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SPACES OF ORDERINGS IV
MURRAY MARSHALL

A major goal of this paper is to give a proof of the following isotropy
criterion: Let X = (X,G) be a space of orderings in the terminology of
[9] or [10], and let f be a form defined over G. Then f is anisotropic over
X if and only if f is anisotropic over some finite subspace of X. This is
the content of Theorem 1.4, and generalizes [1, Corollary 3.4]. Moreover,
in view of the known structure of finite spaces (see [9]), this has, essen-
tially, the strength of [2, Satz 3.9] or {12, Theorem 8.12]. The technique
used to prove this criterion is roughly patterned on that of [6], and yields
some interesting by-products: An interesting invariant of a space of
orderings called the chain length is introduced (Definitionl.1) and spaces
of orderings with finite chain length are classified (Theorem 1.6). This
extends work in [4], [7], and [9]. It is proved (Theorem 3.2) that every
space of orderings X possesses a partition X = U, X (@) satisfying:
Each X («) is a fan, and each fan VC X intersects at most two of the
X (a)'s. Such a partition is referred to as a P-structure on X, and general-
izes the partition of the space of orderings of a field induced by the real
places of the field. We prove that spaces of finite chain length are just
those with finite P-structure (Theorem 3.3). Some properties of the space
of orderings of a field which are expressible in terms of real places gener-
alize to P-structures, among them the ‘‘exactness’’ result in [1] (see
Theorem 3.12).

The paper assumes a good deal of [9, 10, 11]. On the other hand, the
proof of Theorem 1.4 is essentially independent of {11], so as remarked
in [8, Theorem 5.4], the isotropy criterion proved here yields another
proof of the representation theorem for W(X) (Theorem 3.5 of [11]).
This follows along the same lines as that given in [1].

The notation is that of [11]. In particular, throughout the paper,
X = (X, G) will denote a space of orderings in the terminology of [9].

1. Chain length and the isotropy theorem. In this section the
chain length of a space of orderings is defined, and various properties of
this invariant are proved. The structure theorem for spaces of finite chain
length and the isotropy theorem are proved modulo the proof of Theorem

1.3. The proof of 1.3 will be given later (see the remark following Theorem
3.3).
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(1.1) Definition. The chain length of X (denoted cl (X)) is the maximum
integer £ = 1 such that 3 ay, ..., a; € G satistying

X(ai—l) g-X(al)y/l’= 17"'7k7

(or cl (X) = oo if no such maximum exists).
In view of [9], Lemma 2.1, the condition X (a;—;) & X (a;) is equivalent
to

D({,a;) & D(1,a,4).

(1.2) Remark. It is easily verified that cl (X) =1 if and only if
|IX| =1, and cl(X) £ 2 if and only if X isa fan (see [11], Theorem 4.2
(i)). These results are left as exercises.

Recall [10, definition 2.10] that X is said to be decomposable if there
exist non-empty subspaces X; of X, ¢ = 1,2 such that X = X, ® X,.
Let us denote by gr(X) the translation group of X in the terminology of
[9], ie,

gr(X) = {y € x(G)vX = X}.

Thus gr(X) is a closed subgroup of x(G). Let the residue space of X be
defined to be X' = (X',G') where G’ = gr(X)+ C G, and where X’
denotes the image of X in x(G') via restriction. Exactly as in the proof
of [9], Theorem 4.8], X’ is a space of orderings. Moreover gr(X’') = 1,
and X is a group extension of X’ (in the terminology of [10, definition
3.6]). With this terminology at our disposal, we can state the main
theorem concerning spaces of finite chain length.

(1.3) THEOREM. Suppose cl(X) < . Then either |X| =1, or
gr(X) # 1, or X 1s decomposable.

The proof of this key result is found in § 3. For now we concentrate on
giving two important applications:

(1.4) IsoTrROPY THEOREM. Suppose a form f is anisotropic over a space
of orderings Xo. Then there exists a finite subspace X © X such that f 1s
anisotropic over X.

Proof. Let X = (X,G) be a subspace of X, chosen minimal subject to:
f 1s anosotropic over X. (The existence of X is by Zorn’s Lemma; see the

technique of [11, Theorem 5.3].) Let aq, . . ., ax € G satisfy

D(l,(li_1> g D<1, U/1>, 1= 1, e ey k.
Thus (1,¢:) = (@41, ¢4—1a;) and a;y # a: for ¢ = 1,..., k. We may
assume a9 = 1, ay = —1. Let b; = a,1a,. Thus b; %2 1, so X(b,) is a

proper subspace of X. Thus f is isotropic over X (b,), i.e, there exists a
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form g, of dimension # — 2 (where n denotes the dimension of f) such
that f ~ g; over X (b;). Thus (comparing signatures)
f ® <1ybi> ~ i ® <1vbi> over X’

so, by addition

1 fe (12’51 {1, bi)) ~ é g:® (1,b,) (over X).

But using the assumptions on aq, . . . , @; we see that (over X)
(b1, - ooy b)) = (@oty, @10y, - . ., Ge1Gr) = (a1, a189, - . ., Gp—1x)
(1, as a0as, ..., 0 10;) = ... =(1,...,1,a;)
~({1,...,1, =1).

Substituting this in (1) yields

2k — 2)f ~ g gi(1, b4).

Now f (and hence (2k — 2)f, by [11, Corollary 3.5 (ii)]) is anisotropic
over X, so comparing dimensions, and using [11, Lemma 2.4],

(2k — 2)n £ k(n — 2)(2),

ie., & < in. This proves cl(X) < «.

Now we apply Theorem 1.3. If |X| = 1 we are done. Suppose X =
X: ® X, where X; = (X,;,G/A;) is a non-empty subspace of X,
7 = 1,2. Thus there exist elements a3, ..., ¢, € G such that

f={(=1,1,a3,...,ay)over X; 1 = 1,2.
Since X = X; @ X,, the natural injection
G —G/A X G/A,
is surjective, so there exist a3, . ., @, € G such that
a; =a;;(mod A)),3 £j<n1=12
Then clearly f = (1,—1, a3, .., a,) over X, a contradiction. Thus X is

indecomposible, so gr (X) # 1. Let X’ = (X’,G’) denote the residue space
of X and decompose f as

f g#1f1®... @ﬂ'xfs

where fi,...,f, are forms over G’, and m,...,w, € G are distinct
modulo G’. The assertion that f is anisotropic over X is equivalent to
the assertion that each fi, . . ., f; is anisotropic over X’ (see [10, remark
3.71). There are two cases to consider:

Suppose s = 1. Let A be any subgroup of G such that G is the direct
product G = A X G’, and let ¥ = AL N\ X. Then one verifies easily
that ¥ = (Y,G/A) is a subspace of X and that (¥,G/A) ~ (X’,G), this
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equivalence being induced by the natural isomorphism G/A = G'. Thus,
since f; is anisotropic over X', it (and then f = 7, f,) is anisotropic over
Y. But, on the other hand, gr X  1,i.e.,,G’ # G,ie., A 1,ie., Y & X,
This contradicts the minimal choice of X.

Thus s = 2. It follows that each f,; has strictly lower dimension than f

so by induction on the dimension, there exist finite subspaces Z¢/, . . ., Z
C X’ such that f; is anisotropic over Z;. Thus fi, . . ., f; are all aniso-
tropic over the subspace of X’ generated by Z, ..., Z/. Denote this

space by Z' = (Z',G'/A’). Note Z' is still finite. Let Z = A"t M X. Then
Z = (Z,G/A') is a subspace of X, and a group extension of Z' =
(Z',G'/A"). Moreover, since =, . . , 7, are distinct modulo G’, f is aniso-
tropic over Z. Thus, by minimal choice of X, Z = X, ie., A" =1, i.e,,
Z' = X' is finite. However, X itself could be infinite (since, a priori,
gr(X) could be infinite). Define G’ to be the subgroup of G generated by
G’ and =4, .., and let X" denote the restriction of X to G'’. Thus
(X,G) is a group extension of (X'',G'") which, in turn, is a group extension
of (X’,G’). Moreover (X"',G"") is finite, and f is anisotropic over X''.
Finally, let A be subgroup of G so that G = A X G, and let ¥V =
AL N X. Then ¥ = (V,G/A) is a subspace of X naturally equivalent to
(X"”,G""). Thus Y is finite, and f is anisotropic over V. Thus ¥ = X is
finite.

Denote by @ the category of all spaces of orderings, and by % the
smallest subcategory of & such that

(a) % contains the singleton space,
(b) If Xl, X2 € (g, then .X1 @ X2 € Cg,
(c) If X is a group extension of X’ € &, then X € ¥.

Thus elements of % are spaces obtained from the singleton space
using the direct sum and group extension operations a finite number of
times. In [7] the following characterization of % is obtained.

(1.5) TaeEOREM. The following are equivalent:

(1) There exists a pythagorian field K with only finitely many real
places such that X ~ Xk,

(i) X € %.

Here are some additional characterizations of % :

(1.6) THEOREM. The following are equivalent:
(i) c(X) < 0.

(i1) X is generated by finitely many fans.

(i) X € ¥.

For the proof we require Theorem 1.3 and the following theorem:
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(1.7) THEOREM. (i) Suppose X, = (X;,G/A;), 1 = 1,...,n are sub-
spaces of X generating X. Then

n

dX) £ 2, (X))

(ii) If, in addition, X = X1 ® ... @ X, then

n

d(X) = 2 cd(Xy).
(iii) If X is a group extension of X', then cl(X) = cl(X"), except in the
case |X'| = 1 (in which case X is a fan).

Here is a proof of Theorem 1.6 (assuming 1.3 and 1.7). Denote by &
the subcategory of @ consisting of spaces which are generated by finitely
many fans. It is clear that & satisfies (a), (b) and (c). (Hint: If X is a
group extension of X’, then the inverse image of a fan in X’ under the
natural projection is a fan in X.) Thus ¥ C 9, so (iii) = (ii). The im-
plication (ii) = (i) follows from Theorem 1.7(i) and Remark 1.2. The
implication (i) = (iii) is proved by induction in the chain length of X.
Replacing X by its residue space, we can assume gr(X) = 1 (using
Theorem 1.7 (iii) and property (c) of €). Thus, by Theorem 1.3, either
|X| = 1, or X decomposes. Further, if X = X; @ X, X; # 0,7 = 1,2,
then cl(X;) < cl(X) by Theorem 1.7 (ii), so by induction, X; € %,i.e.,
X € % by (b). Finally, if [ X| = 1, then X € % by (a).

Proof of Theorem 1.7. (i) Suppose X (a;.1) & X(a;), j=1,...,k
Then for each z, 1 =72 =<#u, X;(a;-1) € X.(e;). Moreover, since
X (a;—1) # X(a;), there exists 7, 1 < 7 =< nsuch that

X,»(aj_l) # Xi(llj).
(For if X ;(a;—1) = Xi(a,) for all 2 £ n, then

a;a ;-1 E m Ai = 1, i.e., a; = aj-1,
i=1
a contradiction.) This holds for j = 1, .., k. Simple counting yields

n

E< > (X)), ie.,

=

cdX) = Zﬂ cl(X,).

(ii) We are assuming X = \U,;X; and the natural homomorphism
from G into I1; G/A; is an isomorphism. Suppose

Xi(ai,,-_l) _,C_ Xi(ai,j),]‘ = 1, .oy ki, ’1' = 1, B (8
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We may as well assume a; o = —1, and a;;; = 1. Choose elements
by; € G such that

byy= 1 (mod Ay) for k < 4,
by = ay; (mod A;), and
bij = —1 (mod Ak), for k > 1.

Note that
X)) = (UseilX) U Xilagy).

It follows that
X)) S ... T X)) = X20) & ... .. S X (buk)-

There are > k; inequalities in this chain, so c1(X) = >k, and hence
cd(X) =z X c(X)).

The other inequality follows from (i).
(iii) Suppose |X’| £ 1. Suppose
X'(ai) © X' (a:),1=1,..,k with e, € G'.
Then clearly X (a;-1) & X(ay),7=1,..,k Thus cl(X) = cl(X’). Now

suppose

D{1,a;) S D{1,a4),1=1,..,k witha,,.,a € G.

Il

We may assume ao = —1, ¢; = 1. Then a; # —1. There are two cases
to consider.

1st Case. Suppose a1 ¢ G'. 1t follows (from the definition of group
extension) that D{1,a;) = {1,a;}. Thus £ £ 2 in this case. Thus, since
X' # 1, (X)) =2 = k.

2nd Case. Suppose a; € G'. Then D{1,a;) € G’ (e.g., by [9, Lemma
4.9];note a, ¥ —1). Thusay, .., ayareallin G’, and

X'(ai) G X (@), i=1,... k.

Thus cl(X’) = k. Thus, in any case cl(X’) = &, so cl(X’) = cl(X).

We now proceed to prove a deeper property of chain length. This will
eventually be used in the proof of Theorem 1.3.

(1.8) THEOREM. Suppose Y 1s a subspace of X. Then cl(Y) = cl(X).

The proof of this follows easily from the following lemma. The lemma
itself doesn’t seem to have an easy proof.

(1.9) LEMMA. Suppose b,aq, . . ., ax € G satisfy
D(1,b) = {1,b}, and
D(1,a:-1){1,b) € D{1,a;){1,b),1=1,...,k.
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Then there exists a; € D{a,ad) = {a,ab} such that
D{l,a,./)C D{l,a/)2=1,...,k

Proof of 1.8. Suppose, to the contrary, cl(Y) > cl(X). Then, in par-
ticular, cl(X) < 0. Choose a subspace Z C X minimal subject to (1)
Z D Yand (2)cl(Z) £ cl(X). Toshow such Z exists, we need only verify
that Zorn’s Lemma applies. Suppose {Z,} is a collection of subspaces of
X satisfying (1) and (2) and linearly ordered by inclusion. Let Z' =
N :Z. Then Z’ is a subspace of X satisfying (1). To show Z’ satisfies (2)

suppose @y, . . . ., a; € G satisfy
Z'(a;)) & Z'(a;-1),7=1,..., k.
Thus, the set
U =o€ X|o(la;) = ocla;on,a;1ay), 7 =1,...,k}

is open in X and contains Z’. By compactness, Z; & % for some 1, so

Zia;) S Ziaa),j=1,..,k

These inclusions must be strict, since Z'’ C Z;. Thusk £ cl(Z;) = cl(X),
so cl(Z’) £ cl(X). Thus Zorn’s Lemma applies, so Z exists as asserted.

To simplify notation, we may assume X = Z. Let ¥V = (V,G/A).
Since

Y # X (c(Y) > cl(X))

it follows that A 5 1, so thereexistsa € A,a # 1. Thus Y € X(a) & X.
Since cl(X) < oo, there exists b € G, b % 1, such that X (¢) C X (b) C
X, X (b) maximal. Thus D(1,b) is minimal, ie., D(1,b) = {1,b}. By the
minimal choice of X (=2Z2), it follows that cl(X (b)) > cl(X). On the
other hand it follows from Lemma 1.9 that c1(X (b)) £ cl(X). Thisis a
contradiction.

The proof of 1.9 is broken into three cases: k = 1,k = 2, & = 3. The
case k = 2 is the difficult case.
Suppose £ = 1: In this case qo is represented by

<]_’a1><1,b> = <1rb> ©) a1<1,b>,

so by 04, Ju,w € D(1,b) such that a,is represented by (u,av), i.e., uais
represented by (1,a,uv). Take ay’ = uay, ¢’ = auv.
Suppose & = 2: We may as well assume that modulo D{1,b),

(1) a9y =1l,a2 % —landa,_; Za; 1 =1,2.

For if ag =1, as = —1, or a;.1 = a; for 1 = 1 or 2, then by taking
a¢ = 1 (resp. as’ = —1, resp. a;—y’ = a;) we would be down to the case
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k = 1. By the case # = 1, we may also assume (replacing a; by ab if
necessary) that

(2) D{l,a0) € D(1,a1) and D{1,ba1) € D(1,as).
We may also assume
(3) D{1,a1) € D{1,a:), D{1,a1) & D{1,bas), D{1,a0) € D{1,ba,),
and
D{1,bas) € D{1,ba,).

We complete the proof by showing that (1), (2), and (3) together with
D(1,b) = {1,b} imply a contradiction.

Denote by G’ the subgroup of G generated by b, ao, a1, ¢, and —1, and
by X’ the restriction of X to x(G"). By (1) and (2), there exist a;, as, a3,
as € X' defined by

b Qo ay Ay
o + + + +
a + + 4+ =
as + + - -
w + = = =

By (2), these are the only characters in X’ making b positive. There may

also be a character a; € X' satisfying as(b) = —1, a5(¢1) = 1. By (2) it
follows that as(a¢) = 1,a5(as) = —1, so there is at most one such charac-
ter. There may also be characters as, a7, as, ag € X’ defined by
b Qg ay (2]
as — + - +
ar — + - =
ag — - - -+
(o] - - - -

By (3) and (2) certain of these characters do, in fact, exist, namely
(*): one of each of the following pairs exist:

g, (g, 07, 09, (g, (Xg; (g, (X7.

It is clear that ai, a3, . . ., ag exhaust all possible elements of X’. Note
that there are 5 independent characters in X' (eg., a1, as, a3, as, and any
one of ag, a7, as, g which exists), so G’ is 5-dimensional over Z/2Z, and
the generators b, ao, a1, a2, —1 are a basis of G'. There are two subcases
to consider:

Subcase A. ag and ay both exist. In this case let a1, a2, 03, 04, 05 € X’
be defined by

01 = &g, 02 = a3, 03 = A1, 04 = Qgy 05 = g.
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Then one verifies

Q4 = 0102030405, Q5 = 020304, 07 = 010304, 08 = 010305.

Choose p4, . . ., ps € G’ dual to the basis o1, . . , 05 of x(G'), i.e., a,(p;) =
1if 2 7, o,(p;) = —1, if © = j. As in the proof of Lemma 3.1 of [9],
the forms

f = (1, p1papsps, prpepsps) and g = (pipapaps, paps, Psp1)

are isometric over X. Note that psp; is positive at a1, o2, 73, and negative
at g4, 035, as is b, so psps = b. Thus (1,psps) only represents 1, psps over
X. Thus, we obtain a contradiction exactly as in [9, Lemma 3.1]; namely
f must represent pip.psp; on the one hand, but on the other hand, this
is impossible.

Subcase B. One of as and ay ¢ X’. Then by (*), ey and as both exist.
In this case consider the basis ¢y, . . . , 05 defined by

gy = a1, 02 = (3, 03 = A2, 04 = a7, 05 = QOg.
With respect to this basis,
Q4 = 0102030405, X5 = 020304, Og = 010304, 0lg = 010305.

Let p1,..., ps € G’ be the dual basis to ¢y, .., g5 and proceed as in
subcase A.

Suppose & = 3. By induction (replacing «¢; by a ;b wherever necessary)
we may assume

D(l,a0> g D<1, a1> g .o g_D(l,ak_1>.
Also by induction there exist a* € {a;ab} such that
D{l,a,*) C ... C D{1,a;*).

Replacing a; by ba, if necessary, we may assume a;* = a;. If either
a* = a; or a,_1* = a;_;, we are done, so we may assume a;* = ba,,
ay—1* = bay—;. Applying induction a third time there exist elements
a/ € {ayad} such that

D{l,ay) C ... C D{l,a1-2) € D(1,a}).
If a)’ = a,*, we are done, so we may assume ¢,/ = a;. We claim now that
D(1,a;1) € D(1,a;’).

Once this is proved we are done. For suppose ¢ € X is such that
o(a;’) = 1.Since a;’ € {ay,a;b} it follows thatif ¢(b) = 1, then o(a;) = 1.
Since

D(Lak-—l)(lrb) g D<11ak><1’b>:

https://doi.org/10.4153/CJM-1980-047-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1980-047-0

612 MURRAY MARSHALL

this implies ¢ (¢;—1) = 1. Now suppose o(b) = —1. Since
a, = a) € D{1,ay') € D(1,ai/), and o(a;/) = 1,

we must have ¢(a;) = 1, i.e.,
c(a*) = o(bay) = —1.

Since
D(1,a,*) € D(1,a,1*),

this implies ¢ (a;—1*) = —1. But ¢;—* = baz_;. Thus
ac(az1) = a(d)o(a—*) = (=1)(—1) = 1.

Thus, in any case ¢(¢;/') = 1 = o(a4-1) = 1, s0

D(1,ax-1) € D{(1,a;").

2. Components. We define simply connected as in [9], i.e., for o,
T € X, ¢ ~,7 & either ¢ = 7, or there exists a 4-element fan V C X
such that o,r € V. It is mentioned in [9] that ~; is an equivalence
relation on X, but this is never proved explicitly. To give a proof we need
some preliminary results.

(2.1) Remark. Many results in [9] carry over with little or no modifica-
tion to infinite spaces of orderings. We have already remarked this for
Theorem 4.1 of [9] (see [11, Lemma 4.1]). For S a subset of x(G), and
v € x(G), denote by ~.S the translation of S by v, i.e.,

S = {yolo € S} C x(G).

Lemma 4.2 of [9] goes through in the following modified form: ‘‘Suppose
S is a subset of X which generates X, and suppose v € x(G) satisfies
vS € X. Then yX = X"'. The proof is an easy modification of that in
[9]. For @ € x(G) define X, as in [9], ie.,

Xe=XNaX = {o € Xl|oa € X}.

Lemmas 4.3, 4.4, 4.5, 4.6 of [9] carry over word for word to the infinite
case.

(2.2) LEMMA. Suppose gr(X) = 1, |X| = 3. Then o~ 7 holds for all
o1 € X.

Proof. Let v € gr(X), v # 1. Let o, € X, o # 7. First suppose
7 # yo. Then V = {o, 7, 0y, 7y} is a 4-element fan containing o, 7.
Suppose 7 = yo. Since |X| = 3, there exists ¢’ € X, ¢’ # g,0y. Then
V = {g, ¢, v, ¢'v} is a 4-element fan containing o, 7.

(2.3) THEOREM. ~ is an equivalence relation on X.
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Proof. Let a1, 09, 03 € X satisfy o1 ~ 02, 02 ~; 73. We wish to show
o1 ~; 3. We may assume o1, o2, o3 are all distinct. Let V;, V, be 4-
element fans in X such that o1, o2 € Vi, a9, 03 € Va. Pick v, € gr(V,),
v: # 1. This is possible, since |gr(V,)| = 4. Then it is clear that V, C
X,;, 1 = 1,2. Moreover X,, N X,, # @ since

e € ViN Vo © Xy N X,y

Thus, by Lemma 4.6 of [9] (and remark 2.1, above) there existsy € x(G),
v # 1 such that X,,, X,, C X,. Thus o1, 03 € X,. Also |X,| = 4 and

2 =

gr(X,) # 1 (since v € gr(X,)), so by Lemma 2.2, ¢; ~, a3.

As in [9], we refer to the equivalence classes of X with respect to ~
as the (connected) components of X, and we say X is connected if it has
only one component. It follows from Corollary 7.5(i) of [11] that every
connected space is indecomposable. The converse is false (see remark
3.15). Recall (in [10]) a space of orderings X is called an elementary inde-
composible space if either gr(X) £ 1, and |X| = 4; or |X| = 1. We will
refer to this type of space as an El-space for short. Note by Lemma 2.2,
every such space is connected and hence is indeed indecomposible. In
[9] it is proved that for X finite, the components of X are subspaces
(in fact El-subspaces). This is not valid in general (see remark 2.9), but
it is true for two special classes of spaces which we discuss now.

(2.4) THEOREM. Suppose there exists a finite set of fans
Vi=(Vi,G/A)1=1,..,n

in X which generate X. Then X has only finitely many components
Ci, ..., Cseach Ciis an El-subspace of X,and X = C; ® .. @ C,.

Before beginning the proof note that this generalizes the main struc-
ture result in [9] (since finite spaces are certainly generated by finitely
many fans).

Proof of 2.4. By decomposing two-element fans into two 1-element
fans, we may assume |V;| # 2, so each V; is connected. Fix ¢, € V,.
Then V; = o,gr(V,), so a.gr(V,;) \JU gr(V,) is a closed subgroup of X (G)
containing V. It follows that

x(G/A;) = agr(Vy) U gr(V)),
i.e., every element of x(G/A;) is a product of 1 or 2 elements of V. Since
U%=1 V; generates X, it follows that Ni_; A; = 1, i.e.,

x(G) = H x(GYay).

i=

(This product is not necessarily direct.) Thus every element of x(G)
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(and hence of X) is a product of a finite number of (at most 2n) elements
of U7;=1V1-
Now let ¢ € X, and represent o as

c=mr...1, T, E I TVyo=1,...,L

We may assume 74, . ., 7, are independent (taking a shorter expression
if necessary) so by Lemma 3.2 of [9], 0 ~ 71. Say 71 € V. Then 7, ~ ¢,
(V;is connected), so ¢ ~ ¢;. Thus every element ¢ € X is connected to
one of g1, . ., a,. This proves the first assertion.

Note since each V; is connected, V; N C; # § = V, € C;. Denote
by .S;theset {i]1 £ 7= %, V,C C;}. Thus S;N Sy = @ for j # j/, and
U S; = {1,2,..,n}. The claim is that C, is generated by the set of fans
Vi1 €S, Forlet ¢ € C;, and represent ¢ as

n
c=T1...7 T, U Vy, v=1,...,¢
i=1
with 7y, ..., 7,independent. Consider 7,; say 7, € V,. Then by Lemma

3.2 of [9],7,~ o, and since ¢ € C;, it follows that 7, € C;, soV ;M C; # 0,
ie.,1 €.5;ie.,

T, € U1eSjV1fOI‘7)= 1,...,¢

This proves the claim.

Now consider a component C;. We wish to prove it is an El-subspace.
We may assume |C;| # 1. By replacing each V,, 7 € S; by a larger fan,
if necessary, we can assume |V, = 4. Since o, ~ o4 for all 7,2 € S,
1 # 1/, there exists a four-element fan V,y € X such that o4, ¢ € Vyyp.
Choose elements y; € gr(V,), vir € gr(Viwr) vi # 1, vi, # 1 for all
1,0 € S;, 1 # 7/, and consider the corresponding subspaces X,;, X, .
Since o; € X,; M X,,,, it follows by repeated application of Lemma 4.6
of (9), there exists v € x(G), v # 1 such that

X‘Yn X“{n” - X‘)‘ Viri, € Si 17
In particular (since V; € X,,) it follows that
UieSj Vi g X“/-
Since the former generates C;, this implies C; € X,. Since X, is con-
nected by Lemma 2.2, C; = X,,.
Note that X = C; @ ... @ C; follows immediately from Corollary

7.5, [11] (although it can also be proved independently of the represen-
tation theorem for W(X) by the techniques of [9, Theorem 3.3]).

(2.5) Remark. Note if X satisfies the hypothesis of Theorem 2.4, then
cl(X) < o (by the part of Theorem 1.6 which is proved). Note also that
the conclusion of 2.4 implies, in particular, that either gr(X) £ 1, or
|X| = 1, or X decomposes. Thus we have proved an important special
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case of Theorem 1.3: If X is generated by a finite set of fans, then the
conclusion of 1.3 holds.

A reader mainly interested in the proof of Theorem 1.3 should proceed
now directly to § 3.

(2.6) TurorEM. Suppose X has no infinite fans V & X. (For example,
this holds if st(X) < oo, by Theorem 6.4 of [11].) Then every component
of X 1s an El-subspace.

The following characterization of fans is useful in the proof of 2.6.

(2.7) LEmMA. A subset Y of X is a fan (and a subspace) if and only if
Y is closed in X and satisfies aBy € Y Va, B, v € Y.

Proof of 2.7. (=) Y is closed, being a subspace. Since Y is a fan and
(=1)(=1)(—=1) = —1, the second condition holds by [11, 4.2(ii)].

(=) Fixa € Y. Then YV = 1YY = VYV = a(aV¥V) C aV. It
follows easily from this that ¥'\U a ¥ is a (closed) subgroup of x(G), so,
by Pontryagin Duality, (YU a V) = Y UaV. Sincea € ¥, (VY U V)t
= Y1 Thus Y1+ = Y U «V. Thus, if vy € Y+, y(—1) = —1, then,
since all elements 7 € aV satisfy 7(—1) = 1, v € Y. This shows Visa
fan, using (11, 4.2(ii)], (and also a subspace, since it implies in particular
that Y- N X C V).

Proof of 2.6. Let C € X denote the component generated by ¢ € X.
We may assume |C|] # 1. Then, by the proof of 2.2 C is the union of
the collection of sets

S=1{X,|y € x(G),y #1,0€ X,, |X,| = 4}

By Lemma 4.6 of [9] this system of sets is directed, so it is enough to
show S has a maximal element, i.e., we must show there do not exist
elements y; € x(G) such that

* X, <Xt =1,2,3,......
Suppose such a chain does exist. Fix an element ¢ € X,, and consider

V= {Uy OY1, OY2 OY1Y2y ¢ « v oy OVIY2« + « 'yn}.

Clearly V, € X and V, is a fan (by 2.7). We claim that |V,| = 2% For
otherwise two of the displayed elements of V, would be equal, and
cancelling ¢ we would obtain (after taking all the terms to one side and
reindexing the v,'s) a relation of the form

Y1yz...vs = L.

Thus, v1 = y2...7vs Now let 7 € X,,. Then 7v; = 77y2. .7, € X, i.e.,
7 € X,,. Thus X,, = X,,, contradicting (*). Hence |V,| = 2". Now let
V denote the closure of \U%.;V;. Thus V is closed in X, and

aBy € V=aBy €V
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(this holds for \UV; so it holds for 1 by the continuity of multiplication).
It follows by Lemma 2.7 that V is a fan (and a subspace of X). Since
|V| = oo, this contradicts the assumption, and proves the theorem.

(2.7) Remark. Suppose X has finite stability index and components
X, 1 € I. Each non-trivial fan in X is connected, and hence lies in a
component. Thus, by Theorem 5.5 of [11], W(X) consists of all f €
C(X,Z) which satisfy

fl1X.e W(X,), and

f(e) = f(r)(mod 2) foralle € X, 7€ X,,1,7 € 1,15 7.
Further, if st(X) 5 1, then by Theorem 6.4 of [11],

st(X) = max{st(X,)|s € I}.
By Theorem 2.6, either |[X,| = 1, or gr(X;) # 1. In the former case

st(X;) = 0,and W(X,;) = Z.
In the latter case,

W(X,) = WX /)IG/G/]
with X,/ = the residue space of X;, and G,/ = gr(X,;,)+ C G (by [10,
remark 3.8]). Also, in this case, st(X;) = n; + st(X/,), where 2" =
(G:G/). (If Visafanin X, itsimage V' in X/ is a fan, and the inverse
image of 1" in X, is a fan in X, containing V.) Since st(X ;) < st(X,),
this gives a rough inductive description of the Witt ring of a space of
orderings with finite stability.

For the remainder of this section, let X denote the space of orderings
of some formally real field K. For » a valuation on K denote by 4,
(resp. U,) the valuation ring (resp. the unit group) of (K,v). Let X,
denote the subspace of X consisting of orderings compatible with v in
the sense of [3] and let X, denote the order space of the residue field of
(K,9). Thus

X, #0 =X, #0,

and X, is a group extension of X,. Let 0,7 € X, 0 ~, 7, ¢ # 7. Thus
there exists a 4-element fan 1V € X such that o,7 € V. By [3, Theorem
2.7] there is a real valuation v of K such that V' C X, and the image of
Vin X, is a trivial fan. Since V itself is not trivial this implies K*
U,K*?, so gr(X,) # 1. Thus X, is connected by Lemma 2.2. It follows
that the (non-trivial) component generated by ¢ is U,cs,X, where S,
denotes the set of valuations v on K satisfying

1X,| 24, K = K?2U, o€ X,
Note the valuations in S, are comparable [12, Theorem 7.18(1)]. Now
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suppose st(X) < oo, Then K*/U,K"? is finite for each v € S, [2, (3.18)].
Choose v, € S, such that the index is minimal, and define a valuation w
on K by

Ap = Uyes, 40

It follows that w is non-trivial, and w € S,, in fact,
U,K'? = U,K™2.

By [12, Theorem 7.18(2)]
Uses,Xo = Xo.

Thus we have proved:

(2.8) THEOREM. Suppose X is the space of orderings of a formally real
field K, st(X) < oo. Then every non-trivial component of X has the form
X, for some real valuation v on K satisfying

UK K, |X,| = 4.

(2.9) Remark. 1t is known, in the infinite stability case, that the com-
ponents of X need not be subspaces. One such example can be obtained
by taking K to be the rational function field in countably many variables
over Q and using a construction of A. Prestel. This yields a component C
which is dense in X but is not all of X. In particular, C is not closed, so is
not a subspace. On the other hand, it is known (Corollary 3.18) that a
closed component of X is a subspace. (The corresponding question is still
open for abstract spaces of orderings.) Here are two problems that appear
to be open:

(i) Suppose a non-trivial component of X is closed (and hence a
subspace). Then is this subspace an EI-subspace?

(ii) Supposing it is an El-subspace, does this mean it has the form X,
for some real valuation v satisfying U,K*? % K"? (We have seen in 2.8
that the answer to both questions is “‘yes’” if X has finite stability.)

3. P-structures. Suppose, for the moment, X is the space of orderings
of some formally real field K. Denote by M the set of “‘real” places K,
i.e., places a: K — R U {00}. Then M induces a partition of X: X =
UeenX (o), which satisfies the following properties:

P;. Each X(a),a € M, is a fan;

P,. Each fan V C X intersects at most 2 of the sets X (a), « € M;

P;. The induced (quotient) topology on M is Hausdorff;

P,. For each non-empty closed C & M, the set U,e¢eX (@) is a sub-
space of X.

(These results are fairly well known. All are collected in [6, § 2]. Speci-
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fically P, is 2.2, P3is 2.1, P4 is 2.8, and P, follows from the first claim of
2.3.)

For most of this section we concentrate on the following partial abstrac-
tion of this situation.

(3.1) Definition. Let X be an arbitrary space of orderings. A partition
X = UgenX () will be called a P-structure on X if it satisfies Py and Ps.

P-structures satisfying P; and P, are discussed briefly at the end of this
section. The immediate goal is to prove the following two theorems.

(3.2) THEOREM. Every space of orderings admits a P-structure.
(3.3) THEOREM. Let X = UgenX (@) be a given P-structure on X. Then
cd(X) <o & |M| < w.
In fact, if either s finite, then
|M| = cl(X) = 2[M].

This will complete the proof of Theorem 1.3. For suppose cl(X) < .
By Theorem 3.2, there exists a P-structure X = UqsenX (@) on X. By
Theorem 3.3, |M| < . Thus X is generated by the finite set of fans
X(a), « € M, so by Remark 2.5, either gr(X) # 1, or |X| =1, or X
decomposes.

Before proving 3.2 and 3.3, several preliminary results are required.

(3.4) Definition. (i) Suppose X = UqenX (o) is a P-structure on X,
and Y is a subspace of X. The induced P-structure on YV is

YV = Usen Y(a) where
N={a€ MX@NY#0@}and Y(e) = X@ N YVa€ N

(ii) Suppose X = X; @ ... @ X, and that X; = Useu; X:(a) 1s a
P-structure on X;, 1 £ 17 £ n. The tnduced P-structure on X is

X = UasenX (o) where

M = U Mi and X(a) =X¢(a) ifaEMi
i=1

(iii) Suppose X' = UqenX' (o) is a P-structure on the residue space
of X' of X. The induced P-structure on X is X = UgenX (@) where
X (a) is the inverse image of X’ («) under the natural projection.

It is easily verified that the induced P-structures in (i), (ii), and (iii)
above, are indeed P-structures.

(3.5) Definition. Suppose X is generated by a finite set of fans. The
canonical P-structure on X is defined by
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(i) if |X| = 1, it is the only possible thing;
(ii) if gr(X) # 1, it is that induced by the canonical P-structure on
the residue space of X;
(iii) otherwise it is that induced by the canonical P-structures on the
components of X.

Note that, by induction on cl(X), (i), (ii), and (iii) do indeed define a
canonical P-structure on X (refer to Theorem 2.4 and its proof, Remark
2.5, and Theorem 1.7). If X = U4 exX (@) is the canonical P-structure
of such a space X, we will find it useful, in the following, to refer to the
fans X (&), @« € M as X-places. To clarify a possible misconception, one
should note that (unless |X| = 1) the canonical P-structure on such a
space X is not the only P-structure on X.

(3.6) LEMMA. Suppose VC VYV C X where Y, X are each finitely
generated by fans, V is a fan which is not a Y-place, and V is maximal in X
(in the sense that if W € X is a fan, VC W, then V = W). Then the
canonical P-structures on X and Y each induce the same P-structure on the
subspace V.

Proof. We claim thatgr(X) € gr(Y) € gr(V). Forsupposey € gr(X).
ThenyVC vX = X,soW = VUV C X. Since W is a fan, it follows
by the maximality of V that W =V, ie.,, yVC Vie., vV =T, ie,
v € gr(V). Thus gr(X) C gr(V). A similar argument shows gr(Y) C
gr(V). With v as above note v¥ C yX C X. Also, since v € gr(V) C
[V] C [7], it follows that v Y C [Y][Y] = [V]. (Recall: [ Y] denotes the
closed subgroup of x(G) generated by ¥.) Thus1 Y C [YIN X = V (V
is a subspace of X). Thus y¥ = ¥, so gr(X) C gr(Y). This proves the
claim.

The lemma is proved by induction on cl(X). Note that by replacing
X by its residue space and V,V by their images in the residue space of
X, we reduce to the case gr(X) = 1. Thus by Remark 2.5 either | X| = 1
or X has two or more components. But [X| #1 (|X|=1=V =Y =
X =V is a Y-place). Thus X has 2 or more components. Suppose
gr(Y) % 1. Then | V| # 2 (for if |Y| = 2, then YV is a fan, so V = Y,
i.e., Vis a Y-place). Thus, by Lemma 2.2, ¥ is connected. Replacing X
by the component of X containing ¥ we are done, by induction on the
chain length. Thus, we may assume gr(Y) = 1. Again | Y| # 1 (V is not
a Y-place), so by Remark 2.5, Y also has two or more components. Now
lookat V. If | V| 2 4, then by Lemma 2.2, V is connected, so by replacing
Y, X by the components of ¥ and X respectively that contain V, we are
done by induction. Thus we may assume |V| £ 2. But [V]| # 1 (| X]| # 1,
so a maximal fan in X has at least two elements). Thus |V]| = 2. Being
a maximal fan, V cannot lie wholly in a component of X or of Y (since a
maximal fan lying in a non-trivial component has at least 4-elements).
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Say V = {o, 7}. It follows that the induced P-structure on V'is {a} \J {}
in both cases. This completes the proof.

(3.7) Terminology. (i) We say X is P-finite if X is generated by a finite
set of fans.

(ii) Let V be a fan in X. We say a P-finite subspace ¥ C X partitions
V stably if V C Y, and V P-finite spaces Z, ¥ € Z C X implies the
canonical P-structures on Y and Z each induce the same P-structure on
V.

(3.8) LEMMA. Let X be an arbitrary space of orderings, V an arbitrary
fan in X. Then there exists a P-finite subspace Y & X which partitions V
stably.

Proof. Let W be a maximal fan in X subject to V € W. (The existence
of such W is by Zorn’s Lemma, and an argument similar to that in the
proof of Theorem 2.6.) If W is a Z-place for every P-finite space Z,
WCZCX, take ¥V = IW. Otherwise there exists a P-finite space
Y, WC Y C X such that W is not a Y-place. By Lemma 3.7, Y parti-
tions W (and hence V) stably.

We now give a proof of Theorem 3.2. Define a relation = on X as
follows: For o,7 € X, let ¥ be any P-finite subspace of X which parti-
tions the fan {o, 7} stably. Write ¢ = 7 if and only if ¢, 7 lie in the same
V-place. = is a well-defined equivalence relation on X. This follows from
Lemma 3.8 and the fact that the subspace of X generated by a finite
number of P-finite subspaces of X is again P-finite.

The claim is that the resulting partition of X is a P-structure. Let
V € X be a fan, and let ¥ be a P-finite subspace of X which partitions
V stably. Let 1,00 € V, 01 2 02, and let ¢ € V. Since V is a fan in Y,
V intersects at most two Y-places, so either ¢ = ¢;, or ¢ = ¢. This
shows P,.

It remains to verify P;. Let 7 be an equivalence class with respect to
=, and let ¢4, 09, 03 € T. Thus o1 = 09, g2 = 03, so there exists a P-finite
space ¥ C X which partitions {s1, 02} and {os, o3} stably. Thus o1, o9, 03
all lie in the same Y-place. Since Y-places are fans, it follows that
010203 lies in this Y-place so, in particular, o10203 € X. Now let ¥V’ be a
P-finite space partitioning the fan {0y, 09, 03, 010203} stably. Since
01 = 09 = 03, 01,09,03 all lie in the same Y’-place. Thus ¢i02073 lies in this
Y’-place, so

010203 = 01 = 02 = 03,
i.e., o10203 € T. This proves
01,02,03 S T = 010203 € T.

By continuity of multiplication this will also hold for T, the closure of T,
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so T'is a fan (by 2.7). Let Y” be a P-finite subspace of X partitioning
T stably. Thus T is the intersection of some Y"-place with 7. Since T
is closed and each Y’’-place is closed (in ¥”” and hence in X), it follows
that T is closed. Thus T" = T is indeed a fan. This proves P;.

(3.8) LEMMA. Let X = U, euX (@) be a P-structure on X, let S be any
(non-empty) finite subset of M, and let ¥ = Uy esX (a). Then Y is a sub-
space of X.

Proof. If ¢ € [V], it follows (as in the proof of the first claim of
Theorem 2.4) that there exist ¢y, .., 0, € Y such that

o = 0102...0s.

Now let 1,602,053 € Y and suppose ¢ = g10203 € X. If there isa € S such
that oy,03,03 € X (), then ¢ € X (a) by Py, so ¢ € Y. Otherwise the fan
V = {o1,02,03,0} intersects X (o) and X (8) for some a,8 € S, a # 8.
By Pz,

VEX(@UX@®B SV,
so ¢ € V. Thus V satisfies the following closure property:
(*) 01,0203 € ¥V, 010205 € X = 010005 € V.
That Y is a subspace now follows immediately from the following lemma.

(3.9) LEMMA. Let Y be any (non-empty) subset of X satisfying (*) and
suppose every element of [ Y] is a finite product of elements of Y. Then Y 1s
a subspace of X.

Proof. It is enough to show [V]MN X = V. Let ¢ € [Y]MN X and
express o as

cg=01...05,01,..,0 € Y.

By taking s minimal, we can assume o, . ., o, are independent. Note s
isodd. If s =1, cis clearly in V. If s = 3, ¢ is in ¥ by (*). Suppose
s = 5. Then by [9, Theorem 3.1] (reindexing if necessary) 3¢, 3 £t < s,
such that 7 =¢;...0,€ X. By induction on s, 1€ ¥V and ¢ =
70441...0s € Y. Thus, in any case, ¢ € V.

(3.10) LEmMA. If X is not a fan, then any P-structure on X 1is induced
by a P-structure on the residue space (X',G') of X.

Proof. If gr(X) =1, then X’ = X, so the result is clear. Let X =
UaenX (@) be a given P-structure on X. For @ € M, denote by X (a)’
the image of X () under the natural projection. The only thing not clear
is that the fans X (a)’, « € M are disjoint (for if they are disjoint, then
X' = UsenX (@) is a P-structure on X’ inducing the given P-structure).
Suppose there exist @, 3 € M, a # 8 such that X (a)' N\ X (B)’ # 0. Let

https://doi.org/10.4153/CJM-1980-047-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1980-047-0

622 MURRAY MARSHALL

o € X(a) be such that its image is in X (&)’ M X (8) and let 6 € x(G/G")
be such that o6 € X (8). Suppose M # {a,8}. Let v € M, v # «,8, and
let + € X(y). Then W = {o,08,7,76} is a fan in X intersecting X (a),
X (8) and X (v). This contradicts P, and proves M = {a,8}. Thus

X =X UX@B) and X' = X(a) U X(B)'.
Now take 7 € X (a) and W as above. Then 76 € X (8), since
€ X(a) = a6 = (a)(1)(78) € X(a).

This proves X (@)’ € X (8)’, i.e., that X’ = X (8)’ is a fan. But then X is
a fan, since it is a group extension of a fan. This contradicts the hypo-
thesis and proves the lemma.

We are now in a position to give a proof of Theorem 3.3. Suppose
[M| < . Then cl(X) £ 2|M| by Remark 1.2 and Theorem 1.7 (i). Still
assuming | M| < o, we now prove, by induction on cl(X), that |M| £
cl(X). Thisis clear if IX| = 1. Suppose gr(X) 5 1. If X isa fan, cl(X) =
2 = |M|. If X is not a fan then, by Lemma 3.10, M is induced by a
P-structure M’ on the residue space X’. Then |M| = |M’| and, by
Theorem 1.7 (iii), cl(X) = cl(X"). Thus, replacing X by X', we may
assume gr(X) = 1. Thus by Remarks 2.5, X decomposes, say X =
X; @ X, Let M, denote the P-structure on X; induced by M (see
Definition 3.4(i)). Clearly

[My] + [ M| Z |M]|.
Also
cl(Xy) + c(X2) = cl(X),

by Theorem 1.7(i1). Since X ; has smaller chain length than X, 7 = 1,2,
the result follows by induction.

Now suppose only that cl(X) < . Let S € M be a finite subset. By
Lemma 3.8, V = U,¢sX (@) is a subspace of X. By Theorem 1.8,
cl(Y) = cl(X). But by applying what we have just proved to the space
V with P-structure ¥V = UaesX (@), we have [S| < cl(Y). Thus |S] =
cl(X). It follows, since S € M is an arbitrary finite set, that |M| < co.

For the rest of this section, fix a P-structure X = Ug X (@) on X.
Fora € M, let A(a) = X(a)*. Thus, as a space of orderings,

X(a) = X (a),G/A(a)).
Now suppose o,8 € M, a # 8. By Lemma 3.8,
X(@) U X(B) = (X(a) JX(B),G/A) N AB))

is a subspace of X. Denote by G.s the group G/A(a)A(B). For v €
x(Gap) € x(G), we have v(—1) = 1 (for X (a), X(B8) are fans, so if
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v(—1) = —1, then v € X (a) M X (8), a contradiction). It follows that
—1¢€ A(e)A(B).

Theorem 1.6 together with Theorem 3.3 completely classify spaces
satisfying | M| < oo. One may also consider spaces satisfying

X (@) £2V o€ M and G = 1 Vo, B € M, a # B.

These are easily seen to be just the spaces satisfying st(X) =< 1. Such
spaces are well understood. There is a larger class of spaces including
both the above types. This is classified in the following.

(3.11) TurorEM. The following are equivalent:

(i) There exists a finite ST M satisfying | X(a)] £ 2V a ¢ .S, and
G =1VaBa#Bads.

(i1) The subspace of X generated by the non-trivial fans [11, 7.3] has finite
chain length.

Proof. (i) = (ii). Define ¥V = U,es X(a). ¥V is a subspace of X by
Lemma 3.8. It is finitely generated by fans so has finite chain length.
Thus it suffices to show that each four-element fan 7V € X lies in Y.
Let V = {01, 09, 03, 04} be a 4-element fan in X. Suppose V M X (a)
# 0. If VC X(a), then |[X(a)] =2 4soa € Sand V C V. Otherwise
V intersects some X(8), 8 # «, and V C X(a) U X (8). Reindexing
the elements of V, we may assume o1, 02 € X (a), 3,04 € X(8). (For if
01,02,03 € X (@), then o4 = 010203 € X (), i.e., V C X(a). Similarly, if
01,09, 03 € X(B8), then ¥V C X(B8).) Thus the non-trivial character
0105 = 0304 is trivial on A(a)A(B), s0 G, # 1. Thusa, 8 € S,s0 V C V.

(i) = (i). Let Y denote the subspace of X generated by the nontrivial
fans, and suppose cl (¥) < . Thus, all 4-element fans of X lie in ¥, and
the induced P-structure in Y is finite, i.e., S: = {a € M|X(a) N YV # @}
is finite. Suppose @ ¢ S. Then X (a) € Y, so [X(a)| = 2. Suppose also
B € M, B # a. If G, # 1, then there is a 4-element fan {o,7,0v,7v}
not in Y obtained by picking any o,7,y subject to v € x(Gas), ¥ # 1,
0 € X(a), 7 € X(B). Thus Gag = 1.

We now present an abstract version of the ‘“‘exactness’’ property of
fields conjectured in [5], and proved in [1]. Denote by @ the canonical
image in Gug of a € G. Also denote by ¢,s the canonical ring homomor-
phism

bap* W (X (@) = Z/2Z[Gug)
given by ¢us{ai, . ., a,) = @1 + ... +d, It may not be apparent at first

glance that ¢.s is well-defined. However, since —1 € A(a)A(B) and
W (X (a)) is an integral group ring [10, Remark 3.8], this is easily verified.

(3.12) THEOREM. Let g € C(X,Z). Then g € W(X) if and only if
(i) glX (@) € W(X(2))V @ € M and
(ii) ¢as(g|X (@) = $5.(g|X(B)) V a,B € M, # B.
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Proof. The necessity of (i) and (i) is clear. Conversely, assume (i)
and (ii). By [11, Theorem 5.3] it suffices to show g is represented over each
fan VC X. If V C X (), this is true by (i). Otherwise, by P,, there
exist @, 8 € M, a # 8 such that V C X(a) U X (8). In this case, it is
enough to show g|¥V € W(Y) where Y denotes the space X (a) U X (8).
By (i) there exist forms fi, f» representing g over X (a) and X (8) respec-
tively. By collecting entries having the same value in Gus we can write
fias

fir~ Zpecagfw

where, for each p,

foo = Aaup, Gizpy oo v )
with @,; = p (and f,, is the zero form for all but a finite number of p).
By (i),

¢al3(f1) = ¢ﬂa(f2)'

This implies that fi, and f,, have the same dimension modulo 2, so by
modifying by hyperbolic planes, we may assume

dim f1, = n, = dimfo, V p € Gag.
For fixed j,p, @i = p = Gajp SO @102, € Ala)A(B). Thus there exist
c1p € Ala), €25 € A(B) such that
Q1gplojp = C1jpCajp.
Define ay, = a15¢15p = @2jpC2jp, and define f, by
fo = At ooy Angp)-
Then clearly f = 3., ¢q,qfy is a form representing g over V.

For the rest of the section we consider P-structures satisfying P3 and
P, (see the first paragraph of § 3).

(3.13) ProrosiTiON. The following are equivalent:
(1) M satisfies Ps;
(1) UseamX (@) is open in X ¥V a € Gy
(iii) If M is topologized by declaring the sels
M(a) = {a € Mla € Al@)},a € G,
to be a subbasis for open sets, then the natural map N: X — M 1is continuous.

Proof. (i) = (ii). Let a € G. X(—a) is closed in X, and hence
compact. Thus AM(X (—a)) is compact and hence is closed in M, i.e.,
AN I(N(X(—a))) is closed in X. The result follows by noticing that
UaeaX (@) is just the compliment of A=1(A(X (—a))).

(ii) = (iii). This is clear from A1 (M (a)) = Ugca@X (@).

(iii) = (i). Let a, 8 € M, o # B. Since —1 € A(a)A(B), there exists
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a € G suchthata € A{a), —a € A(B). Thusa € M(a),8 € M(—a). Since
M(a) "\ M(—a) = @, this proves the topology of M generated by this
subbasis is Hausdorff. Thus C © M is closed in this topology if and
only if \=1(C) is closed in X, i.e., this topology is the quotient topology.

(3.14) ProposiTION. The following are equivalent:
(1) M satisfies Py,
(1) V closed disjoint Cy, Co & M, there exists a € G such that
Ci € M(a), C; € M(—a);
(i11) V closed CC M and ¥ o € M, a ¢ C, there exists a € G such that
CC M(a),a € M(—a). (Here, the topology on M 1is the quotient topology.)

Proof. (i) = (ii). Let C = C; \J C,. Then C is closed, and
UaECX(O‘) = ( UD(GCIX(a)) v (UaEC2X(a))-

The sets Ugec; X (@) (2 = 1,2) are closed and disjoint in the space
Ua¢eX (o). Thus the function

fi UaceX (@) — {1, =1}
defined by
f = 1lon Uaech(a) andf = —1on UQGCQX(Q)

is continuous. It is easily verified that f satisfies the fan condition of
[11, Theorem 7.2], i.e., if V is any 4-element fan in X, then

2rev (o) = 0 (mod 4).
It follows that there exists ¢ € G representing f. Then C; C X(a),
Cy C X(—a).

(i) = (iii) is obvious, since points are closed in M.

(iii) = (i). Let C © M be closed, and let ¥ = (¥, G/A) denote the
subspace of X generated by UgeeX (B). If ¥V 5= UgeeX(B), then the
induced P-decomposition of ¥ has the form

V= (UseceXB) U (YN X(a)) U...,with

YMX(a) # 0.
By (iii), there exists @ € G such that C & M(a), « € M(—a). From
C C M(a), it follows that

a € NgecA(B).

Since UgeeX (B) generates Y, this is just A, ie., a € A. But Jo €
YN X (a), and (since « € M(—a)) it follows that ¢(a) = —1. This is
a contradiction. Thus ¥V = UgecX (8).

(3.15) Remark. Since, in any case, points are closed in M, and M
satisfies 3.8, it follows that any finite P-structure does satisfy P3; and P,.
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On the other hand P-structures exist which violate Ps. In fact, if X is
the space of orderings of the rational function field K = Q(¢), one can
verify that its canonical P-structure (i.e., the one used in the proof of
Theorem 3.2) violates P;. (This is also an example of an indecomposible
space which is not connected.) It is not known if P-structures exist
violating Ps Note, by the proof of Lemma 3.8, that if S C M, then
YV = UacsX (@) satisfies condition (*). It is conjectured that a closed
subset ¥ € X satisfying this closure condition is automatically a sub-
space. If true, this would imply P, holds for any P-structure.

The following theorem is an interesting application of the isotropy
theorem (Theorem 1.4). Note its relation with the conjecture mentioned
in the above remark.

(3.16) THEOREM. A non-empty subset Y © X 1is a subspace if and only
if it 1is clopen in the subspace it generates and satisfies:

*) If o1,00,03 € YV, and 010903 € X, then 10003 € V.

Proof. To prove the non-trivial implication, we assume that Y satisfies
(*) and (replacing X by the subspace generated by Y if necessary) that
V is clopen in X. Thus, if g: X — Z denotes the characteristic function
of Y, then g € C(X, Z), so by [11, Lemma 5.4] there exists # = 1 such
that 2"¢g € W(X). Let f = (ay, .., a;) be an anisotropic form represen-
ting 2"¢g. Thus of = 2", if ¢ € V, and of = 0, if ¢ ¢ V. It is enough to
show ! = 2", for then ¥ = X (a4, .., a,;), a subspace of X. By Theorem
1.4 there exists a finite subspace Z of X over which f is anisotropic.
Y M Z satisfies (*), so by Lemma 3.9 (applied to the space Z and the
subset Y M Z) Y M Z is a subspace of Z. Thus there exist by, .., b; € G
such that

YNNZ=2Z(@b,..,b.
If 2 > n, then
pr=(1b1) ® ... ® (1,by) = 2*f (over Z),

so p’ represents 1 (over Z), and by [11, Lemma 6.3] we can reduce k.
Thus we may assume k < #, so f = 2"*p (over Z). Thus, comparing
dimensions, ! = 2",

It was remarked in 2.9 that if X is the space of orderings of a formally
real field, then every closed component of X is a subspace. We are now
in a position (after the following lemma) to prove this for any space of
orderings which admits a P-structure satisfying P,.

(3.17) LEMMA. Let C be a component of X, |C| ## 1, and leta € M. Then
XeyNC# 0 =X(@) C C.
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Proof. If |X (@) # 2, X () is connected (Lemma 2.2), so X (a) C C.
Suppose | X (a)| = 2,letd € X(@) N C,let7 € C, 7 # ¢,and let V be a
4-element fan o, v € V. Since V is connected, ¥V C C. Since |X ()| = 2,
V & X (o), so thereexists 8,8 # a, VC X (a) U X (8). Since VN X (a),
V N\ X (B) are both (non-empty) fans |V NX ()| = 2, so

X@ =X@NVCSVCC

(3.18) CoroLLARY. If X admits a P-structure M satisfying P,, then
each closed component of X is a subspace.

Proof. Let C be a closed component of X. The result is clear if |C| = 1.
Otherwise, by Lemma 3.17, C = N~'(N(C)). This is a subspace by P,.
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