
LINEARLY STABLE POLYTOPES 

P. McMULLEN 

1. Introduction. Our aim in this paper is to describe a new class of convex 
polytopes, which will be called linearly stable. These have properties analogous 
to those of projectively stable polytopes (called projectively unique by 
Grunbaum (1, exercise 4.8.30)), which were first investigated early in 1966 by 
Grunbaum and Pedes. Although many particular examples of projectively 
stable polytopes have been found, at present no general criteria for projective 
stability are known. 

The main result of this paper is a theorem which enables us to classify 
linearly stable polytopes completely. 

I wish to thank Professor G. C. Shephard for his many helpful suggestions 
for improvements to this paper. During the period of this research I held a 
research studentship, for which I would like to thank the Science Research 
Council. 

2. The main theorem. The definitions of Grunbaum's recent book (1) 
will be followed throughout the paper. All {/-polytopes (^-dimensional convex 
polytopes (1, § 3.1)) will be assumed to lie in ^-dimensional Euclidean space 
Ed, unless the context demands otherwise. The polytopes which are the subject 
of the paper are mainly centrally symmetric (1, § 6.4) ; the centre of symmetry 
will always be taken to be the origin o. Throughout the paper we write 
c.s. for "centrally symmetric". 

Two c.s. polytopes P\ and Pi are said to be linearly equivalent if there is a 
non-singular linear transformation A such that P\A = P2. Clearly Pi and Pi 
are combinatorially equivalent (1, § 3.2), that is, there is a one-to-one inclusion-
preserving correspondence between the faces of P\ and those of Pi. A c.s. 
polytope is called linearly stable if every c.s. polytope which is combinatorially 
equivalent to P is linearly equivalent to P. 

The regular d-cube Cd is 

Cd = {x = (Si, . . . , y G Ed | |É,| ^ 1, i = 1, . . . , d). 

Clearly Cd is centrally symmetric, and any polytope linearly equivalent to Cd 

will be called a d-cube. (Strictly we should call it a d-parallelotope.) The symbol 
Cd will, however, be reserved for the regular d-cube. Cd has 2d vertices, whose 
coordinates are ( ± 1 , . . . , ± 1 ) , with all possible changes of sign. 

The theorem which enables us to classify the linearly stable polytopes can 
now be stated. 
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(1) MAIN THEOREM. A centrally symmetric polytope is linearly stable if and 
only if its vertices form a (centrally symmetric) subset of the vertices of a d-cube. 

3. Examples. Before proceeding with the proof of the Main Theorem, we 
give a few examples of linearly stable poly topes. For this purpose, the Main 
Theorem and results of subsequent sections will be assumed if necessary. 

Apart from the d-cube itself, the most obvious example of a linearly stable 
polytope is the d-cross-polytope Xd, defined by 

Xd = {x = fe, . . . , Q G Ed | | a | + . . . + |fd| ^ 1}. 

Xd is the dual of Cd (1, § 3.4), hence the fact that it is linearly stable follows 
from proposition (2) below. However, since Xd has 2d vertices, of which any 
subset of d not including a pair of opposite vertices is linearly independent, it is 
easy to find a linearly equivalent polytope whose vertices occur among those of 
Cd. For example, an octahedron Xs may be constructed by eliminating a pair 
of opposite vertices of the cube C3. 

Since the Cartesian product Cd X Ck of two cubes is also a cube 

(Cd X Ck = (?+*), 

it follows from the Main Theorem that the Cartesian product of linearly stable 
polytopes is linearly stable. 

C3 and Xz are the only linearly stable 3-polytopes; in four dimensions, there 
are five (apart from C4 and X4) , one of which is X3 X C1. Using the Main 
Theorem, these may easily be constructed. 

4. An equivalent formulation. A particular example of a dual of a c.s. 
J-polytope P in Ed is given by the following construction. The polar set P* of P 
is defined by 

P* = {y £ Ed\ (x, y) ^ 1 for all x Ç P ) . 

((x, y) is the usual inner product in Ed.) Then P* is a c.s. d-polytope dual to P 
(1, Theorem 3.4.4), and (P*)* = P . For each face F of P , define F by 

F = {y e P* | (x, y) = 1 for all x G F}. 

Then F is a face of P*, and the map F —» F yields the one-to-one inclusion-
reversing correspondence between the faces of P and those of P*. We have the 
following result. 

(2) PROPOSITION. Let P be a linearly stable d-polytope. Then its dual P* is 
linearly stable. 

For, let Pi* be a c.s. polytope combinatorially equivalent to P*. Then the 
dual Pi = (Pi*)* of Pi* is a c.s. polytope combinatorially equivalent to P , 
and thus, since P is linearly stable, there is a non-singular linear transformation 
A such that P^4 = P i . If we let ^4* be the adjoint transform of A, defined by 

(xA,y) = (x,yA*), 
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for all x, y G Ed, then A* is also a non-singular linear transformation, and it 
follows from the definition of P* that Pi*4* = P*. That is, Pi* is linearly 
equivalent to P*, which proves the proposition. 

A set of facets {{d — 1)-dimensional faces) of a c.s. d-polytope P is said to be 
linearly independent if the corresponding outer normals to the facets are 
linearly independent. Since a facet of P corresponds to a vertex of the dual P*, 
this implies that the corresponding subset of vert P* (the set of vertices of P*) 
is linearly independent. The following lemma yields a new formulation of the 
condition of the Main Theorem. 

(3) LEMMA. Let P be a c.s. d-polytope. Then there is a d-cube C such that 
vert P C vert C if and only if among the facets of P there are d linearly indepen
dent facets, each of which contains half the vertices of P . 

To prove the necessity of the condition, let vert P C vert C, and let D be 
any facet of C. Since P is centrally symmetric, D contains half the vertices of P ; 
noticing that P C C, we conclude that F = D C\ P is a face of P which con
tains half the vertices of P . If F were not a facet of P , so that dim F < d — 1, 
then since each vertex of P is in F or — F, we have 

dim P = dim F + 1 < d, 

contradicting the assumption that P is a d-polytope. I t also follows from this 
that F and D have the same affine hull: aff F = aff D; hence they have the 
same outer normals. If ±Z>i, . . . , ±Dd denote the 2d facets of C, then the 
facets Fi = Dt Pi P (i = 1, . . . , d) satisfy the conditions of the lemma. 

To show that the condition is sufficient, let Pi, . . . , Fd be the given linearly 
independent facets of P , each containing half the vertices of P . Then there are 
closed half-spaces Ht

+ (i = 1, . . . , d) of Ed, bounded by the hyperplanes Hu 

such that P C Ht+, and Ft = Htr\ P . Let 

c= n s / n n (-#+)• 
Then C is a d-cube. For, C is bounded by d pairs of parallel hyperplanes, and 
thus C is a cube unless it is unbounded. However, if this were the case, C would 
contain a line, and then the outer normals to the facets Ft would each be per
pendicular to this line, and hence linearly dependent. Since the facets Ft are 
linearly independent, this does not happen. Thus C is a cube, and each vertex 
of P is contained in d of the facets ± P i , . . . , d=Pd of P , and hence in d of the 
facets dzDu . . • , ±Az of C. That is, each vertex of P is a vertex of C, which 
completes the proof of the lemma. 

Using proposition (2) and lemma (3), and bearing in mind the remark 
before lemma (3), we can reformulate the Main Theorem as follows. 

(4) THEOREM. Let Pbea c.s. d-polytope. Then P is linearly stable if and only if 
among the vertices of P there are d linearly independent vertices, each of which is 
contained in half the facets of P. 
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5. Proof of the Main Theorem. We shall now prove the Main Theorem, 
in the new formulation of theorem (4). The easier part of the proof is to show 
that the condition is sufficient. For, suppose that P is a c.s. J-polytope with 
some d linearly independent vertices z>i, . . . , vd, each of which is contained in 
half the facets of P . We shall show^ that the position of every other vertex of P 
is determined by Vi, . . . , vd. Hence, if P' is a c.s. polytope combinatorially 
equivalent to P , with vertices Vi , . . . , vd corresponding to vx, . . . , vd, then 
the linear transformation A defined by 

ViA = v/, i — 1, . . . , d, 

induces a linear equivalence between P and P''; that is, P is linearly stable. 
To show this, let v be any other vertex of P . Then v belongs to some d 

linearly independent facets Pi, . . . , Fd of P , and is just the point of inter
section of the hyperplanes aff Pi, . . . , aff Fd. For each i = 1, . . . , d and 
j = 1, . . . , d, either Ft or — Ft contains the vertex Vj\ that is, Ft contains 
either vû or —Vj. Now for i = 1, . . . , d, the hyperplane aff Ft is completely 
determined by the linearly (and hence affinely) independent vertices ei}V] 
(j = 1, . . . , d, €ij = ± 1 ) which it contains. That is, v is completely determined 
by vh . . . , vd. 

To prove the necessity of the condition of the theorem, we need two further 
results. The first of these is a stronger form of a result of Grunbaum 
(1, exercise 5.1.5). 

(5) LEMMA. Let P be a c.s. d-polytope with 2n facets zbPi, . . . , zLFn (so that 
n ^ d). Let Cn be the regular n-cube, with facets ±Z)i, . . . , ±Dn. Then there is a 
unique non-singular linear map J: Ed —» En, such that 

(1) PJ = Cnf\ EdJ, 

(2) FJ = DtnEV, i= 1 , . . . , » . 

In other words, a unique linear image of the given polytope P can be exhibi
ted as a section of the n-cube Cn. 

To prove this, let P* be the polytope dual to P (that is, the polar set of P ) . 
Then P* has 2n vertices, dbî^i, . . . , zLwn (say), where for i = 1, . . . , n, Wi 
is the vertex of P* corresponding to the facet Ft of P . Then P can be written 
in the form 

P = {x £ Ed\ \(x,wt)\ £ l t i = 1, . . . , « } . 

(Compare the definition of the polar set in § 4.) Consider the map J: Ed —> En 

defined by 
xJ = ((x, Wi), . . . , (x, wn))\ 

that is, the ith. coordinate of xJ is (x, w^. Then J is the required map. J is 
clearly linear; it is non-singular since Wi, . . . , wn span Ed, and thus (x, wt) = 0, 
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for i = 1, . . . , n, implies x = o. I t satisfies properties (1) and (2), for, if 
x £ P , then \{x, wt)\ ^ 1 for each i = 1, . . . , n, and hence xJ G Cn. If in 
addit ion x £ P f , then (x, wt) = 1, and thus x / G P^ . On the other hand, if 
xJ £ Cn C\ EdJ, then |(x, wt)\ g 1 for i = 1, . . . , w, therefore x Ç P ; if 
x / £ flifl P^P, then (x, ze^) = 1 also, and hence x 6 F*. 

Finally, / is unique. For, if / is a linear map from Ed to En satisfying (1) and 
(2), then the ith. coordinate of xl yields a linear functional on Ed; t h a t is, a 
linear map from Ed to the real numbers R. I t is well known t h a t a linear 
functional on Ed is of the form (x, at), for some at £ Ed. Now the facet Ft of P 
contains d linearly independent vertices of P , say u\, . . . , wd. Since F J Q Diy 

it follows t ha t (UJ, at) = 1 for j = 1, . . . , d. Hence the linear functionals 
(x, ivf) and (x, at) coincide on a basis of Ed, and thus are the same; t h a t is, 
at = wt. This implies t h a t I = J, which completes the proof of the lemma. 

W e quote wi thout proof the second result (1, exercise 5.1.2). 

(6) LEMMA. Let Lid and L2
d be two d-dimensional affine subspaces meeting an 

n-polytope Q. If Lid and L2
d have ^-dimensional intersection with the same j aces of 

Q, then the polytopes Lid Pi Q and L2
d P\ Q are combinatorially equivalent. 

W e can now show t h a t the condition of theorem (4) is necessary. Suppose 
t h a t P is a linearly stable d-polytope with 2n facets. Let J be the map defined 
in lemma (5) (after labelling the facets of P and Cn in some order) , and write 
Ld = EdJ. Then PJ = Cn C\Ld is linearly equivalent to P ; since there is 
clearly no need to distinguish between linearly equivalent polytopes, wi thout 
loss of generality we may suppose t h a t P = C1 C\ Ld. 

Let H be the subspace of Ld spanned by those vertices of P which are also 
vertices of Cn (with H = {o} if there are no such vertices). By lemma (6), 
small per turbat ions of Ld (to Lid say) , keeping the subspace H fixed, give rise 
to polytopes P i = Cn C\ Lid combinatorially equivalent to P ; for those vertices 
of P which do not lie in H are relatively interior points of faces of Cn of dimen
sion a t least 1. Clearly corresponding facets of P and P\ lie in the same facets 
of Cn. Since P is linearly stable, P i is in fact linearly equivalent to P , which by 
lemma (5) implies t ha t P i = P . W e conclude t h a t H = Ld, so t ha t Ld is 
spanned by vertices of Cn. 

In other words, P has some d linearly independent vertices, each of which is a 
vertex of Cn. T h u s each of these vertices lies in half the facets of C\ and so in 
half the facets of P itself. This completes the proof of the Main Theorem. 
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