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Abstract. We establish the mapping properties of Fourier-type transforms on
rearrangement-invariant quasi-Banach function spaces. In particular, we have the
mapping properties of the Laplace transform, the Hankel transforms, the Kontorovich-
Lebedev transform and some oscillatory integral operators. We achieve these mapping
properties by using an interpolation functor that can explicitly generate a given
rearrangement-invariant quasi-Banach function space via Lebesgue spaces.
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1. Introduction. The main theme of this paper is the mapping properties of the
Fourier-type transforms on rearrangement-invariant quasi-Banach function spaces.

We call a linear operator T a Fourier-type transform if there exist two pairs (p;, ¢;),
i =0, 1, such that T is of strong type (p;, ¢;), i = 0, 1 with

a b

J— — =c,

Pi qi

for some a, b, ¢ > 0.
It is easy to see that the above definition is motivated by the Hausdorff—Young
inequality of the Fourier transform, which states that

W1l < CIfllps

where f is the Fourier transform of fand 1 < p < 2.

Other than the Fourier transform, there are a number of interesting examples of
Fourier-type transforms.

Recently, the Hausdorff—Young type inequalities for the Hankel transforms are
obtained in [3]. Moreover, the Hausdorff-Young inequalities for the Kontorovich—
Lebedev transform are established in [30]. For the Hausdorff—~Young inequalities of
the oscillatory integral operators, see [19, Theorem 1.1].

Therefore, the Hankel transforms, the Kontorovich-Lebedev transform and
oscillatory integrals are Fourier-type transforms.
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In view of [13, Theorem 6.1], the Hausdorff-Young inequality for the Fourier
transform can be extended to rearrangement-invariant quasi-Banach function spaces
(r.i.q.B.f:s.). Notice that the r.i.q.B.f.s. includes the Lorentz spaces, the Orlicz spaces, the
Lorentz—Zygmund spaces and the Lorentz—Karamata spaces. Therefore, [13, Theorem
6.1] gives extensions of Hausdorff-Young inequalities to the above-mentioned function
spaces. In addition, the study of r.i.q.B.f:s. has been further extended to ball quasi-
Banach function spaces, see [27].

Moreover, the mapping properties of the generalized Hankel conjugate
transformations, which are operators defined via the Hankel transform, on
rearrangement-invariant Banach function spaces are established in [21].

Therefore, it motivates us to study the mapping properties of Fourier-type
transforms on r.i.q.B.fs.

In this paper, we employ the interpolation functor used in [13] to obtain our
main results. As shown in [13], this interpolation functor can generate the function
spaces involved in the mapping properties on Fourier transform. The main result in
this paper shows that the function spaces needed for the mapping properties of the
Laplace transform, the Hankel transform, the Kontorovich-Lebedev transform and
the oscillatory integral operator can also be generated by this interpolation functor.

This paper is organized as follows. Some preliminary results for r.i.q.B.f:s. are
presented in Section 2. In Section 3, we introduce the interpolation functor used to
prove our main result. A new family of function spaces used to characterize the mapping
properties of the Laplace transform, the Hankel transform, the Kontorovich-Lebedev
transform and the oscillatory integral operator is also introduced in Section 3. The main
result for interpolation of operators is presented and proved in Section 4. The mapping
properties of the Laplace transform, the Hankel transform, the Kontorovich—Lebedev
transform and the oscillatory integral operator are established in Section 5. We present
the application of our main results on Lorentz—Karamata spaces in Section 6.

2. Preliminaries. For any o-finite measure w, let M(u) be the set of u-
measurable functions. Write M(0, co) and M(R") to be the classes of Lebesgue measur-
able functions on (0, co) and R”, respectively. For any 1 < p < oo, let L”(u) be the
Lebesgue spaces with respect to . In particular, let L7(0, co) and L7(R") denote the
Lebesgue spaces on (0, co) and R”, respectively.

For any f € M(u) and s > 0, write

dr(s) = u({x € R" : [f(x)] > s}),
and
f/j‘(t) =inf{s > 0:de(s) <1}, 1>0.

We say that /" and g are equimeasurable, if dy(s) = d,(s) for all s > 0. We write
f~gif
B <g=(
for some constants B, C > 0 independent of appropriate quantities involved in the
expressions of f and g.

We recall the definition of rearrangement-invariant quasi-Banach function space
(ri.q.B.fis.) from [12, Definition 4.1].
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DEFINITION 2.1. Let u be a o-finite measure. A quasi-Banach space X € M(u)
is called a rearrangement-invariant quasi-Banach function space on w if there exists a
quasi-norm py : M(0, oo) — [0, co] satisfying

(D) px(f)=0 & f=0ae,
(@) lgl = flae. = px(g < px(f),

) 0=<futfae = px(fi) 1 px(f),
4) xg € M(0,00)and |E| < 00 = px(xg) < oo,

so that

Ifllx = px(f), VfeX. (1)

Write
X = {g € M(0,00) : px(g) < oo}.

It is obvious that X is a quasi-Banach space.
Furthermore, a Banach space X C M(u) is a Banach function space if || - ||y is a
norm and satisfies Items (1)—(3),

Xxe € M(n) and w(E)<oo = xpe X (2.2)

and
e € M) and p(E) < 0o = f Fdu < Collf v, 23)
E

for some Cg > 0.

Moreover, X is a rearrangement-invariant Banach function space (r.i.B.f.s) if X is
a Banach function space and for any equimeasurable functions f and g, |f|lx = llgll x-

Whenever X is a r.i.B.f.s. on u, the Luxemburg representation theorem [1, Chapter
2, Theorem 4.10] assures the existence of py for X. For the uniqueness of py, the reader
is referred to [1, p. 64].

For any s > 0 and f/ € M(0, 00), define (Df)(¢) = f(s1), t € (0, 00). Let || Dsll5_, 5
be the operator norm of D, on X. We recall the definition of Boyd’s indices for r.i.q.B.fs.
from [23].

DEFINITION 2.2. Let X be a r.i.q.B.f.s. on w. Define the lower Boyd index of X, py,
and the upper Boyd index of X, gy, by

px =supf{p >0:3C >0 suchthat VO <s < 1, | Dilly_y < Cs™ /Py,
gx =inf{g > 0:3C > 0 suchthatV1 <s, |D|ly_y < Cs 9},
respectively.

The Boyd indices of the Lorentz space L, , are pr,, = qr,, = p. In addition, the
reader is referred to [1] for the Boyd indices of the Orlicz space.

Let X be a r.i.q.B.fs. on . For any 0 < p < oo, the p-convexification of X, X? is
defined by

XP ={f:|f)” € X}.
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We equip X? with the quasi-norm ||f||x» = |||f|” ||§(/p . For a complete account of the p-
convexification, the reader may consult [22, Volumne II, p. 53-53] for thecase 1 < p <
oo and [25, Section 2.2] for the general case. Notice that in [25], the p-convexification
of X is called as the plth power of X.

Next, we recall another index for r.i.q.B.fis. It is used in the proof of the
interpolation theorem.

For any r.i.q.B.f.s. X, according to Aoki—Rolewicz theorem [20, Theorem 1.3],
there exists a ky € (0, 1] such that p}" is sub-additive. That is,

P (f +8) < P () + pY (2).

3. Interpolation functor. In this section, we first introduce the interpolation
functor used in Section 4 to establish the mapping properties of the Fourier-type
transforms.

The definition of this interpolation functor requires the notion of category and
compatible couples. For brevity, we refer the reader to [29, Section 1.2] for details of
category and compatible couples.

We recall the definition of K-functional from [1, Section 3.1] and [29, Section
1.3.1].

DEerINITION 3.1. Let (Xj, X7) be a compatible couple of quasi-normed spaces. For
any f € Xy + X1, the K-functional is defined as

K(f. t, Xo, X1) = inf{|follx, + tlf1llx, =S =So + 11},
where the infimum is taken over all f' = fy + f; for which f; € X;,i =0, 1.
We introduce the interpolation functor used in [13].

DEFINITION 3.2. Let 4 be a o-finite measure. Let 0 < 6,r < 0o and X be a
r.i.q.B.fis. on u. Let (Xp, X1) be a compatible couple of quasi-normed spaces. The
space (Xo, X1)s.r.x consists of all f in Xy + X, such that

11
Il xo.x000,0 = ox (¢ K(f, 27, Xo, X1)) < 00 (3.1
where py is the quasi-norm given in (1).

We now present one of main results from [13], it guarantees that (Xo, X1)g.,.x 18
indeed an interpolation functor.

THEOREM 3.1. Let pu be a o-finite measure. Let 0 < 6,r < 0o and X be ar.i.q.B.fs.
onuwithQ < py < gy < 0. Ifqu + é > % andr < pyx, then (-, -)g . x is an interpolation
functor.

In addition, if (Xy, X1) and (Yy, Y1) are compatible couples of quasi-normed spaces
and T is a linear operator such that

171y, < Milfllx,, i=0,1. (3.2)
Then, for any €, there exists a constant C, > 0 independent of M;, i = 0, 1 such that

NTF N ve vony < CeMIf Nlixo X100 s (3.3)
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where
w= (3 momas () () ), G4

For the proof of the above theorem, the reader is referred to [13, Theorem 4.1].
The subsequent result assures that X can be generated from Lebesgue spaces and
the functor (-, )g . x.

PROPOSITION 3.2. Let 0 < py < p; <00, u be a o-finite measure and X be a
r.i.q.b.f.s. on 1 wit < px < gx < 00.duppose that py and p satis 1>dx,po < Px
.q.B.f:s.onp with0 < py < ¢ Suppose that py and p satisfy py > qx., po < p

andé =L _ L Then
Po P1

(LPo(), L (11))g po.x = X.

For the proof of the above proposition, the reader is referred to [13, Corollary
4.3]. Even though the proof in [13] is presented for Lebesgue measure, it is still valid
for function spaces defined on the o-finite measure pu.

We now introduce the function spaces used to characterize the mapping properties
of the Laplace transform, the Hankel transform, the Kontorovich-Lebedev transform
and some oscillatory integral operators.

DEFINITIONA3.3. Let 8 > 0,y > 0and u, v be o-finite measures. For any r.i.q.B.f s.
X on p, the set Xg ,(v) consists of all /' € M(v) such that

f 11,0 = px(E7 11 (17F)) < 0.
When u and v are Lebesgue measures and X = I7(R"), 1 < p < oo, we find that

*° 1/p
W ll ey = (/ f*(l)pd’> .
0
Therefore,
Vi = ([ arratyar)”
Lrgy, (R — 0 :
By using the change of variable ¢ = s~!/#, we obtain

1 [ 1 1/p
”f”[/’;;,y(R”) = (E_/O S)/P/ﬁ(f*(s))ps 3 lds)

_ (% /Oooswﬂl(f*(s))ﬂ?)]/p_

Thatis, wheny > %, I .y (R")is the Lorentz space L, ,(R") where ¢ = % Therefore,

X5, (R") can be considered as the Lorentz space associated with X.
Moreover, for y =1, we have Xﬁ’](Rn) =X s where j/ﬁ is introduced in [13,
Definition 3.2]. In [13, Section 6], the function space Xj is used to characterize the

https://doi.org/10.1017/50017089518000186 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089518000186

236 KWOK-PUN HO

mapping properties of the Fourier transform, the oscillatory integral operator and the
restriction theorem on r.i.q.B.f.s. In particular, we find that

1715, < Clifllx, (3.5)

if the Boyd’s indices of the r.i.q.B.f.s. X satisfy
l <px <qx <2, (3.6)

see [13, Theorem 6.1].

In particular, we can obtain the mapping properties of the Fourier transform for
Orlicz spaces whenever the Boyd’s indices of the Orlicz spaces are strictly in between
1 and 2. Notice that there exists a sharp estimate of the mapping properties of the
Fourier transform for Orlicz spaces in the terms of the Paley-Titchmarsh inequalities
[11, Theorem 2.6].

The interpolation method given in this paper cannot regenerate this sharp result.
On the other hand, in [11], the sharp estimate is obtained by an interpolation method
for quasi-linear operator of weak type (a, @) and weak type (b, ), 1 <a < b < oo, see
[11, Theorem 2.1].

Therefore, the method given in [11] cannot be applied to linear operators T of
strong type (p;, ¢;), i = 0, 1 with

a b
—+—=c,
Pi i

for some a, b, c > 0, which are the mapping properties satisfied by the Laplace
transform, the Hankel transforms, the Kontorovich-Lebedev transform and the
oscillatory integral operator.

The following theorem shows that whenever y > plx, X s,y(v)isariq.Bfs.

THEOREM 3.3. Let B > 0, y > 0 and ., v be o-finite measures. If X is a r.i.q.B.f.s
onuwithl < py < gy < oo and

then AA’/M(I)) isariq.Bfs. onv.

Proof. Ttems (1)—(3) of Definition 2.1 are obviously fulfilled.

It suffices to show that || - || %o, () is a quasi-norm and it satisfies Item (4) of
Definition 2.1.

Since

(F + 250 = £7(1/2) + g(1/2), Vi >0,

we find that
CV( 4+ Py < P2y + g )2).

Consequently, that || - || X5, ) is a quasi-norm follows from the assumption gy < oc.
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For the proof of Item (4) of Definition 2.1, it suffices to consider E = (0, b), b > 0.
Let ¢ = b~#. We find that

PR X0 (EP) = X (77 Ke.o0) (1))

[e.¢]

<D PY (T x@re k(1)
k=0

C

IA

e T

27kyKX p')‘(X ((szk X(c,zc])(t))

1
C 2—kykx2ka(W7€)p§X (X(c,2c](l))‘

IA
=
Il
S

Therefore, the assumption ,% < y yields an € > 0such that ,% — ¢ < y. Consequently,
Il - ||5(ﬂ‘y(v) fulfils Item (4) of Definition 2.1. ]

4. Interpolation of operators. We present a general interpolation theory that is
tailored for the Fourier-type transforms in this section.

We first establish an interpolation result of Lebesgue spaces by using the functor
(s )o.r.x- The following theorem shows that the interpolation functor (-, -)g .. x 1S not
introduced to offer some abstract existing results. The following theorem shows that
X 8,y(v) can be generated from Lebesgue spaces via the functor (-, -)g . v.

THEOREM 4.1. Let ., v be o-finite measures. Let 0 < 6,1 < 00, 0 < 1y < u; < 00
and X be ar.i.q.B.fs. on u. Let n satisfies

1 1 1
= — 4.1)
n Uop uj
Suppose that
1 1 1 1 1
LI . 4.2)
ropx qx r 0
I
1 1 1
. L 4.3)
r 6 Ouy px
then
(L (v), LOW))g,rx = X5, (v), (4.4)
where

n 1
= — d = - — — e
p=g and y=7-9

Proof. As
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Theorem 3.3 guarantees that i’ﬁ,y(v) isariq.B.fs.
Since

K(f, 1, L' (v), L™ (v)) = tK(f, ', L (v), L' (v)),
the Holmstedt formulas for Lebesgue spaces [17] gives

I K(f 0, L), LO()) = ¢ 0 K(f, 70, L(v), L' (v))

< fo tg(fs‘(s))mds) ' + ( /t";(f;(s))ul ds)“" .

-

1
A~

We find that
px( T K(f. 17, L' (v), L(v))
<co(ri(f ’g(r;%s))"‘)ds)”l") + Cox (177 j(f:(s))"l as)")
= con(r ([ rsrhyeas)®)
+Cor(r ( Terhyds)”)
=I+1I

for some C > 0.
We first deal with /. Since f* is non-increasing, we obtain

0
L U U . .
<o (X TR R )
j=—00

X%

0
m i U U
<Cp “OL ( Z 2(171)%(7%+#)(D2(*/+1)6/17F)(t)ul)),
Xll() 3
Jj=—00
,l+l,i
where F(f) = ¢ "¢ oo f5(171).
According to the Aoki-Rolewicz theorem, we have a 0 < ko < 1 such that p*°, is

X7
sub-additive. Consequently,

X"

0
JHok0 < C,OKOI < Z 2(/'71)%(779+70)(D2(7j+1)3/nF)(t)““)
Jj=—00

o0
< CY 2T IR o (Do F) .
j=0
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For any € > 0, the definition of Boyd’s index ¢y yields

00

. Jougk

I < C § 2(*]*1)% *14,*9+%0)K02—W%px(1:‘)uoko_
J=0

Thus, (4.2) guarantees that there exists an € > 0 such that —% + é + % +€ > 0.

Consequently,
Iu()K() S CpX(F)”()K[). (4.5)
We consider /1. The Aoki-Rolewicz theorem gives a 0 < «; < 1 such that p*', is
X

sub-additive. Consequently,

o0
1 < Cpty (3027 (e Y )
Jj=0

<C Z 27 ) % ((Dz /U/vF)(f)m)

because (4.1) gives
F(y= 7 0o fr () = o (),

The definition of Boyd’s index py assures that for any py > € > 0, we have

0
ma<c 'y 25 oy (Do Y161
J=—00
0
< C Y 2T oy,
j=—00
we find that

Therefore, (4.2) provides an € > 0 such that %

11" < py(F) (4.6)

Since py(F) = pX(t_7+§_0uof*(t—§)) = IIfllg, ) (4-5) and (4.6) yield the embedding

Xp.y(v) > (L), L())g,r.x-
Next, since f;* is non-increasing, we get

P K(f 1, L), L)) = Cox (1774 ( / (f*(S))”“dS)%)
> Cox (7L ED).

Thus, the embedding (L* (v), L*(v))g .y <> X, 8,y (v) is also valid. Hence, we establish
O

(4.4).
The above theorem is a complementary result of [13, Theorem 4.2].
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We are now to apply the above theorem to obtain the mapping properties for the
Fourier type transforms on r.i.q.B.f.s.

THEOREM 4.2. Let u,v be o-finite measures. Let a, b, ¢, py,p1 > 0 and X be a
ri.q.B.fs. on wwith py < px < qx < p1. Suppose that the linear operator T : LPi(n) —
LY(v), i =0, 1, are bounded where

b
442 ¢ i=o01 @.7)
Di qi

Then, T can be extended to be a bounded linear operator from X to X 5 e().

Proof. Let (% = pio — pil and r = py. Corollary 3.2 yields that

(L (), L (1)), po.x = X.

In view of Theorem 3.1, it remains to show that
(LOW), L))o o = X - (0).

Notice that ¢; < go. We are going to apply Theorem 4.1 with uy = ¢; and u; = ¢.

Thus, 1 = L — L Since
n q1 q0

a b a b
+ + —,
pPo 4o P1 q1

we find that § = 2. Thatis, I = 2.
Therefore,

and

1 1 1 ( 1 1 >
—_—> —=——(———.
9x P1 Do Po D1
Furthermore, (4.7) with i = 0 gives ¢ > pio. Consequently, we have
1 1 n 1 b 1 (a b) ¢ 1 1
-t —=—F—=—(—+—)=-> — > —.
ro 6 Bu pr oaq a\pr q a po Px

Therefore, the conditions in Theorem 4.1 are fulfilled. Since

1
ﬂ:ﬁ—— and - — — i=—,
a r 0  OBu a
Theorems 3.1 and 4.1 yield the boundedness of 7' : X — )A(gyﬁ(v). O

a’a

Notice that the Kontorovich-Lebedev transform maps 77(0, co) to

LP(dt/t) = {f € M(0, ) : /Oo f(orde/t < oo},
0
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see Section 5.2. This is the main motivation why we consider the operators that maps
L7(u) to L1(v) with different o -finite measures u and v in Theorem 4.2.

In Theorem 4.2, we just consider the case (4.7). The idea of the proof can be
applied to those bounded linear operators 7' : [/ — L7 with ¢ = 157 +c,a,b>0,sce
[16]. Moreover, the above idea can be further extended to the linear operator on Hardy
spaces, see [13, 14].

5. Fourier-type transforms. In this section, as applications of Theorem 4.2, we
obtain the mapping properties for some concrete transforms on r.i.q.B.fs.

5.1. Laplace transform. For any f € M(0, oo), the Laplace transform of f is
given by

Lf(s) = /0 e (1)dt.

It is easy to see that £ : L!(0, co) — L>°(0, 0o) is bounded. According to [8, p.189],
L is bounded on L*(0, 00).

Notice that the pairs (pg, o) = (1, 00) and (p1, ¢1) = (2, 2) satisfy
1 1
—+—=1, i=0,1.
Di qi

Therefore, Theorem 4.2 gives the following result.

THEOREM 5.1. Let X be ar.i.q.B.f's. on (0, 00) with 1 < px < qx < 2. The Laplace
transform L is bounded from X to X1 1(0, 0o).

5.2. Kontorovich-Lebedev transform. The mapping properties of the
Kontorovich-Lebedev transform give us an example for which the o -finite measures
w and v are different.

Let K,(z) be the modified Bessel function of the second kind. The Kontorovich—
Lebedev transform is defined as

KL =2 [ K@V (e,
0
According to [30, Section 2, Theorem 1], we have the following L, boundedness of

the Kontorovich-Lebedev transform. Let d¢ denote the Lebesgue measure on (0, co).

THEOREM 5.2. Let 1 < p < 2. The Kontorovich—Lebedev transform is bounded from
L17(0, o0) to L (dt/1).

Similar to the Fourier transform and the Laplace transform, we have the mapping
properties of the Kontorovich-Lebedev transform on r.i.q.B.fs.

By applying Theorem 4.2 with du = dt and dv = dt/t, we obtain the following
theorem.

THEOREM 5.3. Let X be a riq.Bfs. on (0,00) with 1 <py <qx <2. The
Kontorovich—Lebedev transform KL is bounded from X to X, 1(dt/?).
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5.3. Hankel transforms. The studies of the Hankel transforms offer an example
for which the constant ¢ # 1 in Theorem 4.2.
Leta > —% and v, u € R. The operator E‘;‘qu is defined by

£ fG) = 5" /0 ()" (M) 5.1)

where J,(r) is the Bessel function of the first kind. The family of operators {L }
includes a number of operators used in analysis. For instance, if we denote the Fourier
transform of f(|x|) by f(|€]), then

JUgD = @ryLi L f (gD, (5.2)

According to [10], for any o > —1, the operator £, _, _, isnamed as the Hankel

a+1,
transform. Noticed that £, | ,, | = H, is also called as the Fourier-Bessel transform

of order « in [4]. Moreover,

Hof = £5of = [ 100 G0,

is the so-called Hankel transform of order .

Therefore, the family of operators {L£ ,} contains those operators related to the
Hankel transform.

We now state the mapping properties of the operator £ , from [3, Theorem 1.1].

THEOREM 5.4. Let u,v € R, a > —% and 1 < p < q < oco. The operator Eﬁ’u is
bounded from I7(0, co) to L1(0, oo) if and only if
1

1 1 1
u=1--—-, and —ao—1+- <v <= —max{u,0}. (5.3)
r 9 p 2

Since | <p < gand

1 1
—+-=1-u,
r 4
we find that the conditions in the above theorem impose a restriction on u. Precisely, u
satisfies —1 < u < 1.
Additionally, for any fixed u, we have

1 1 1

- <-+-=1-u

P P {4
Since 1 < p < ¢, we also have

2 1

->-+-=1-u

p P g

Therefore, the conditions in Theorem 5.4 show that u and p fulfil

1 —u

5 <1-u (5.4)

=

==
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With the above preparations, we now ready to present the mapping properties of

Ly, onriq.Bfs.
THEOREM 5.5. Let —1 <u < 1,ve Randa > —%. Let X bear.i.q.B.f.s. on(0,00)

with
1— 1 1
e < Cl-u (5.5)
2 9x DPx
1 1
—a— 1+ — <v < - —max{u, 0}. (5.6)
Px 2

The operator L5 , is bounded from X to X 1.1-4(0, 00).

Proof. As 1 —u > plx, Theorem 3.3 assures that X’l,l,u is a ri.q.B.f.s. Take 1 <
“ oL 1 1 _yand

po<p1<c>osuchthatpo<pX§qX<pl,1%<p1 o

1 1
—a—1+— <v <> —max{y 0}.
Po 2

! (5.7)

—=1-——u

Let qo, g satisfy
1 1
— =1———u, and
q1 D1

q0 Do
Notice that ¢y > ¢;.
Since 1—;“ < pi], we find that [% > 1 — u and hence,
1 1
—>1l—-——u=—.
P P1 q

That is, ¢; > p;. Similarly, as 1—;“ < pio, we also have
1 1 1
—>1l-——u=—.

Po Po q0

That is, g9 > po.
Therefore, Theorem 5.4 assures that £ , : [7° — L% and L} : [/ — L7 are

bounded.
Since L , is of strong type (p;, ¢;), i = 0, 1 where

Pi 4
@ X -

With a=b=1 and ¢ =1 —u, Theorem 4.2 yield the boundedness of L,
O

X1.124(0, 00).
When X is the Lebesgue space L7(0, 00), aside from the boundary points 117 =1l-u

and 117 = I‘T”, (5.5) becomes (5.4).
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We give an application of Theorem 5.5 on the Hankel transform of order «, H,,.
According to Theorem 5.5, for any r.i.q.B.f.s. on (0, 00), X satisfying

11 1
s<—=<-—<l, (5.8)
2 gx " px

we have
Hef I3, 0,00 < Ifllx- (5.9)

We find that the mapping properties for the Fourier transform is the same as the
Hankel transform of order « (5.8), (5.9).

Furthermore, for o > —%, Theorem 5.5 also yields the mapping properties of the
Fourier-Bessel transform of order o, H, = Lo 21 Precisely, whenever a r.i.q.B.f.s.
on (0, 00), X satisfies

1 1
l+a<—<— <24 2a,
dx  DPx

then

I Haf 111 200,000 < CIf Nxs

for some C > 0.
For the modular inequalities for Hankel transforms, the reader is referred to [15].

5.4. Oscillatory integrals. In [13, Section 6], we investigate the boundedness of
some oscillatory integral operators on r.i.q.B.f.s. In this section, we study another class
of oscillatory integral operators with singularities different from the one appeared in
[13]. This class of oscillatory integral operators gives us an application of Theorem 4.2
with b # 1.

Let a(x, y, z) € C(R?). Let ¢(x, p, z) € C(R?) be real valued and the Jacobian

D(%2 ¢ )/D(x, y) is non-zero in suppa. For any /" € C°(R) and A > 0, the oscillatory

0z’ 922
integral operator T is defined as

T/ (x.y) = / I a(x, y, D) (.

We have the 7 boundedness of 7}, from [19, Theorem 1.2].
THEOREM 5.6. Let 1 <p < 4. The oscillatory integral operator T) : L'(R) —
LY(R?) is bounded where

3
—+2=1.
P g

By using Theorem 4.2, we can extend the above result to r.i.q.B.fs.

THEOREM 5.7. Let A > 0 and X be a ri.q.B.f:s. on R with 1 < py < qx <4. The
oscillatory integral operator T;, is bounded from X to X3 1(R?).
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Proof. Let py = 1. According to Theorem 5.6, T), : L'(R) — L*(R?). Next, pick
p1 satisfying gy < p; < 4. Theorem 5.6 assures that 7, : L'(R) — L% (R?)is bounded
where

1 3

— =1
Pt q1

Therefore, by applying Theorem 4.2 with @ =c¢ =1 and b =3, we establish the
boundedness of T; : X — X31(R?). O

6. Lorentz—Karamata spaces. Finally, we apply the above results to the Lorentz—
Karamata space. The family of Lorentz—Karamata spaces includes Lebesgue
spaces, Lorentz spaces, Lorentz—Zygmund spaces and generalized Lorentz—Zygmund.
Therefore, the followings give the mapping properties of Lj , on the above-mentioned
function spaces.

To give the definition of Lorentz—Karamata spaces, we recall the notion of slowly
varying function from [7, Definition 3.4.32].

We say that the function f :[1, 00) — (0, 00) is equivalent to a function g :
[1, 00) — (0, c0) if there exist constants B, C > 0 such that

Cg(t) < f(r) < Bg(t), t>1.

DEFINITION 6.1. A Lebesgue measurable function b : [1, co) — (0, co) is called as
a slowly varying function if for any given € > 0, #b(¢) and ¢t~ “b(¢) are equivalent to a
non-decreasing function and a non-increasing function, respectively.

Let @ > 0. Whenever b is a slowly varying function, b%(¢) = b(¢?) is also a slowing
varying function [7, Proposition 3.4.33 (viii)].
For any slowly varying function b, define y; : (0, 00) — (0, c0) by

vp(f) = b(max{t, 1/1}), > 0.

We are now ready to define the Lorentz—Karamata space [7, Definition 3.4.38].

DEFINITION 6.2. Let 1 be a o-finite measure. Let 1 < p, ¢ < oo and b be a slowly
varying function. The Lorentz—Karamata space L, , (1) consists of those Lebesgue
measurable function f satisfying

) | dt 1
Hf”pr(m = </(; (¢ /p)/b(l) :(t))qT) < o0

The Lorentz—Karamata space L, , (1) isar.i.B.f.s., see[7, Theorem 3.4.41]. For the
studies of interpolation and the Hausdorff-Young inequality on Lorentz—Karamata
spaces on R”, the reader is referred to [9]. Furthermore, we refer the reader to [7, 6, 24]
for some comprehensive accounts and discussions on Lorentz—Karamata spaces.

Next, we compute the Boyd’s indices of Lorentz—Karamata spaces.

PROPOSITION 6.1. Let 1 < p, g < oo and b be a slowly varying function. The lower
and upper Boyd's indices of L, , »(1) are p.

Proof. 1t suffices to consider the case where p is the Lebesgue measure on (0, co).
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For any s > 1, we find that

1/ 1/
( / (r“f’yb(z)f*(sz»qd) ' ( f ) (st))qd’> '

1/
( fo <(ys1)1/ﬂyb<ys1>f:(y>)qdy—y) "

where we use the change of variable y = st.
In view of [7, Proposition 3.4.33 (ii)], for any € > 0, “y,(¢) is equivalent to a
non-decreasing function. Hence,

1/ 1/
([ wmmoreort) " = ([ s os o o)

| /\

d 1/q
( f (s )0 )

l/q

. * dy
—csh ( [ imosor )
That is, for any € > 0,

1
14
D512, 450,000 Ly g(0.00) < Cs™ 77

Hence, GL,,0 < P-
Similarly, [7, Proposition 3.4.33 (ii)] guarantees that for any € > 0, 1= €y,(¢) is
equivalent to a non-increasing function. We obtain

0 1/
([ o)

00 1/
= ([T oy mos or )
dv\ 4
= o [T oo

| dy\'"
— Cy ( /0 e Tty )

The above inequalities yield || Dsll1, , ,(0.00)— L, ,4(0.00) = Cs_rl’ and, hence, ¢z, > p.
Therefore, gy, ,,0.00) = p. Since the proof of pz, . ,0.00) = p 1s similar to the proof

of gz,,,,(0.00) = p, for brevity, we leave the detail of the proof of pr, ,0.00) = p to the

reader. |

For any 8 > 0, we have

w(t77) = b(max{t, 1/1}7) = yyus(t).
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Consequently, when A > pl,
> A dr\'?
”f||(1:p4,h)ﬂ.»\(ll«) = </(; (1 /p)/b(l‘)1‘7 :(lﬂ))qT)

© i ds\M
([T hinoT)
0

where we use the change of variable s = 7.

Therefore, we find that (I:p.q,b)ﬁ, 2 () = Ly 4 pvs(1n) where ,l =A— %.

We have the following results for the Laplace transform and the Kontorovich—
Lebedev transform on Lorentz—Karamata spaces.

COROLLARY 6.2. Let 1 < p < 2,1 < g < oo and b be a slowly varying function. The
Laplace transform is bounded from L, ,4(0, 00) to Ly ,4(0, 00) and the Kontorovich—
Lebedev transform is bounded from L, 4 5(0, 00) to Ly 4 »(dt/1).

By using Theorem 5.5, we have the following mapping properties for the operator
L3, on Lorentz-Karamata spaces.

COROLLARY 6.3. Let 1 < p, g < o0 and b be a slowly varying function. Let —1 <
U< l,veRandaz—%.If

1 —u 1

7 <-<1-u

1
—a—1+ - <v =< —max{y 0}
p 2

The operator L2, is bounded from L, 4 5(0, 00) t0 L, 450, 00) where 1 =1 —u — 117.

The above result shows that when 1 < p < 2, the Hankel transform of order «, H,, is

bounded from Z,, , 5(0, 00) to L, , 5(0, 00). Furthermore, forany v < 1,if 1 + o < 117 <

2 + 2a, then the Fourier-Bessel transform of order o, H,,, is bounded from L, 50, 00)
to L, 45(0, 00), where % =24 20 — %

Similarly, we have the mapping properties for the oscillatory integral operator on
Lorentz-Karamata spaces.

COROLLARY 6.4. Let >0, 1 <p <4, 1 <qg<oo and b be a slowly varying
JSunction. The oscillatory integral operators T), is bounded from L, 4 »(R) to L, 4 pia(R).
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