k = pPu with 0 < 8 < @ and u|(p — 1). From (3.2),
prinEai=D 60 .

So the number of orbits of P(Z/ p*Z)* is equal to the number of residue classes modulo
prinGe=i=Dy Hence the number of orbits of p'(Z/p®Z)* is p™nFe=i=Dy and the total
number of orbits of the set Z/p*Z is

a—fp-1 a-1 ' PB+1 -1
1Z)p°Z ) Hil = 1 + Z Pu+ Z P =1+ k(- B) +u .
i=0 iZa—p p-1
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For x € Hy, let (Z/p“Z)* denote the subset of elements of Z/p®Z fixed by x, that is,
(Z/p"Z)* ={y € Z/p*Z | xy =y (mod p)}.
Then |(Z/p*Z)*| = (x — 1, p%). By the Cauchy—Frobenius—Burnside lemma,

D IZ/p"2)| = |Hil - 12/ p"Z/ H.

xeHy

Hence

M1 = %ﬁ(l+k(a—ﬂ)+ui:ll).

This completes the proof of Theorem 1.2.

4. Proof of Theorem 1.3

First, we compute the number of orbits of the group Hy acting on the set Z/2%Z.
By
Z/2°7 = {0} U2°"N(Z/2°Z)* U - - - U 2(Z/2°Z)* U (Z/2°Z)*

and Lemma 2.1, it is enough to compute the number of orbits of Hy acting on the set
2UZ/2°Z) = {(£2/5% |1 <a <22 - 1)

fori=0,1,...,a. If i=a or @ — 1, then [2/(Z/2°Z)| = 1, that is, 2/(Z/2°Z)* is an
orbit. By Lemma 2.2, there are three distinct subgroups of (Z/2%Z)* with index 2/. We
discuss each of these cases separately.

Case 1. Suppose that Hy = (*'yand 0<i<a -2 If x, y € 2{(Z/2%Z)* are in the
same orbit, then x, y € {25 | 1 <a <22 —1}orx, ye{-25|1<a<2?-1}.
Without loss of generality, x = 25", y = 2/5" € {257 | 1 < a < 2%72 — 1}. Then there is
an integer ¢ > 0 such that

2i5m = 2157527 (mod 2%).
This implies that ‘
m —n=2""¢ (mod 2972,

Hence the number of orbits of {2/5% | 1 < a < 2%~ — 1} is equal to the number of residue
classes modulo 2Min(-1.e=i=2) and the number of orbits of {25 | 1 < a <22 — 1} is
2 x 2min(=lLa=i=2) ‘g the total number of orbits of Z/2%Z is
a—Il-1 a=2
1Z/2°Z/Hy| = 1 + 1 +2 Z P Z 202 —pl(g — [ + 1).
i=0 i=a—f

Case 2. Suppose that Hy = (—1) X (52l> and 0 <i<a—2. If x and y € 2/(Z/2°Z)*
are in the same orbit, then x = (—1)?25" and y = (—1)72'5", where 6,7 € {0, 1}. Hence
there exist integers ¢ > 0 and £ € {0, 1} such that

(=1)92i5™ = (=1)12i5" . (=1)¢5%" (mod 2%).
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So (=1)°5™ = (=1)75" - (=1)¥5%" (mod 297). Since @ — i > 2, it follows that (—1)° =
(=1)" - (=1)¢ (mod 22). Thus (=1)° = (=1)" - (=1)¢ and 5™ = 5" - 52" (mod 2%~%). This
implies that

m —n = 2't (mod 24772,

So the number of orbits of 2/(Z/2%Z)* is equal to the number of residue classes modulo
omin(he=i=2) Hence the total number of orbits of Z/2%Z is

a—[-2 a—
1Z/2°Z/Hy| = 1 + 1 + Z 2+ 2072 — ol — Iy + 1.
i=0 i=a—f-1

Case 3. Suppose that Hy = (=52 ') and 0 < i < @ — 2. For each element —2'5" with
1 < h <292 — 1, there exists an element 2/5" with 1 < m < 2% 2 — 1 such that
(=2/5")(=5%") = 2/5™ (mod 29).

Thus each element of {~25% | 1 < a < 2% — 1} belongs to a certain orbit of the set
{215 | 1 < a <272 — 1}. Hence it is enough to consider the group (—SZH) acting on
the set {257 | 1 <a <2 % —1}. Let x=25"and y = 25" € {2/5* | I <a <22 -1}
be in the same orbit. Then there is an integer ¢ > 0 such that

2i5m = 2i57 . (=527 (mod 29).
It is clear that r = 2¢;. Hence
m —n = 2't (mod 29772,

So the number of orbits of {2/5¢ | 1 < a <2972 — 1} is equal to the number of residue
classes modulo 2™"-@=i=2) Hence the total number of orbits of Z/2°Z is

a-1-2 a-2
1Z/2°Z/Hy| = 1 + 1 + Z 2+ Z 2072 ol — Iy + 1.
i=0 i=a—p-1

By the Cauchy—Frobenius—Burnside lemma,

o[22 N a-1+1) for Hy = (527,
Z(-x— 1’2 ): -1 —I-1 2l 9l-1
201 — [) + 29 for Hy = (—1) x (5¥) or (=527,

XEHZ/

This completes the proof of Theorem 1.3.
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