ON THE CONTINUOUS SPECTRA
OF SINGULAR BOUNDARY VALUE PROBLEMS

C. R. PUTNAM

1. Introduction. Suppose that p(¢) > 0, that both p(¢) and f(¢) are con-
tinuous functions on the half-line 0 < ¢ < «, and that X denotes a real para-
meter. Only real-valued functions will be considered in this paper. Let the
differential equation

(1) L(x) + M =0, where L(x) = (px)’ — fx,

be of the limit-point type (3, p. 238), so that (1) and a linear homogeneous
boundary condition
(2.) x(0) cos @ + x'(0) (0) sin a = 0, 0<a<m,

determine a boundary value problem on 0 < { < o for every fixed a. Let
p(\) denote the unique continuous monotone basis functionon — o < A < o,
normalized by p,(0) = 0, determining the eigendifferentials associated with the
continuous spectrum, C, (3, pp. 238-251).

It is known that the set .S’ consisting of the set of cluster points of the spec-
trum, S,, is independent of « (3, p. 251). Furthermore, in the standard ex-
amples of equations (1), the set C, is independent of «; if, for example, f(¢) is
periodic, (4). The question was raised by Weyl (3, p. 252) as to whether the
continuous spectrum is invariant under change of the boundary condition
(2.), that is, as to whether the set C, is always independent of a. Although this
question will remain unanswered in this paper, except under a special assump-
tion, it still seems to be of interest to compare the various existing basis
functions p.(\), belonging to different values a. Except in explicit, special cases
(cf., e.g., 3, p. 264; 2, p. 59), very little seems to be known in this connection.
A contribution to some knowledge in this direction is contained in the following:

THEOREM (*). Let p(¢) > 0 and f(¢) be continuous on 0 < ¢ < « and suppose
that (1) is of the limit-point type. Suppose that there exist a fixed interval A and
two distinct boundary conditions (2.,) and (2..), a1 % as, such that A is in each
of the sets Co, and C,, and such that the basis funciion p., (N) is an absolutely
continuous function of pe,(\) on the interval A. Then

(1) the interval A is in the continuous spectrum C, for every boundary condition
20), 0 < a < 7;and

(i) the basts function pe, (\) is an absolutely continuous function of every basis
function pa(\) on the interval A (0 < a < 7).

Henceforth, for simplicity in notation, let p,(A) = po,(\) for & =1, 2. It
follows from (*) that, for any basis function p;(\) which is strictly increasing
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on an interval A, there are only two possibilities: on the fixed interval A, either
p1(\) is an absolutely continuous function of every basis function p,(\) (indeed,
the interval A is in the continuous spectrum of every boundary value problem
(1), (24) in the case (i)) or p: () is not an absolutely continuous function of any
(other, existing) basis function p,(\) for which A is in C,.

2. Proof of (i) of (x). Let ¢(¢2, \) = ¢ (¢, \, i), for & = 1 and 2, be solutions
of (1) satisfying

(3) #:(0,\) = —sinay, p(0) ¢'(0,) = cos a.
Then the eigendifferentials are given by

(4) d®(t, N) = ¢x(t, N) dpr(N),

where

I Gaoran = o,

0

for arbitrary & (see 3, p. 249). Let @ 5 a1, az and let ¢ (¢, \) = ¢ (¢, A, a) be the
solution of (1) satisfying

(5) ¢(0,\) = —sina, $(0) ¢'(0,\) = cosa.

It will be shown that the interval A of theorem () is in the set C,. To this end,
suppose, if possible, the contrary. Then there exists a subinterval of A, say §,
such that § has no points in common with the (closed) set C,. Clearly, there
exist continuous functions 4;(\) and 4.(\) such that

(6) ¢, N) = Ai(N) ¢1(8, N) + Aa(N) ¢(4, N).

Since p;(M\) is an absolutely continuous function of ps(A) on 4, it follows
(Radon-Nikodym) that there is a function B = B()) such that

(7 dp:(\) = B(\) dp2(\) on A.
It is clear from (7) that
®) Jy B in < o

(It is understood, of course, that if B is zero for some values A, then, in the
integrations with respect to p;, the set § can be replaced by a set 8’ such that
B > 0on ¢ and f;, dp1 = fa dp1.) Next, define the function M (¢) by

©) 1@ = [ B0 6,0 ),
so that, by (6) and (7),
(10) 1@ = [ 4B gudp+ f A:B s dps.

In view of (7) and (8), the inequality (¢ + b)? < 2(a? + b?), and the properties
of the eigendifferentials (4), one has
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(11) f M) dt<2f (A7 B 4+ 4% dpy < o,
0 8

so that M (¢) is of class L2[0, =). Moreover, M is differentiable and

(12) M) = — (sina) LB—% dpi, p(0) M’'(0) = (cos ) L B dp,.

Since each of the integrals of (12) is clearly different from zero, M(¢) = 0.
It will be shown that M (¢) is orthogonal to all eigenfunctions and eigen-
differentials belonging to the boundary value problem determined by (1) and
(2.), and a contradiction will thus be obtained.

Let u denote an eigenvalue on & = [\;, 2] of the boundary value problem
(1) and (2,). It will be supposed that A; < u < \s; the treatment in case u is
an end-point will be clear. Let §, denote the set of values N: [Ay, p — 1/n]
+ [# 4+ 1/m, N\] (= large), and define M, (¢) by

(13) M,(t) = J; B ¢ dps.

It will be first be shown that

(14) JTmowa=o,
0

where £(f) denotes an eigenfunction belonging to u.
The functions ¢ and £ satisfy the equations

(15) L(¢) +Xp =0, L) +pt=0
(cf. (1)), and hence for every T > 0,
(16) Jerw - sz@ra= - [ oa

Moreover, an integration by parts shows that, for any two functions x, y
possessing continuous second derivatives on 0 < ¢ < =,

T

a7) J L)~ yL@1dt = pey — )

(3, p- 223). An application of Fubini’s theorem for the interchange of the order
of integration shows that

(18) fo TMnS dt = J; ] (J;Tqbé dt> B ¥ dpy,

where M, is defined by (13). Relation (18) implies, as a consequence of (16),
(17), and the fact that M, and £ satisfy the boundary condition (2,), that

a9 [ mga= [ 8@ D)
— (T, 1) £ = VB d (V).

0
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If A = A(2) is defined by

(20) 40 = [ 66 =N B0 dah),
it is seen that

1) Jaoa<e [ @ist+ae- 0t <
and that

(22) fom(L(A))zdt <2 ‘L A BT AN — N Tdo < o

(3, p. 249, and relations (7), (8), and (11) above). Relation (19) can be ex-
pressed as

(23) J; Mt dt = p(D)[A'(T) &(T) — A(T) (1))

It follows from (21) and (22) and the fact that £ and L(£) also belong to class
L?[0, =) that the expression on the right side of (23) tends to zero as " — «
(3, pp. 241-242). Consequently, relation (14) now follows.

Next, it will be shown that

(24) J:OM(t) E() dt = 0.

In view of (14), it is sufficient to show that

25) fm(M(t) M) dt—0, asn— w.
0
However,
ut+l/n
-t = [ a0 B dn(y)
p—1/n

and hence
wt+1/n

26) [ar-mya<e [ @i + a2 dn
0 w

—1/n

The right side of (26) tends to zero when # — « and relation (24) now follows.

It remains to be shown that M (¢) is orthogonal to all of the eigendifferentials
of the boundary value problem (1), (2,). To this end, it is convenient to assume
that &§ = [—A1, A1], where A; > 0. (That this may be assumed without loss of
generality is clear from the fact that the continuous spectrum is merely
translated by a constant v if f is replaced by f + v.) If the set C, is not empty,
then the eigendifferentials are given by

21) N=NGD= [ 860d0), s0) =),

where J is an arbitrary (say, closed) \-interval. Since the closed interval &
contains no points in common with the set C,, it is sufficient to show that
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28) fo MO NG T dt =0

for all closed intervals J having no point in common with é.

Consider then an interval J = [u1, u2], where A\; < p;. (The case in which
pe < —A; can be treated similarly and will not be considered separately.)
Suppose then that A is in § and that p is in J. It follows from the equations

and the relations (16) and (17) that

G0) 6N gl

=p(D)[¢' (T, \) ¢(T, 1) — ¢(T,\) ¢ (T, )] (w — M)
It follows readily from (30) that
GU [ MONG D) d = 3 p(DIAL D) BAT) - 4u(T) B (D)
where M, N, A,, and B, are defined by (9), (27), and

62) 40 = [ NBI0) 66N a0, B0 = [ olw) x T dow).

(The interchanges of the order of integration together with the interchange
of the summation and integration are readily seen to be justified.) Relation
(17) implies

(33) (DAL (T) Bu(T) — 4.(T) B/ (T)] = fo [B, L(Ax) — Ax L(By)] dt.
By the Schwarz inequality,

fOTBnL(An) dtl < (fomB/ dt); (f(L(A,,»?d;)%.

From (32) and the fact that J = [u1, p2],

(35) [Bra< f S dp () < gD fldpw < o

Furthermore, relations (6), (7), and (10) imply that

(34)

(36) L(4,) = — fé N 4B ¢y dpy — J; Nt A4, B ¢ dps.

Hence (cf. (4)),
(37) J‘w(L(An))Z dt < 2 f N Q2B + 4. do
0 ')

< 2\ J; (A B '+ 4.0 dpy < .
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In particular, the functions B, and L(4,) are of class L?[0, «), while a similar
analysis shows that 4, and L(B,) are also in class L?[0, ). Consequently,
each term of the summation of (31) satisfies

(38) P(T)[44'(T) Bu(T) — 4.(T) B/ (T)] = 0, as T — o

(3, pp. 241-242).
It now follows from (35), (37), and the inequality Au;~! < 1, that

>
n=N

— 0, asN — o,

T
f B, L(4,) dt
0

holds uniformly in T ( T < ). Similarly,

<
o) T
> J;A,LL(B,I)dtlﬂO, as N — o,
n=N
holds uniformly in T (0 < T < «). Hence, the series on the right side of the
equation (31) tends to zero as T'— « and so (28) follows. Thus the function
M(#) of (9) is orthogonal to all eigenfunctions and eigendifferentials of the
boundary value problem determined by (1) and (2,) and, as remarked earlier

in this section, a contradiction is obtained. This completes the proof of part (i)
of (%).

3. Proof of (ii) of (x). Let ¢ be defined as in §2, and let d® denote the eigen-
differentials, so that
(39) d®(t,N) = ¢(t, \) do(N).

Let M (¢) = M;(¢) be defined by (9) where, now, § is any interval contained in
A. Then, by (3, pp. 250-251), the function M;(¢) has an expansion

(40) M0 = Tan® + [ s02dro),

where the ¢; denote the eigenfunctions of the boundary value problem (1),
(2.) and the ¢; and dT'(A) are given by

41) ¢ = f M;(t) ¢(t) dt, 8T = J‘ M;(t) &' ® dt (&' arbitrary).
0 0
In view of the uniqueness properties associated with the expansion (40),
however, it follows from (40) and (9) that ¢; = 0 and
(42) B(\) dp(\) = dT' (M)

holds on the interval 8. Thus, provided &’ is contained in §, relation (42), the
second relation of (41), and the Schwarz inequality imply

43) J; Bl dp < < fo M) dt>%( J; m(a'cb)zdty.

Henceforth, it will be convenient to put é’ = é. From the properties of the eigen-
differentials (39),
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(44) Lw(w)? dt = op.

It follows from (43), (44), (11), and the Schwarz inequality that

45) (Z fsB‘%dpl>2<2<Z fa(A{"B“JrAf)dm)(Z Ldp>,

where the summations are taken over any sequence of intervals § contained in
A. Let Z denote any subset of the interval A for which

f dp(\) = 0.
zZ
It follows readily from (45) and (8) that

<fz B7H(\) dp1(>\)>2 < const. fz dp(\) = 0;

f dpy = f B*B % dp, = 0.
z zZ

Thus the variation of p;(\) is zero over any set Z over which the variation of
p(\) is zero. Hence p;(\) is an absolutely continuous function of p(\) (that is,
by the Radon-Nikodym theorem, there is a function C(\) such that
dpi(\) = C(\) dp(N)) and the proof of (ii) of (%) is now complete.

hence,
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