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A NEW VARIATIONAL METHOD FOR THE p(z)-LAPLACIAN
EQUATION '

MAREK GALEWSKI

Using a dual variational method we shall show the existence of solutions to the Dirich-
let problem

- diV(IVU(I)Ip(x)~2VU(x)) = Fu(z,u(z)), u € WS*®(@)
(0.1) z(y)lon = 0.

without assuming Palais-Smale condition.

1. INTRODUCTION

We shall show the existence of solutions to the Dirichlet problem

—div(|Vu(@) " Vu(z)) = Fu(3,u(z)), u € W3*(0)
(1.1) u(z)|on = 0,

by using a dual variational method. Here  C R¥ is a bounded region, p, ¢ € C(), and
1/(p(z)) +1/(g(z)) = 1 for z € €, and Wy ™ (Q) denotes the generalised Orlicz-Sobolev
space, see [5, 3]. Let p~ = ilelg p(z). We assume that p~ > 2.

Variational problems with (p,q)—growth conditions have been studied in the last
few years, see (4, 6] and references therein. Problems with (p,q)-growth conditions
are applied in elastic mechanics and electrorheological fluid dynamics, see [9, 10] and
references therein.

We construct a variational method which applies in the super-critical case without
assuming a type of Palais—Smale conditions. Thus we think that our approach may shed
new light on the study of Dirichlet problems with non-standart growth conditions. The
case of subcritical growth is considered by using theory of monotonne operators in [4].
But in [4] a type of the Palais-Smale condition is assumed in order to obtain the existence
of solutions in the supercritical case. The elliptic systems are considered in [6], where the
ideas from [4] are applied. We shall make use of the duality theory for convex functions,
see {2]. But since we need the convexity of F' (the primitive of F, with respect to the
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second variable) only on some interval, our approach seems to unite both super- and
sub-critical cases. In the derivation of the dual variational method, we use some ideas
developed in (8] for ordinary differential equations with super-critical growth.

In what follows Cg denotes the best Sobolev constant

l[ellpe) < CsllVullpe) for all u e Wy@(Q).

Since W *®(Q) is continuously embedded into WZ*™ (), ([3]), we denote by C; and C,
the following constants ’

(1.2) IVullp- < C1ll Vil
(1.3) I;lg%clu(z:ﬂ < Col| V||~ for all uw € Wy P (Q)

We make the following assumptions.
F1. vol(Q) < (1/p~ + 1/¢7)~!, and there exist a function Z € C}(Q) such that
F.(-2(")) € L*(Q) and

Cs ess sup 21

z€eN

F, (x, ilelg [E(s) I)

Let ,
I= [— supl2($)|,sup|2(z)l].
€N z€N

F2. F:Qx1Iand F, : Q x I are Caratheodory functions, F is convex in u for
almost all z € 0, and moreover

(1.4) C,C»C5s ess sup
€N

Fu(z,sup[z(s)]) | < sup|z
(= §gg|Z(s)l)1 sup|(s)

F3. Fu(z,0) # 0, for almost all z € Q, and the functions z ~» |F(:r, O)| and

z — |F*(z,0)] are integrable. Moreover for almost all z €

(1.5) <

F, (x, —igg|2(s)|)

F, (z,flelglf(é‘ﬂ) '

These assumptions make F : 2 x I — R convex and lower semi-continuous, where F*
denotes the Fenchel-Young conjugate of F, see [2].

Equation (1.1) is the Euler-Lagrange equation for the functional J : W,*®)(Q)
- R, ([4])

— 1 r(z)
J(a:)-‘/‘;RBIVu(zﬂ dz—/ﬂF(z,u(x)) dz.

With the growth conditions given above J is not well defined on Wy**(Q). We shall
construct a subset of Wo*™ on which the integral / F(z,u(z)) dz is finite.
Q
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We invesitagate J, together with its dual functional Jp : W — R given by

JD(v)=AF'(x,—divv(x)) d:z:_/r;ﬁh(x)'q(z)dz,

here W = {v € L=(Q) | divv € L1=)(Q)}.

The method which we use is based on the definition of the set X, see relation (2.2).
In its abstract formulation it is used in topological methods, compare with [1] where a
set similar to our set X is constructed but the existence result is obtained via a fixed
point theorem. We investigate J on a set X and Jp on a set X¢ dual to X in a certain
sense. On these sets we look for critical values and critical points of both functionals.
Having established the relationship between the relevant critical point we get the solution
to (1.1).

2. DUALITY RESULTS

We shall seek solutions to (1.1) in the form of a pair (z,v) € W,” E)Q x W) such
that

qu(z)Ip(z)_ZVu(z) = v(z),
(2.1) —divu(z) = F,(z, u(z)).

The system (2.1) may be viewed as a Hamiltonian system, and will be obtained with the
aid of a duality theory describing relations between critical points (that is, a variational
principle) of a certain kind and critical values (that is, a duality principle) of the action
and dual action functional.

In order to develop the duality theory for functionals J and Jp we shall construct
certain nonlinear subsets of the spaces Wy *® () and (Wy? (’))* on which we shall look
for critical points.

We define X to be the set of functions u € Wy () such that

, div(|Vu(.)|”""2Vu(-)) € L®(9), and

llull Loty < Cs ess sup F, (z, iggIE(S)I)
u(z) € [— supl'z’(s)|,sup[7(s)|] almost everywhere.
sEN s€l
We also define the set X such that for all u € X the relation
(2.2) div(|va(z)|"””va(z)) = F,(z,u(z)).

implies u € X.
PROPOSITION 2.1. X =X.
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PrOOF: Take any w € X. The solution z € W, " (Q) to

_dlv(qu(x)Ip(z) 2Vu(:v\> Fy(z,w(z)),
u(z)lon =0,

exists by [4, Theorem 4.2]. Indeed, by F1, F2, and F3 we get for any w € X

F, (a: —sup|z |) :1: w( :c)) (z sup|z |) for almost all z € Q.

Thus F, (-, w(-)) € L*®(£2) and [4, Theorem 4.2} applies.
From the relation ,

/n—div(|Vu(z)|p(z)'2Vu(x))u(x) dz = /S;Fu(ac,w(z))u(x) dz,
we obtain

/Q}Vu(zﬂp(z) dz < /Fu (z,2(z))u(z) dz

< ess sup iF z sup[z l/]u(z )| dz
z€Q
< (;1_- + ;I'lt) vol(2) esies;;m F, (z,s;telgli(s)l) lullpz)-
So A
/Q]Vu(x)I”“) dz < Cs.esies‘;lp F, (-’c, iggIE(S)Dl IVullyz -
Since
IVullpy <1 @/IVU(:&:)IP( Vdzr < 1

we obtain by the assumptions that for || Vulf,,, <1

IVull. ., < Cs ess Sup F, (a: suplz(s |)

p(z) =

If /iVu(a;)Ip(z) dz > 1 we get /]Vu z)]p(z) dz > HVu”p(z) S0
. .

P~ -
1Vullyey < IVullyy’ < Os ess sup | (. supl2(5) )|

By direct calculations using inequalities (1.3) and (1.2) we obtain for all z €

- 1
(= splt9))| > Vsl > 5 1901,

1 1
> oc; W e > gl

Cs ess sup
z€Q
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So by the assumptions for almost everywhere X € Q

|u(z)] < C1C5Cs ess sup (X suplz s)l)( sup| |
Xeq .

Thus u € X and we may put X = X. 0

From now on we shall consider functional J on the set X. The dual functional Jp
will be considered on a set X¢ which is the set of those v € W for which there erists
u € X such that

—divu(z) = F;(z, u(z)).

Moreover for any v € X¢ there exists exactly one u € X and for any u € X there
exists exactly one v € X9,

We have the following lemmas.

LEMMA 2.2. There exists a constant v such that for allu € X

LF(z, u(z)) dz

PROOF: By the convexity of F' we get for almost all z €

<7

F(z,u(z)) < F(z,0) + Fu(z, u(z))u(z).

Thus by the assumptions

I/F(xuz) )dz| <

/le0|dz+ Fu(z,u(z))u ()’dz

< /ﬂlF(x,O)ldx+§1€1g|_Z_(3)|/Q

LEMMA 2.3. There exists a constant i such that for all v € X¢

/F‘(:c,—divv(:c)) dz{ < n
0

F, (:c,iggﬁ(s)l) dz =

PrOOF: We need only show that the integral
/n F*(z,—divu(z)) dz
is finite for any v € X?. By the convexity of F we get for almost all z €
F*(z,-divu(z)) < F*(z,0) + £(z) (- divu(z)),

where £(z) € 8F*(z, — divu(z)). Since v € X9, it follows that there exists u € X such
that
~divy(z) = Fy(z, u(z)).
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Thus by convexity u(z) € 8F*(z, — divv(z)). By the assumptions

/F‘ z, — divo(z)) da: /lF"(x 0) |d:r+/|u -|—divo(z)| dz

<
0

From the above lemmas it follows that J and Jp are well defined on X and X¢. We
consider a functional J# : X x X¢ — R given by the formula

F*(z, 0)| dr + supl"
s€N

F, (a:, 228|E(s)|) dz = 1. 0

J# (u,v) =/F"(a:,—divu(a:)) d:z:+/p(—lx—|Vu(x)|p(z) dz—/Vu(:z:)v(a;)d:z:.
o

In the proof of the duality principle we shall make use of the following lemmas.
LEMMA 2.4. Foranyve X¢

i # —
‘}g)f(.] (u,v) = Jp(v).

PRrROOF: Fix v € X% We obtain by a Fenchel-Young inequality

sup{ [ V@@ s - [ —|vu@l da} < g [ futa)[ e
= —_— q(z)
(2.3) _ Aq(z)|v(z)| N

By the definition of X4 for a given v € X there exists u, € X satisfying
(2.4) |V (2) PP 7V () = v(z).
Indeed, by definition for a given v € X¢ there exists © € X such that
—divu(z) = F,(z, u(z)).
By relation (2.2) in turn for this u there exists u, such that
- div(IVu,,(x)lp(I)-2Vu,,(z)) = F,(z,u(z)).
Thus we can define u, by (2.4). Relation (2.4) and the convexity relations give
AﬁlVUu(x)V(z) dzr + /‘; q—(;—)lv(:r)r’(z) dz = /‘;Vu.,(z)v(z) dz.
By the above
—J#(u,,v) = / Vu,(z)v(z) dz — / —I—)IVu,,(z)F(z) dz — / F*(z,—divu(z)) dz
(2.5) / q(z)lv ()| dz — /F‘(z - divv(z)) dz
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As a consequence of (2.3) and (2.5) we have

~Jp(v) = =J#(uy,v) < sup ~J#(u,v) < —Jp(v). 0

LEMMA 2.5. Foranyue X
inf J#(u,v) = J(u).

veXd

Proor: Fix u € X. We obtain by the Fenchel-Young inequality
(2.6) sup {/ (- divv(z))u(z) dz — / F*(z, - divo(z)) dz}
vE (Wol"’(')). o f

<fe[il(lg(n){/ u(=)f (=) /F = (e da:}

< sup /F(zu d:r—/qu )) dz.

feLa=)(Q)

By definition of X? we get there exists v, such that
—divwy(z) = Fy(z,u(z)).

By (2.7) and using the convexity of F we get
~J#*(u,v,) = /( divv,(z))u(z) dz - / F*(z,—divuy(z)) dz - / —1—|Vu(:c)|p(:) dz
] n p(2)
2.7 =/F:z:,u:z: dz—/—Vuzp(z)dz=—Ju.
(27) [ P ua) e - [ o5 |Vut) (@)
As a consequence of the above relation we obtain by (2.6) and (2.7)

~J(u) = /Vu(x)vu( )dz — / |Vu(:z: !p(z)dz /‘)F‘(z,—divvu(:c)) dz

f;ﬂ‘;{ / Vu(z)v(z) dz — / F*(z, —divo( a:)) dz}

-, pmlv @[ dz < -J(w).

0
THEOREM 2.6. (Duality Principle.)
Inf J(u) = inf Jp(v).
PRoOOF: By Lemmas 2.4 and 2.5 we obtain
- # _ #
32§ J(u) = Jg)f( ”161;!' J¥(u,v) = g{fd Jgf J* (u,v) = "}{a Jp(v). 0
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3. VARIATIONAL PRINCIPLES
We shall use the duality results to derive necessary conditions for the existence of

solutions to (1.1).

THEOREM 3.1. (Variational Principle.) Suppose that there exists T € X such
that

—oo < J(T) = dg{](u) < 0o0.

Then there exists 7 € X¢ such that

(3.1) —divi(z) = F,(z,(z)),

(3.2) |Va(z) "**va(z) = v(z).
Moreover

(33) inf Jp(v) = Jo(8) = J(8) = inf J(w).

PROOF: Since T € X, we may take U € X¢ such that
—divd(z) = F,(z,3(z)).
Thus (3.1) holds. By (3.1) and by the Fenchel-Young inequality we have
J(@ = /
(@) e
/ (— div(z)) Va(z) dz + / F*(z,-dive(z)) dz + / —1-—1Vﬁ(x)|p(:) dz
a a p(z)
= —/ (z)Vu(z) dz + / —1—-—|Vﬂ(z)|p(z) dz +/ F*(z,-divo(z)) dz
a a p(z) 0
> —/ -1—|ﬁ(z)|“z) dz + / F*(z, — divo(z)) dz = Jp(7).
a4(z) 1]

@ |Vu(a:)|p()dz /F:cu z)) dz

Hence J(u) > Jp(7). By Theorem 2.6 it follows that J(z) < mf Jp(v) < Jp(v). Hence
J(@) = Jp(v) and

(3.4) /n ;é—)|va(z)|’"’ dz — /,, F(z,1(z)) dz
= —/ e )IVv(z)r'(z) dz+/ F*(z,—div(z)) dz.
By {(3.1) and (3.4) it follows that

L ul rz) 1 = q(z) _ _ _
@) V(=)™ + 7| V@ =9@)Vata).
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Hence (3.2) holds. Assertion (3.3) follows by Duality Principle and since J(@) = Jp (7). O

A similar result may be derived for minimising sequences. Theorem 3.2 may be
viewed as an e-variational principle and it will be used in the proof of the existence
theorem. It differs from Theorem 3.1 in relation (3.2), which is now presented in a
e-subdifferential form.

THEOREM 3.2. Let {u;}, u; € X, j € N be a minimising sequence for J and
let —o00 < iélAf'/J(u,-) < oo. If for v; € X4, j € N we have
i

(3.5) —divv(v;) = Fu(z,u;(z)),
then {v;} is a minimising sequence for Jp. For any ¢ > 0 there exists jo such that for
J2Jo
x 1 x
(3.6) o</ |vu, ()| )dz+/——|vj(z)|°‘ )dx—/u,-(a;)vuj(z)dzgs
ap(z a 9(z) 0
Moreover

(3.7) inf Jp(v) = ]_lél{/JD(’Uj) = .}2;( J(u) =}3,{/J(uj)'

vexd

PROOF: Since u; € X for j € M we obtain that there exists v; € X? such that (3.5)
is satisfied. We shall show that {v;} is a minimising sequence for Jp. By the above and
Fenchel-Young inequality we obtain reasoning as in the proof of Theorem 3.1 that for
any j e N

(3.8) J(u;) 2 Jp(vj).
By the Duality Principle and (3.8) we get
mf JD(vJ) lnf Jp(v )=Jé‘§ J(u) =jié1{,J(uj) p }g{/JD(vj).

Thus we get (3.7) and it follows that {v;} is a minimising sequence for Jp.
Let us take arbitrary € > 0. It follows that there exists j, such that for j > j, we
have
J(u;) < ,-‘é‘/fr J(u;) +e.

By (3.8) it now follows that for j > j, we have Jp(v;) < }gff J(u;) +¢€. So
Jp(v;) < J(uj) < mf J(uj) + € < Jp(vj).

Thus we get (3.6) using the definitions of J and Jp. 1]

https://doi.org/10.1017/50004972700034870 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700034870

62 M. Galewski [10]

4. THE EXISTENCE OF SOLUTIONS

We shall show that there exists an element @ € W, () which together with
a corresponding 7 € W satisfies system (2.1). We shall make use of the e-variational
principle for minimising sequences and the construction of sets X and X¢. It is not
the existence of the minimising sequences that is a really difficult to establish, but their
convergence to the pair satisfying system (2.1). Here the duality theory plays again an
important part.

THEOREM 4.1. There exists a pair (%,T) € W *®)(Q) x Wsatisfying the system
(2.1), that is,

(4.1) |Va(2) [P Va(z) = o(z),

(4.2) —divo(z) = Fu(z,u(z)),

(4.3) inf Jp(v) = Jp(@) = J(@) = inf J(u).
veXd uex

Proor: We first show that J is bounded from below on X. From Lemma 2.2 it
follows that

1 (2)
Jm=/————Vu:cp dx—/Fa:,u:c dr 2 —
@ = [ si51vu@l s - [ Flau)
Now we put b = J(z) for a fixed zo € X and consider the Lebesgue set
Sy={reX:J(z)<b}.

By a direct calculation we get for all z € S,
1 p(z)
—|Vu(z dr <b+7.
[ 5219u@) .

It follows that Sy is relatively weakly compact in Wol P (z)(Q). Thus we may choose in S,
a weakly convergent minimising sequence {u;} for a functional J. This sequence is up
to a subsequence strongly convergent in L*” (2) and thus convergent almost everywhere.
We denote its limit by . We may now observe that J is weakly lower semicontinuous on
Sp. Indeed,

WP (Q) 5z —->/ |Vu lp(:) dre R
being convex and lower semicontinuous is weakly lower semicontinuous ([2]). Since the
limit
lim [ Fy(z,uj(z))dz = / Fy(z,u(z)) dz
J—00 Jq n
exists we get

(4.4) lim inf J(u;) > J(T).
j—+o0
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Thus J(z) = ‘}g)f{ J(u).

We now choose the sequence {v;} in such a way that v; € X9 for j € A and
(4.3) —divvj(z) = Fu(z,ui(z)).

We investigate the convergence of {v;} and {— div v;}.

From relation (4.5) we obtain that {— divv;} is convergent almost everywhere to a
certain function w(z) = F,(z,%(z)). We observe that w € L*(Q). From Theorem 3.2 it
follows that {v;} is a minimising sequence for Jp and we get for j sufficiently large and
a fixed £ > 0,

/p(z | Vus( )]p(z)dx—/F(:c,u,-(z))dz
0
_/QF‘(:::,—divv,-(z)) dz+/Q;(1;)-|vj(x)|q(z)dz<e

By the above, by definition of {u;} and by Lemma 2.3 it follows that {v;} is weakly
convergent in L% (). We denote its limit by 5. We show that divs = w. Since C°()
is dense in Wy (), ([5]), we may proceed as follows. We take any f € C§° () and
calculate

J—)w

/Vf(z)ﬁ(z) = lim [ Vf(z)vj(z)dz
Q )

= —lim f(z) divv;(z) dz

j—oo

/f w(z) dz

Thus by the Euler-Lagrange lemma for mutliple integrals, ([7]), we get divy = w and so
relation (4.2) holds .
By Theorem 3.2 and relation (4.5) it follows that

lim inf (/ g [Vu,(x |p(z) dz+/ (1)|vj(:r)|q(z) dz—/vj(a:)Vu,-(z) d:c) =0.
) )

j—o00

Thus

0 2 lim inf (/‘; ( )|Vu,(z)lp(z) dx+/ ];L.)|Uj($)|q(2) dx—/nvj(:n)V'u,-(z) dz)

j—oo

1
S lim i ) p(z) . / ] q(z)
= llm lnf "'—-( ) I Uu](z)l dI + llm klnf _q( ) I'UJ(.’L')I d.’l:

j—oo ol

+ lim /divv,-(z)u,-(z) dz

J—o0 0

1 . \p(@) 1, @ s
;/nﬁlwl(z)l dz+/n-q(7)|u(:c)| dx+/ﬂdlvv(x)u(z)d:c>0
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The last relation follows by the Fenchel-Young inequality. Hence
| TP /_ - /1_ 4(z)
—|Va(z)|" dz — | B(2)VE(z)dz + | —|v(z dz = 0.
7o e o L

So (4.2) is satisfied. Relation (4.3) follows by Duality Principle, (4.4) and since
Jp(7) = J(@). 0
COROLLARY 4.2. There exists @ € X such that

- div(|Vi(a:)|p(x)—2Vﬁ(:c)) = F,(z,u(z)),
J(@) = inf J(u).

ProoF: It suffices to prove that limu; = & € X in the proof of Theorem 4.1.

j—+00
Indeed, we must show that
(4.6) @l eeyay < Cs ess sup Fu(z, Sup!E(S)I) :
z€eN S€Q
(4.7) u(z) € [— suplE(s)],supi‘z‘(s)H almost everywhere
S€Q $€N
and
(4.8) - div(|va(-)|”<”'2va(-)) € L®(9).

We infer that

F, (:c, s;\;g|2(s) l) l

uujuu(z)(n) < Cs €ss sup
zelt

for all j and

lim Jl_f}go luill ooy 2 1Tl oty

Thus (4.6) holds. By definiton of the sequence {u;} we also get
|uj(z)| < sup|7(s)|.
seN
Since {u;} is convergent almost everywhere, we get (4.7). To prove (4.8) we observe that

Fu(z,%(s)) < Fu (m, iggIE(S)l)

for almost all z. O
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