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1. Introduction. Let X, denote a compact orientable surface of genus g=2. We
consider finite groups G acting effectively on 2, and preserving the orientation—for short,
G acts on Z; or G is a symmetry group of Z,. Each surface X, admits only finitely many
symmetry groups G and the orders of these groups are bounded by Wiman’s bound of
84(g —1). This bound is attained for infinitely many values of g [12], see also [9], and all
values of g < 10* for which it is attained are known [4].

More detailed information on symmetry groups has been obtained by investigating
this general set-up from different view points. First of all, the problem of determining all
possible groups G acting on X, for fixed g has been completed for g <5 (e.g. [17], [13],
[10], [11]). Secondly the problem of determining the minimum genus g on which a given
group G acts has been solved for various groups G ranging from cyclic to alternating (e.g.
(71, [14], [6], [3]). Also, if for a class of groups 4 one defines

M(%€,g)=max{o(G)| G acts on Z,, G € €}

upper and/or lower bounds for M(%, g) as linear functions of g have been obtained for
various classes of groups ranging from all groups and cyclic groups through to solvable
groups (e.g. [1], [15], [7], (8], [18], [2]).

Recently Kulkarni [8] has shown that for any given group G there is an integer ny(G)
such that if G acts on Z, then g = 1 (mod no(G)) and for all but a finite number of g such
that g =1 (mod no(G)), G acts on Z,. There is thus a minimum (reduced) stable g, (see
§2) such that for all g =g, of the given form G acts on Z, and a gap sequence where G
does not act, between the minimum (reduced) genus and the minimum (reduced) stable
genus. Those groups G for which ny(G)=1 and so G acts on almost all Z, have been

characterized [8] and include cyclic groups. For related problems on groups acting on
non-closed surfaces see [16].

In this paper, given a prime power p°, we determine necessary and sufficient
conditions on g, in terms of p-adic expansion, for Z, to admit a cyclic group of order p°.
From this one can deduce the minimum stable genus and in the case of prime order, a
closed formula for the gap sequence, thereby determining all compact surfaces on which a
given cyclic group of prime order acts. In the reverse direction, for a fixed genus g, we
determine all primes p such that a cyclic group of order p acts on £,. As will be seen the
methods employed can be readily extended to other classes of p-groups and these
problems will be taken up elsewhere. The computation of the gap sequence for small
order cyclic groups and certain gaps for cyclic groups of prime order has recently played a
role in determining ‘“‘unstable” torsion in the cohomology of the mapping class group of
genus g. [5]

2. Basic Definitions. Let G, denote a finite p-group of exponent p and order p™.
The cyclic p-deficiency of G, is defined to be n, — e, and let

f_{n,,—ep ifpisoddor p=2and n,=e,
P lny—e,—1 if p=2and n,>e,.
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In addition G, is said to be type [ if either it is cyclic or the elements of order <2 do not
form a subgroup of index 2, otherwise G, is of type II.
Then for any finite group G, define

no=ne(G)=n pr,,

where the product is over all primes p dividing o(G), f, being defined as above for any
Sylow p-subgroup G, of G, and =1 or 2 according as G, is of type I or IL.

THeOREM [8]. If G acts on Z,, g =2, then g € ngN and conversely, for all but a finite
number of integers
gel+neN, Gacts on Z,.

If G acts on X, with g =1+ neg,, then we call g, a reduced genus of G. Also
to = po(G) will denote the minimum reduced genus of G and o, = 0y(G) the minimum
stable reduced genus of G i.e. minimal with the property that all g,= o, are reduced
genera of G. In addition, the integers in the interval [u,, o] which do not occur as
reduced genera of G will constitute the reduced gap-sequence of G.

Those groups G for which n,=1 are classified in [8] and these include all cyclic
groups. Note that in that case, the actual values g such that G acts on Z, are related to the
reduced genera g, by g =1+ g,.

By expressing an integer g, in its “p-adic form™ we obtain necessary and sufficient
conditions on this form so that g, should be a reduced genus for a cyclic p-group. As a
consequence we obtain formulae for the invariant o, for these cyclic p-groups (the
invariant p, is already known [7]) and for the gap-sequence for cyclic groups of prime
order.

Now let G =G, be a finite p-group with e=e, and n=n,. If G acts on Z, then
2,/G=%, for some h=0 and m:Z,—Z, is a branched covering with branch indices

dividing p°. If there are x; branch points on =, with branching index p‘, i=1,2,... e,
then the Riemann-Hurwitz relation gives
2 -1 =p"| 2= D+ S x1-p7 | 1)

Since g =2, the right hand side of (1) must be positive. Conversely, given integers & =0,
x; =0 such that the right hand side of (1) is positive, one can construct a (Fuchsian) group
of signature
(h; p(xl)’p2(xz)’ . ’pe(xe))
i.e. having a presentation of the form
Generators: ay, by, ..., a5, b4, 1, b2, oty tars e oo 5t

s Lex,

Relations; t{}i=1 ((=1,2,...,e;j=1,2,...,x)

H [ak, bk] H t,-j =1.
k ij
Furthermore, if there exists a homomorphism of I onto G with torsion-free kernel

such that (1) holds, then G acts on Z,. In that case, we say that the data {h,x;}
corresponds to an action.
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3. Fundamental equation for p odd. Let p be an odd prime. From equation (1), it
becomes necessary to examine in detail, for all p-groups, the solutions of the diophantine
equation

N=ph+ Zl x5(pe—p°7). ().

Let Q, = Q,(p) denote the set of solutions N of (2), for which £#>=0 and x; =0 all i. We
will describe Q, in terms of a p-adic expansion of N. Given p and e, let

2N=ay+a,p+...+a,p°

where 0<a,<p for i=0,1,...,e—1 and a,=0. There is a unique expansion of this
form. The results are expressed in terms of the sum of the coefficients of this expansion
and so for brevity write

Se(ZN) = 2 ag.
k=0
THEOREM 3.1. Q, = {N eN|S.(2N) = (e — i)(p — 1) where a; is the first non-zero
coefficient}.
Proof. If Q, denotes the set described in the statement, we will prove by induction

on e that Q, = Q..
Let N € Q, so that 2N =2ph + x,(p — 1). Furthermore let x; = ¢y + ¢, p with 0 ¢, <

p. Then
2N={[2h+CI(P—1)+CO-1]p+(p—Co) if ¢,>0
[2h +c(p—D]p if ¢o=
S‘(zN)={2h+(cl+l)(p—1) %f a(,#=0
2h+c(p—1) if a,=0.
Thus N € Q1.
Now suppose N € Q2]. Hence
p_l if 009&0,
S,(2N 2{
2N =1 if a,=0.

In the second case, clearly N € Q,. In the first case, set
Si2N)=(p —1)+2k.

Thus N € Q, with h =k and x, = p — a,.
Now assume that Q,_, = Q;_,, and let

2N=gy+a,p+...+a.p°

with a; the first non-zero coefficient. Define N’ € N by

S

where m = min{a, 1}. -
Let N € Q, and so from equation (2), we deduce that x, = (p — a,) + px, with x, = 0.
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Then we obtain that N' € Q,_, = Q._,. Now let
2N'=bo+b,p+...+ b, p"
so that §,_;(2N’) = (e — 1 —i)(p — 1) where b; is the first non-zero coefficient. But then
2N=ay+(p—-Dp+(p—-1p*+...+(p—1)p'+ (b, —1)p'*!
+biap™P . b op T+ (beoy + (p — ag))p?
- S.2N)=ap+i(p—1)+S,_,2N")—1+4+p—a,
SCNY=(@(+1)(p—D+(e—-1-)(p-D=e(p-1).
Now suppose that N € Q, so that S,(2N)=e(p — 1).
2N'=(a,+ VD +ap+...+a,_,p %+ (ap+a, —p)p°~".

Since each of the coefficients a,,a,,...,a._;<p —1 it follows that a,+a,=p — 1 with
equality only in the case a;=...=a,_,=p — 1. In that exceptional case, 2N' = (a, +
a,+1—p)pc~'so N' eQ]_,. Let k be the first integer so that k =1 and a, #p — 1. Then
we obtain the p-adic expansion

AN'=(a, + )p* ' +aeap“+. . +a.pTi + (ag+a. —p)p!

Se_l(ZN’)=§:a,-+1+a0—p=Se(2N)+1—p-—(k—1)(p-—1)

j=k
Z[(e-1)—-(k-1Dl(p-1).
Thus N’ € Q,_,=Q,._, and it then follows easily that N € Q,.

DEeFiNiTION. Let 0,(p) denote the smallest stable solution of (2), i.e. 0.(p) is minimal
with the property that all N = o,(p) lie in Q.(p).

CoroLLARY 3.2. 0,(p) =3[e(p — 1)p° = 3(p° - 1)].

Proof. From the above description of €, it is clear that the largest integer which fails
to lie in @, occurs when S,(2N)=e(p—1)-2 and a,#0. Taking a,=1 and a, =
e(p — 1) — 3 gives the result.

4. The Fundamental equation for p =2. The presence of the factors 2 in equation
(1) leads to a slightly different diophantine equation in the case of p = 2.

e—1
N=2h+ D x, (267" =2¢7'71) 3)e
i=1

Let Q.(2) denote the set of solutions N of (3). for which &, x; = 0. This is only defined for
e =2 and for ¢ =2, Q, = N. Thus assume throughout that e = 3. For fixed ¢, consider the
2-adic expansion

N=ay+a2+...+a, 2"

where 4;,=0,1 for i=0,1,...,e—2 and a,_,=0. Let S,(N) denote the sum of the
coefficients in this expansion. In a manner analogous to Theorem 3.1 we obtain

THEOREM 4.1. Q, = {N eN|S.(N)=e — 1—i where q; is the first non-zero
coefficient}.
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CoROLLARY 4.2. The least stable solution of (3),, 0.(2) is given by

0.(2)=(e—3)2°"'+2.

5. Cyclic p-groups, p odd. In this section, we obtain necessary and sufficient
conditions on an integer g, in terms of its p-adic expansion in order that it should be a
reduced genus for a Z,e action, p an odd prime. From this one readily deduces o,(Z,e)
the minimum stable reduced genus and a formula for the gap sequence for Z, actions.

One readily sees that every go=1 is a reduced genus for Z;. Thus throughout this
section we assume that p® > 3.

Let integers h=0, x;=0, i=1,2,...,e be given. For this data {h,x;} define
M =min{n: x; =0 for each j>n}. By the criterion given at the end of §2, we deduce in
this case that the data {h,x;} corresponds to an action of Z,e with reduced genus
go=g — 1 =1if and only if g satisfies equation (1) and the data satisfies at least one of the
conditions in the table below

h M Xpm
1 =2 0
2 =1 =l =2
3 =0 e =2 and r.hs. of (1) positive.

From equation (1) it follows that g, = p*~gg and
M .
280=2pM(h — 1) + 3, x,(p" - p™7).
i=1

Condition 1 is equivalent to g, = 1.

Condition 2 is equivalent to go— (p™ — 1) € Qy

Condition 3 is equivalent to g, + 1€ Q.\{0}. Note that g, + 1 — p° € Q, implies that
8o+ 1€R,. Thus

THeEOREM 5.1. Let go=1. Then g, is a reduced genus for Z,e if and only if
(i) go+1€Q,,
or (i) for some 1<M <e, go=p°Mgiand go+1—p" € Qy,
or (iii) go=p go.
THEOREM 5.2. Let go=1. Let 2gy=ag+a,p+...+a.p® where 0<a,<p for i=

0,1,...,e—1 and a,=0. Let i be the first integer so that a;+0 and let j be the first
integer =i such that a;#p — 1 or j =e. Then g, is a reduced genus for Z,e if and only if

A) i=0and S,(2gy)=(e+j)(p—-1)-2

B) O0<i=j<eandS,(28))=(—i)(p—1)

C) 1<i<j<eand S,(2g0)=(e—i+1)(p—1)
D) 1=i<j<eand S, (2g))=e(p—1)—2.

Proof. A) i =0 so that g, # 0 (mod p). Now

2go+ 1) ="(ap+2)+a,p+...+ap"
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If ag#p —2, p — 1, so that j = 0, the inequality follows immediately from 5.1 and 3.1. If
ap,=p —2, so that j =0, let m =1 be the first integer so that a,, #p — 1 or m = e. Thus

2go+ D =(an+1)p"+a,. .p"*'+... +a.p"
It thus follows from 3.1 that

Se(280)=(e—m)(p-1)=1+(p-2)+(m-D(p-1=e(p—-1)-2.
If ay=p — 1 so that j >0, from 3.1 it follows that

Se(2g0)= (e +j)(p-1) -2
B) 0<i=j=<e. So we have
2g0=a;p'+...+a.p*

with g;#p — 1. Note if i=e all such g, (=1) are reduced genera and the inequality
agrees.

For all M such that e — M <i, go=0(mod p°~*). Thus g, is a reduced genus if and
only if either (i) go+ 1€ Q, or (ii) for some such M, go/p*™™ +1-pMeQ,, i.e. if and
only if one of the following four conditions holds:

(@) S.(280)=e(p—1)~2

(B) e—M <iand S,(280)=M(p — 1)

(y) e—M=i,a,#p—2and S,(2g0) =M(p —1)

(6) e—M=i,a,=p—2and

S.280)= (M~ m)(p—1) =1+ (p —2)+(m~1)(p - 1)+ 2= M(p - 1)

where m is the first integer >i such that a, #p —1 or m =e. (The conditions and
inequalities in cases ), y), 6) all imply that a, =2). Thus g, is a reduced genus if and
only if either S,(280)=e(p—1)—2 or S.(2g0)=(e—i)(p —1). Since i=1, the first
inequality implies the second and the result follows.

C) and D) follow by a similar analysis.

CoRrOLLARY 5.3. 0y(Z,e) = 0.(p) —1=13[(e(p — 1) — 3)p° +1].
Proof. By Theorem 5.1, 0o(Z,e) < 0.(p) — 1. Now let go= 0.(p) — 2 so that
20=(p-D+(p-Dp+...+(p—1)p " +[e(p-1)-4]p°

so that, in the notation of Theorem 5.2, i =0 and j = e. But the inequality given under A)
then fails.

Now consider the particular case of Z,. For p =3, Z, acts on all surfaces of genus
g =2. Otherwise from Theorem 5.2 we can read off the reduced minimum genus
to=3(p —3), (but this is already known for all cyclic groups [7]) and the reduced
minimum stable genus o, = 0,(p) — 1 =%[p(p —4) +1].

CoRrOLLARY 5.4. The gap sequence for Z,, is

+3 -5
{%(p—1)+£<p—2-—>+i+kp|e=0,1,i,k20,0$i+ks<£2—>—2£}.
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Proof. If 2gy=aq+a,p, then C) and D) of Theorem 5.2 do not apply in this case
and the other cases reduce to (i) ap=0 all a, (ii) ay#0, ap=p—1, ag+a,=2(p —2)
(iii) ag#0ag#p — lag+a,=p - 3.

Let go=4%(p —1)+ bo+ b, p where 0<b,<p and b, =0.

A) by=(p +1)/2. All such g, are reduced genera.

B) by,=0. Then b,=(p —3)/2.

C) (i) 1=sby<(p—1)/2. Then 2g,= (2by— 1) + (2b, + 1)p so that

bo+b,=(p—3)/2
(ii) (p+3)/2<sby<sp—1. Then 2g,=(2by—1—-p) + (2b, + 2)p so that
b() + bl ?p - 2.

6. Cyclic 2-groups. The results and methods are similar to those in the preceding
section and so only an outline is given.

Using the same notation as in §5, the data {h, x;} corresponds to an action of Z,e if
and only if at least one of the conditions set out in the table below holds.

h M Xm
1 =2 0
2 =1 =1 Even
3 =0 e Even and r.h.s. of (1) positive.

THEOREM 6.1. All g, =1 are reduced genera for Z, and Z,. Let g,=1and e = 3. Then
8o is a reduced genus for Z,e if and only if
(i) got+1eQ.
or (ii) for some2<M<e,g,=2""Mgoand go+1-2"eQ,,
or (iii) go=2"""ge.
THEOREM 6.2. Let g, =1 and e =3. Let
go=ay+a2+...+a,_2°7"!

where a;€ {0,1} fori=0,1,...,e—2and a,_,=0. Let i be the first integer so that a; #0
and let j be the first integer = i such that a;=0 or j=e — 1. Then g, is a reduced genus for
Z,e if and only if

A) i=0and S,(gy)=e—2

B) 1<j<sj=<e-1and S.(g))=e—i

C) l=i<j<e—1land S.(g)=e—2

COROLLARY 6.3. 0((Z3) =1 and for e =4

0o(Z,e) =5+ (e —4)2°7".

7. Primes dividing the order of a symmetry group. In the preceding sections,
starting with a cyclic group of order p° we have determined conditions on g such that the
group acts on Z,. In this section, we consider the opposite problem of: given g, determine
the primes which divide o(G) where G is a symmetry group of Z,. Note that the earlier
results were in terms of the reduced genus g,, while here the results are in terms of the
actual genus g (=go+1).
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DeriNiTioN. Let 7, = {primes p: Z, acts on Z,}.

The cyclic groups of order 2 and 3 act on surfaces of all genera, so that 2, 3 € &, for
all g. The minimum genus of a surface on which a cyclic group of prime order p acts is
3(p — 1) (e.g. [7)) so that p <2g + 1. In addition, for every genus g, there are surfaces of
genus g which admit cyclic symmetry groups of orders 2(2g + 1) [7], 2(g + 1) [1][15] and
4g. [This last arising from a triangle group of signature (0; 2, 4g, 4g)]. Similarly one easily
obtains that, if g =0 (mod 2) (g =0(mod 3)) then X, admits cyclic groups of order g + 2
(2g + 3 resp), the corresponding group having signature (0; 3(g +2), (g +2),g +2,g +2)
((0; 4(2g + 3),2g +3,2g + 3) resp). From theorem 5.2B) we see that if p|g—1 then
p €m,. From 5.3, p e, whenever g=3[p(p —4)+3] so that x, includes all primes
p<V2g +1+2. Let §, be the set of primes p that satisfy at least one of the following

P<V2g+1+2 1)
plee®-1)(2g+1) . )
plg+2Qg +3) if g =0(mod 2) (g =0 (mod 3)). )

THEOREM 7.1. With notation as above, m, = S, U T, where
7;,={primesp |p<‘§and 2g—2=ay+a,p
with 0<aga<p—1anday+a, =p —3}.

Proof. If ay=p —1, and p € m,, by 5.2A), a, = p — 3. This implies that p <V2g +1
and so p € S,.

If p=g/2, then 2g—2<4p—2 so that q;<3. If a;=3, then g,=p—6 and
2g —2=4p —6, 4p — 4, 4p — 2. But that implies that p € §,, these cases being covered in
(2) and (3). Otherwise if a,=2, then 2g —2=3p —5, 3p —3 again both cases giving
p € S,. Similarly we reject a, = 1,0.
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