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Abstract

Let R be a normal subgroup of the free group F, and set G = F/[R, R]. We assume that F/R is
a torsion-free group which is either solvable and not cyclic, or has a non-trivial center and is not
cyclic-by-periodic. Then any automorphism of G whose restriction to R/[R, R} is trivial is an inner

automorphism, determined by some element of R/[R, R]. This result extends a theorem of Smel’kin
(1967).

When § is a non-cyclic free solvable group, we may write S = F/R’ where F
is free, R = &« (F) is the k-th term of the derived series of F, and R'=[R,R] =
8i.1(F). If « is any automorphism of S whose restriction to 8 (F)/8...(F) is
trivial, Smel’kin (1967) proved that « is an inner automorphism determined by
some element r € 8, (F)/8...(F); that is, for all x €S, a(x) = rxr~. His proof
involves an analysis of the way in which § is embedded in a certain wreath
product. The purpose of this note is to extend Smel’kin’s Theorem to a larger
class of groups of the form F/R’, where F is free of rank at least two and R is a
proper normal subgroup of F. Specifically, we prove that any automorphism of
F/R’ which acts trivially on R/R’ is inner, provided F/R is a torsion-free group
which is either solvable and not cyclic, or has a non-trivial center and is not
cyclic-by-periodic, The main tool we use is an application of the free differential
calculus to F/R' due to Fox (1953) and Magnus (1939).

Suppose M is a left ZG module, where G is a group. A derivation
D: G— M is a function which satisfies

D(uv)= D(u)+ uD(v)

for all u, v € G; it is determined by its values on any generating set of G. When
D is extended linearly to give' D: ZG — M, we have for all f;g €ZG

) D(fg)=D(f)e(g) + fD(g)
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where ¢: ZG — Z is the augmentation. When F is free and {X;: i € I} is a basis
for F then we may choose DX; € M arbitrarily and extend to obtain a derivation
D: F— M. In particular, define D;: F— ZF to be that derivation for which

_s _J1 i=]j
DX =8, = {0 otherwise ’
We note that, for all X € F,

2) .. X-1=2(D;:X)(X; - 1)

(since the left and right hand sides define derivations which agree on {X:: i € I}).
Now let R be a normal subgroup of the free group F, and set

G =F/R’; H =F/R.

Let {X:: i € I} be a basis for F, and define x; € G to be the image of X; € F. Let
T be the free left ZH module with basis {t.: i € I}. Under the canonical
homomorphisms F— G — H, T will also be viewed as a ZF or ZG module. Let
D: F— T be the derivation defined by

D(X) =2 D;(X)s.
Since R'=Ker D there are induced derivations
d;: G—)ZH, :G—->T

for which
9;(x:) = 8 d(x) =2 9;,(x)s.

It is a theorem of Fox (1953) and Magnus (1939) that 9: G — T is an injection.
We will exploit this fact in the remainder of this paper.
The group

R =R/R’
has a left ZH module structure with the action of H on R induced by
r—grg”t =r,
r eR, g € G. The restriction of é to R is an injective ZH homomorphism.

LeEMMA. Suppose H is torsion-free, and let g € G, r € R. Then [g,r]=1
implies g ER or r = 1.

Proor. We have 3[g,r] = (g —1)ar. If g& R, then the image of g -1inZH
is not a zero divisor. Therefore g& R implies dr = 0, whence r = 1.

CoRrOLLARY 1 (see L. Auslander and Schenkman (1965), M. Auslander and
Lyndon (1955)). If H = F/R is torsion-free, then G = F/R' has trivial center and
R = R/R' is a characteristic subgroup of G.
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ProoF. If [z,r] =[z,8] =1, where g € G— R and 1 # r ER, then z =1 by
the Lemma above. If @ € Aut(G), then [R, a(R)]= R N a(R). If [R,a(R)] =
1, then «(R) = R ; otherwise there is an 1 # r € R N a(R). Since [r,a(R)] =1,
a(R)=R.

COROLLARY 2. Let a € Aut (G) with H torsion-free. Assume that the
restriction of a to R is trivial.

(a) For all x € G, a(x)x 'ER.

(b) Ifa(x)=x"forsome (fixed) r € R and all x in a normal subgroup N of G
which contains R properly, then a(x)=x"= rxr™' for all x € G.

Proor. For each r € R and x € G,
x7'rx =a(x7'rx) = a(x)ra(x),

s0 a(x)x "' commutes with r. By the Lemma above, a(x)x '€ R.
To prove (b), let x EN — R and y € G. Now

1

ryxy'rTt = a(yxy ) =aly)xrla(y)

or y 'a(y) commutes with x'. Since y "a(y) € R and xZ R the Lemma above
1

implies that a(y)=ryr .

We can recognize elements of a(R) in T by means of the criterion which
follows; it appears in Bachmuth (1965) when G is free metabelian, and in
Remeslennikov and Sokolov (1970) for arbitrary G = F/R’.

PrOPOSITION (Bachmuth (1965), Remeslennikov and Sokolov (1970)). Let
t=3pt, € T. Then t = 3(r) for some r € R if and only if =p,(x; —1)=0.

ProoF. If t = dr, then p; = 9;r so =p;(x; — 1) = 0 follows from equation (2).
To prove the converse, select g; € ZG which maps to p; € ZH when p; # 0, and
g; = 0 otherwise. Put

q=2q,(x; —1).
Since q € Ker{ZG — ZH}, thereexist ry, - -, rm € R, s, -, Sm € ZG such that
2g;(x; —1)=q = Z(n — Dsw.

By equation (1),
8q = 02q;(x; —1)=2pt; =1

=92(r — Dsi = Z(3r)e (s¢).
Define

)

Then r € R and dr = t, as required.
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CoroLLARY 3. Suppose H is torsion-free. f rER, g€ G, tET satisfy
ar=(1-gh

then there exists s € R such that r = [s,g] = sgs~'g7

ProOOF. Set t =Zpt. If g € R then r=1=[1,g]. Suppose therefore that
gZ R. We have

(1-g)2p(x —1)=2(3r)(x, —1)=0
by equation (2). Since 1—g is not zero and not a zero divisor in ZH,
2pi(x; —1)=0 and ¢t = 3s for some s €ER. Using equation (1).
s, gl=0—g)as = or

and so r =[5, g].

We now prove the extension of Smel’kin’s Theorem stated in the introduc-
tion.

THEOREM. Suppose H = F/R is torsion-free. If either
(@) H is not cyclic-by-periodic and the center of H is not trivial, or
(b) H is solvable and not cyclic,

then the kernel of the restriction map Aut (G)— Aut (R) is Inn (R).

PrOOF. Assume that @ € Aut(G) and a(r) = r for all r € R. We must show
that « is inner. Define

D(x)=d(a(x)x™").

Note that a(x)x™ € R by Corollary 2(a), that D: G — 3R = T is a derivation,
and that a(x) = x" if and only if D(x)= (1 - x)ar. By Corollary 3, it suffices to
show that D(x) = (1— x)t for some ¢ € T, and by Corollary 2(b) it is enough to
verify that D(x) = (1— x)t for some t € T and all x in some normal subgroup of
G which contains R properly.

Since D(r)=0 for all r € R, D induces a derivation H—> 3R which we
again denote by D. It suffices to prove that there exists some ¢t € T such that

3) D(x)=(1-x)
for all x in some non-trivial normal subgroup of H.

Case (a). Let 1# z belong to the center of H. Then for all x € H,
D([x, z]) = 0 which implies that

(1-z)D(x)= (1 - x)D(z).

Since H is not cyclic-by-periodic, there exists an x € H which is of infinite order
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modulo (z). Then the image of 1 — x in Z(H/(z}) is not a zero divisor, and so
D()y=(1-z)
for some ¢t € T. It follows from equation (1) that (3) above holds for all x € (z).
Case (b) Since H is solvable, there exists a positive integer k such that
Sn(H)=1, S (H)#1

(that is, H has solvable length k, where 8,(H) is the k-th term of the derived
series of H). We will proceed by induction on k.

Suppose first that k = 1. Then H is abelian, and by case (a) we may also
assume that H is cyclic-by-finite. Since H is torsion-free, it has unique roots and
is locally cyclic. Let 1 # h € H and let {h;: i € I} be any generating set for H.
There exist relatively prime integers e(i), f(i) such that

) he®=hl®o el

There are then y; € H such that

for suitable integers m (i), n(i). Equation (4) implies that ¢ (i) divides m (i), and
we may replace h; by a suitable power of y; so asto assume e(i)=1and f(i)= 1
in (4). If {f(i): i €I} is bounded, then H is finitely generated and therefore

cyclic. This is excluded by hypothesis.
Since D is a derivation, (4) implies that

D(h)=(1+--+h!9D(h).

Therefore each ZH component of D(h) €& T has augmentation divisible by all
f(i), and so has augmentation 0. Thus D (h) € (1 — H)T. Since H is locally cyclic,
there exist g € H, s € T such that

D(h)=(1-g)s.
Choose z € H such that
g=2z° h=z"
where b is positive and a,b € Z. Then
DMh)=D@E*)=0+---+z2*")D(z)=(1-z°)

Stmce ZH is a free left Z(z) module (with basis any complete set of right coset
representatives of (z) in H), the equation above implies that D(z)= (1 - z )¢ for
some ¢ € T. Thus (3) holds for all x €(z).

For the inductive step, suppose that H has solvable length k = 2 and that (3)
is satisfied for derivations from non-cyclic torsion-free solvable groups of smaller
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solvable length. Then (3) holds for all x € H' if H' is not cyclic. We may
therefore assume that H' is cyclic.

Let K be the centralizer of H' in H. Then K is a normal subgroup of H
whose index is at most 2. Since the only torsion-free extension of a cyclic group
by a group of order 2 is necessarily cyclic, it follows that K is not cyclic. If K' = 1,
we are done by the induction hypothesis. Otherwise, 1 # K' =< H' so K’ is cyclic
and contained in the center of K. Thus K is nilpotent, so K/K' is not periodic
since 1 # K is torsion-free. Now case (a) applies to K, whence (3) is valid for all
x EK

We conclude this paper by noting that G has automorphisms which are not
inner but which act trivially on R, when H is cyclic. In this case, we can choose a
basis X U{X;: i € I} for F such that X& R, X; €R forall i € I. Then 4R is the
free left ZH = Z(x) module on {1: i € I}. Any automorphism of G whose
restriction to R is trivial fixes all x.. It follows that the map

al— Zed (a(x)x e,

induces an isomorphism from Ker{Aut(G)— Aut(R)}/Inn(R) to the free Z
module on {t,: i € I}.
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