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ABSTRACT

Let G be a semi-simple algebraic group over an algebraically closed field k, whose
characteristic is positive and does not divide the order of the Weyl group of G, and let
G be its Langlands dual group over k. Let C be a smooth projective curve over k of genus
at least two. Denote by Bung the moduli stack of G-bundles on C' and LocSys the
moduli stack of G-local systems on C. Let Dgun,, be the sheaf of crystalline differential
operators on Bung. In this paper we construct an equivalence between the bounded
derived category Db(QCoh(LocSysoé)) of quasi-coherent sheaves on some open subset

LocSysQ C LocSysx and bounded derived category DYDY  -mod) of modules over

Bung
some locahzatlon DBun of Dgun,. This generalizes the work of Bezrukavnikov and

Braverman in the GL,, case.
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1. Introduction

1.1 Geometric Langlands conjecture in prime characteristic

Let G be a reductive algebraic group over C and let G be its Langlands dual group. Let C be
a smooth projective curve over C. Let Bung be the stack of G-bundles on C' and LocSyss be
the stack of de Rham G-local systems on C. The geometric Langlands conjecture (GLC), as
proposed by Beilinson and Drinfeld, is a conjectural equivalence between certain appropriately
defined category of quasi-coherent sheaves on LocSys~ and certain appropriately defined category
of D-modules on Bung. A precise formulation of this conjecture (over C) can be found in the
recent work of Arinkin and Gaitsgory [AG12, Gail3].
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T.-H. CHEN AND X. ZHU

The geometric Langlands duality has a classical limit which amounts to the duality of Hitchin
fibrations. The classical duality is established ‘generically’ by Donagi and Pantev in [DP12]
over C.

In this paper, we establish a ‘generic’ characteristic p version of the geometric Langlands
conjecture. Namely, let G be a semi-simple algebraic group over an algebraically closed field k£ of
characteristic p that does not divide the order of the Weyl group of GG, and let G be its Langlands
dual group, defined over k. Let C be a smooth projective curve over k of genus at least two.!
Then we establish an equivalence of bounded derived category

Db(D-mod(Bung)?) ~ Db(QCoh(LocSysé)U), (1.1.1)

where D-mod(Bung)? (respectively QCoh(LocSys)?) is a certain localization of the category
of D-modules on Bung (respectively a localization of the category of quasi-coherent sheaves on
LocSysx). We call (1.1.1) a ‘generic’ version of the GLC.

One remark is in order. Recall that over a field of positive characteristic, there are different
objects that can be called D-modules. In this paper, we use the notion of crystalline D-modules,
i.e., D-modules are quasi-coherent sheaves with a flat connection. Likewise, the stack LocSys

is the stack of G-bundles on C' with a flat connection.

1.2 Summary of the construction

The case G = GL,, has been considered by Bezrukavnikov and Braverman in [BB07] (see [Grol2,
Trall] for various extensions). The main observation is that the geometric Langlands duality in
characteristic p formulated in the above form can be thought as a twisted version of its classical
limit. Since the classical duality holds ‘generically’, they proved a ‘generic’ version of the GLC
in the case when G = GL,,.

Our generalization to any semi-simple group G is based on the same observation, but some
new ingredients are needed in this general situation.

One of the main difficulties for general G is that the classical duality is more complicated.
For G = GL,, the generic fibers of the Hitchin fibration are the Picard stacks of line bundles on
the corresponding spectral curves and the duality of Hitchin fibrations in this case essentially
amounts to the self-duality of the Jacobian of an algebraic curve. However, for general G, the
fibers of the Hitchin fibration involve more general Picard stacks, such as the Prym varieties
etc., and the duality of the Hitchin fibrations for G and G over C are the main theme of [DP12]
(see [HT03] for the case G = SL,). As commented on by the authors, the arguments in [DP12]
use transcendental methods in an essential way and therefore cannot be applied to our situation
directly.

Our first step is to extend the classical duality to any reductive group G over any algebraically
closed field k& whose characteristic does not divide the order of the Weyl group of G. Let us first
give its statement, and leave the details to § 3. For a reductive group G and a smooth projective
curve C over k, and a positive line bundle £ on C, let Higgs, ; — B denote the corresponding
Hitchin fibration, on which the Picard stack &; — B acts (see §2 for a review). There is an
open subset BY C B such that Z;|go is a Beilinson 1-motive (a Picard stack that is essentially
an abelian variety, see Appendix A). Fixing a non-degenerate bilinear form on the Lie algebra g
of G, one can identify the Hitchin base B and the corresponding open subset BY for G and G.
The classical duality is the following assertion.

! The assumptions on the genus of C' and on the semi-simplicity of G should not be essential. We impose them to
avoid the DG structure on moduli spaces.
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THEOREM 1.2.1. For a positive line bundle £ on C, there is a canonical isomorphism of Picard
stacks

D i (Pelpo)Y ~ Pl po, (1.2.1)
where (Pg|po)" is the dual Picard stack of Pg|po (as defined in Appendix A).

Now assume that the characteristic of k is positive. In addition, assume that the genus of
C' is at least two and that £ = w¢ is the canonical bundle. We will omit the subscript we and
write & = Z,,, etc. The second step then is to construct a twisted version of the above classical
duality in this situation. To explain its meaning, let us first introduce a notation: if X is a stack
over k, we denote by X' its Frobenius twist, i.e., the pullback of X along the absolute Frobenius
endomorphism of k. Let Fx : X — X’ denote the relative Frobenius morphism. We will replace
both sides of (1.2.1) by certain torsors under 2’V and &'

We begin to explain the '-torsor #, which was introduced in [CZ15]. There is a smooth
commutative group scheme J' on ¢’ x B’ and 2’ in fact classifies J'-torsors. Let us denote by
J? the pullback of J’ along the relative Frobenius Feryprypr : Cx B' — ' x B'. This is a group

scheme with a canonical connection along C', and therefore it makes sense to talk about JP-local
systems on C' x B’ and their p-curvatures (see [CZ15, Appendix] for generalities). Let 7 be the
stack of JP-local systems with some specific p-curvature #'. This is a P'torsor.

Next we explain the 2’ -torsor T9(6,,)- According to general nonsense (Appendix A), such
a torsor gives a multiplicative G,,-gerbe 2 on £’ and vice versa. So it is enough to explain
this multiplicative G,-gerbe Z(0,,) on Z’. First recall that the sheaf of crystalline differential
operators on & can be regarded as a G,,-gerbe Y4 on the cotangent bundle T*2’. We will
construct a 1-form 6,, on &', which is multiplicative (in the sense of § C.2). Now, 2 = Z(0,,) is
the gerbe on £’ obtained via pullback of 4 along the map 6,, : ' — T*Z'.

The twisted version of the classical duality is the following assertion.

THEOREM 1.2.2. Over B'°, there is a canonical isomorphism of 2'Y ~ P'_torsors
9 y@(emﬂB'O ~ %|B'0‘

The final step towards (1.1.1) is to establish two abelianization theorems. Another difference
between the geometric Langlands correspondence for GL,, and for a general group G is that
in the latter case, there is no canonical equivalence in general. As is widely known to experts
(e.g. see [FWO08]), the geometric Langlands correspondence for general G should depend on a
choice of theta characteristic of the curve C.

Let us fix a square root £ of we. Then the Kostant section of Higgs;; — B’ induces a map
e+ P — Higgsy,. The first abelianization theorem asserts a canonical isomorphism

6:/ @Bunc ~ @(em),

where Ppun,, is the Gy,-gerbe (on Higgs;, = T* Bung) of crystalline differential operators on
Bung and 2(6,,) is the Gy,-gerbe on &’ mentioned above.
On the dual side, we constructed a canonical morphism in [CZ15]

2 o Miood
¢ x Higgs — LocSys s,
and the Kostant section of Higgs'é — B’ induces an isomorphism
¢, H ~ LocSysgg,
where LocSyer?g is a certain open substack of LocSyss (see [CZ15, Remark 3.14]).
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Combining the above three steps and a general version of the Fourier—-Mukai transform
(Appendix A) will give the desired equivalence (1.1.1).

Let us mention that the morphism € was obtained in [CZ15] as a version of Simpson
correspondence for smooth projective curves in positive characteristic.

Finally in §§5.5 and 5.6, we discuss how the equivalence constructed above depends on the
choice of the theta characteristic. This can be regarded as a verification of the predictions of
[FWO08, §10] in our settings.

1.3 The Langlands transform

To claim that the above equivalence is the conjectural geometric Langlands transform, one
needs to verify several properties that it is supposed to satisfy. We will only briefly discuss these
properties (see [Gail3] for more details), and leave the verifications to our next work.

The first property is that the equivalence should intertwine the action of the Hecke operators
on the automorphic side and the action of the Wilson operators on the spectral side. Recall that
in the case k = C, both categories D(D-mod(Bung)) and D(Qcoh(LocSysx)) admit actions of
a family of commuting operators, labeled by points  on the curve and representations V' of the
group G. Namely, for x € C'and V € Rep(é), there is the so-called Wilson operator Wy, acting
on Qcoh(LocSyss) by tensoring with the locally free sheaf VEuniv|L0CSySé x{z}- On the other
side, there is the Hecke operator Hy, acting on D-mod(Bung) via certain integral transform
(e.g. see [BDI1, §5]). The second property is that the equivalence should satisfy the Whittaker
normalization. Namely, the Whittaker D-module Fg on Bung is supposed to transformed to the
structure sheaf OLocSys, -

In the positive characteristic, it is yet not clear how to define Hecke operators (except those
corresponding to minuscule coweights) due to lack of the notion of intersection cohomology
D-modules. Our observation is that by the geometric Casselman—Shalika formula [FGV01], the
two properties together will imply that the Whittaker coefficients of D-modules on Bung can be
calculated by applying the Wilson operators on their Langlands transforms and then taking the
global sections. This is a well formulated statement in characteristic p and we will verify in the
future work that this is satisfied by the equivalence constructed here.

The third property is that the equivalence should be compatible with Beilinson and Drinfeld’s
construction of automorphic D-modules via opers [BD91]. In the case G = GL,, this property
has been verified in [BT16]. We plan to return to this in the future work.

1.4 Structure of the article
Let us now describe the contents of this paper in more detail.

In §2 we collect some facts about Hitchin fibrations that are used in this paper. Main
references are [Ngo06, Ngo10].

In §3 we prove the classical duality, i.e., the duality of Hitchin fibrations. This extends the
work of [DP12] (over C) to any algebraically closed field whose characteristic does not divide the
order of the Weyl group of G. In §3.7, we discuss the compatibility of the classical duality with
twisting by Z (é)—torsors. This is used to study the dependence of the equivalence (1.1.1) on the
choice of the theta characteristic in §§5.5 and 5.6.

In §4 we construct a canonical multiplicative 1-form 6,,, on &’.

In §5 we deduce our main Theorem 5.0.1 from the twisted duality (see §5.2) and the two
abelianization theorems (see §5.3).

There are three appendices at the end of the paper.
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In Appendix A we collect some basic facts about Beilinson 1-motives and duality on Beilinson
1-motives. In particular, we state a general version of Fourier—Mukai transforms for Beilinson
1-motives.

In Appendix B we recall the basic theory of D-modules over varieties and stacks in positive
characteristic, following [BMR08, BB07, OV07, Trall].

In Appendix C we prove the abelian duality for good Beilinson 1-motives. It asserts that the
derived category of D-modules on a ‘good’ Beilinson 1-motive &7 is equivalent to the derived
category of quasi-coherent sheaves on the universal extension .7 by vector groups of its dual .7V .

1.5 Notations

1.5.1 Notations related to algebraic stacks. Our terminology of algebraic stacks follows the
book [LBO00]. Let k£ be an algebraically closed field and let p be the characteristic component
of k. Let S be a Noetherian scheme over k. In this paper, an algebraic stack 2 over S is a stack
such that the diagonal morphism

Aszt%‘—)%XS%

is representable and quasi-compact and such that there exists a smooth presentation, i.e., a
smooth, surjective morphism X — % from a scheme X.

An algebraic stack 2 is called smooth over S if for every S-scheme U mapping smoothly to
2, the structure morphism U — S is smooth.

For any algebraic stack 2", we denote by 2%, the big étale site of 2°. We denote by Zsm
the smooth site on 27, i.e., the site for which the underling category has objects consisting of
S-schemes U together with a smooth morphism U — Z and has morphisms V' — U smooth
2-morphisms over 2" and for which covering maps are smooth surjective maps of schemes. If 2~
is a Deligne-Mumford stack, we denote by 2% the small étale site of Z .

Let # — 2 be a quasi-projective morphism of algebraic stacks, with .2~ smooth and proper
over S. We denote by Sectg(Z", %) the stack of ‘sections’ of # over 2, i.e., for any u: U — S
we have

Sectg(Z,%)(U) = Homg (Z x5 U, %).

If the base scheme S = Spec(k), we write Sect(Z2", %) = Sectg(Z,%).
If 2" is a smooth algebraic stack over S, we define the relative tangent stack T'(2"/S) as the
stack that assigns every Spec R — S, the groupoid

T(2/S)(R) := 2 (Rld/€).
It is algebraic and the natural inclusion R — R[e]/e? induces a morphism
Ty T(Z)S)—> 2.

It is known that 7'(2Z"/S) is a relative Picard stack over 2. Therefore, one can associate to it
a complex in D[*LO](% ,Z), called the relative tangent complex:

Ty s ={To/s > To}
The relative cotangent stack is then defined as

T*(Z/S) := Specy (Symyg,, HO(TMZ{/S)).
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Let f: 2 — % be a (representable) morphism between two algebraic stacks over S. We
denote the cotangent morphism as the following diagram of maps.

T S) %o X L T2 /8)
J/fp (1.5.1)
™(#/S)

1.5.2 Notations related to Frobenius morphism. Let S be a Noetherian k-scheme and 2™ — S
be an algebraic stack over S. If pOg = 0, we denote by Frg: S — S the absolute Frobenius map
of S. We have the following commutative diagram

Fo /s S) Tx /S

2(

N

g5

Z

where the square is Cartesian. We call 2" (%) the Frobenius twist of 2" along S, and Fy E

2 — 2 the relative Frobenius morphism. If the base scheme S is clear, 2" (%) is also denoted
by 2 for simplicity.

1.5.3 Notation related to torsors. Let G be a smooth affine group scheme over X, and E be
a G-torsor on X. We denote by Aut(E) = E x9 G the adjoint torsor and ad(E) or g = E x9Lie g
the adjoint bundle.

2. The Hitchin fibration

In this section, we review some basic geometric facts of Hitchin fibrations, following [Ngd06,
Ngo610]. Only §2.7 is probably new.

2.1 Notations related to reductive groups
Let G be a reductive algebraic group over k of rank [. We denote by G its Langlands dual group

over k. We denote by g (respectively by g) the Lie algebra of G (respectively é) Let T denote
the abstract Cartan of G with its Lie algebra t. The counterparts on the Langlands dual side
are denoted by T,%. We denote by W the abstract Weyl group of G, which acts on T and T.
We denote by X*(7") or simply by X*® (respectively by Xe(7') or simply by X,) the character
(respectively the cocharacter) group of T'. Let ® C X*(T) be the set of roots. Sometimes, we also
fix a set of simple roots {1, ...,q;} and an embedding t C g. Then for o € @, let g, C g denote
the corresponding root subspace.

From now on, we assume that the char k = p is zero or p { [W|. We fix a W-invariant
non-degenerate bilinear form (,) : t x t — k and identify t with { using (, ). This invariant form
also determines a unique G-invariant non-degenerate bilinear form g x g — k, still denoted by

(,). Let g ~ g* be the resulting G-equivariant isomorphism.

2.2 Hitchin map
Let klg] and k[t] be the algebras of polynomial functions on g and on t respectively. By
Chevalley’s theorem, we have an isomorphism k[g]¢ ~ Ek[]". Moreover, k[{]"V is isomorphic
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to a polynomial ring of [ variables u1,...,u; and each u; is homogeneous in degree e;. Let
¢ = Spec(k[t|V). The natural G,, action on g induces a G,,-action on ¢ and under the isomorphism
¢ ~ Spec(k[uy, . .., u]) ~ Al the action is given by

h - (al, Ce ,al) = (helal,. . .,helal).

Let x : g — ¢ be the map induced by k[c] ~ k[g]¢ — k[g]. It is a G x G,,-equivariant map
where G acts trivially on ¢. Similarly, let 7 : t — ¢ be the map induced by k[¢] — k[t], which is
also G,,-equivariant. Let £ be an invertible sheaf on C' and £* be the corresponding G,,-torsor.
We denote by gr = g x® £X, t; = t xC £X and ¢z = ¢ x&n £LX the G,,-twist of g, t, and ¢
with respect to the natural G,,-action.

Let Higgse; , = Sect(C, [9¢/G]) be the stack of sections of [g¢/G] over C. That is, for each
k-scheme S the groupoid Higgss . (S) consist of maps

hE’qg :C xS — [gL/G],

or, equivalently, those maps

hge:C xS — [g/G x Gp)

such that the composition of hg 4 with the projection [g/G x G,,] — BG,, is given by the
Gyp-torsor L. Explicitly, Higgse . (5) consist of pairs (E, ¢) (called Higgs bundles), where E is
an G-torsor over C' x S and ¢ is an element in I'(C' x S,ad(F) ® £) known as the Higgs field. If
the group G is clear from the context, we simply write Higgs, for Higgs -
Let By = Sectspeck(C, ¢c) be the scheme of sections of ¢; over C. That is, for each k-scheme
S, B;(S) is the set of sections
b:C x 8 — ¢,

or, equivalently, those maps
b:C xS — [c/Gy)

such that the composition of b with the projection [¢/G,,] = BG,, is given by L£*. It is called
the Hitchin base of G.
The natural G-invariant projection x : g — ¢ induces a map

el : [9e/G] — ¢,

or more generally

[X/G x G : [g/G x Gp] = [¢/Gyy). (2.2.1)
The map [x;] induces a natural map
hg : Higgs, = Sect(C, [gs/G]) = Sect(C,cz) = By.
DEFINITION 2.2.1. We call h; : Higgs, — B the Hitchin map associated to £.

For any b € B (S) we denote by Higgs, , the fiber product S x5, Higgs,.

Observe that the invariant bilinear form tx t — k induces a canonical isomorphism t ~ t* =: {,
compatible with the W-action. Therefore, there is a canonical isomorphism ¢ ~ ¢ and By ~ Bg.
In what follows, we will identify them.

Let w = we be the canonical line bundle of C'. We are mostly interested in the case £ = w. For
simplicity, from now on we denote B = B,,, Higgs = Higgs,, h = h,, : Higgs — B, and Higgs, =
Higgs,,. - We sometimes also write Higgs for Higgs to emphasize the group G. Observe that the
bilinear form as in § 2.1 together with the Serre duality induces an isomorphism Higgs ~ T™* Bung
(cf. [Hit87]).
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2.3 The Kostant section
In this section, we recall the construction of the Kostant section of the Hitchin map hg. For each
simple root «; we choose a non-zero vector f; € g_q,. Let f = @2:1 fi € g. We complete f into
an sl triple {f, h,e} and denote by g° the centralizer of e in g. A theorem of Kostant says that
f+ g€ consist of regular elements in g and the restriction of x : g — ¢ to f+g® is an isomorphism
onto ¢. We denote by
kos:¢c~ f + g°

the inverse of x|fige. Let p(Gy,) denote the following G,,-action on g: it acts trivially on t, and
on ga by p(t)z = t"( @z where ht(a) = 3> n; if @ = 3 nia;. We have p(t)f =t~ f and p(t)e = te,
in particular g¢ is invariant under p(G,,). We define a new G,,-action on g by p*(t) = tp(t).
Then pt(t)f = f and p*(G,,) preserves f + g¢. With respect to this action, the isomorphism
kos : ¢ ~ f 4 g° is G,,-equivariant.

The diagonal map G,,, - G, X G,, induces a map

[8/0"(Gw)] = [8/Gm % p(Gw)].
By precomposing with the map [¢/Gy,] £ [f +9°/pT(Gn)] — [9/p"(G,,)] we obtain

[¢/Gm] = [8/Gm % p(Gm)]-
If the action of p(G,,) on g factors through the adjoint action of G, for example when G is
adjoint, then there is a map [g/G,, x p(Gy,)] = [9/Gp, x G] which defines a section

[¢/Gm] = [8/Gm % p(Gm)] = [9/Gm x G]

of (2.2.1), and in particular, we get a section of hy. In general, the action p(G,,) does not

necessarily factor through G, but its square does since it is given by the cocharacter 2p: G,,, - G

where 2p is the sum of positive coroots. So if we denote (G[sz — Gy, the square map (so G,[%] is

isomorphic to G,,, but regarded as its the double cover), we get a map
'/ [¢/GR] > [o/Gl) x p(GR] — [o/Gl] x G).
Let £/2 be a square root of £. Then every b: S x C' — [¢/G,,] in B(S) factors through a

1/2

unique map b'/2: S x C — [¢/ G,[%}] Therefore, by composing with 7'/, we get a lift of b:

/ 1/2
P2(0) : 8 x € 25 (/G 15 [g/GR) x 6] > [9/Gm x G,

The assignment b — n'/2(b) defines a section
Ne1/2 = By — Higgs,

of the Hitchin map h,.
We fix a square root £ = w'/? (called a theta characteristic) of w and write x = 7, : B —
Higgs.

2.4 Cameral curve
For any b € B;(S), the cameral curve Cy is defined as the fiber product, as follows.

Cy te

-]
CxS—Cscp

When b = id : By — By, the corresponding cameral curve ?L = CN’b is called the universal
cameral curve. For simplicity, we will write C' =C,, 7 =m, : C' - C x B.
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2.5 The universal centralizer group schemes
Consider the group scheme I over g consisting of pairs

I={(g9,z) € G xg|Ady(z) =z}

We define J = kos*I, where kos : ¢ — g is the Kostant section. This is called the universal
centralizer group scheme of g (see Proposition 2.5.1). To study it, it is convenient to introduce
two auxiliary group schemes. We define J! = Res, /(T YW and let J to be the neutral component
of J'. All the group schemes J, J° and J' are smooth commutative group schemes over ¢. The
following proposition is proved in [Ngo06] (see also [DGO02]).

ProrosiTIiON 2.5.1.

(1) There is a unique morphism of group schemes a : x*J — I C G x g, which extends the
canonical isomorphism x*J|gres ~ I|gres.

(2) There are natural inclusions J° C J C J*.

(3) The inclusion J C J' = Rest/c(T)W in part (2) defines a morphism

et > T xt
of group schemes over t, which is an isomorphism over t"*.

All the above constructions can be twisted. Namely, there are G,,-actions on I, J, J' and
JO. Moreover, the G,-action on I can be extended to a G x Gy,-action given by (h,t) - (z,g) =
(t - heh~!, hgh~!). The natural morphisms J — ¢ and I — g are G,,-equivariant, and therefore
we can twist everything by the G,,-torsor £* to get J; — ¢z, Iy — gz where J; = J xCm £X
and I; = I x®» £*_ Similarly, we have Jg — ¢; and J Ll — ¢, and there are natural inclusions
Jg C Jg C Jé. The group scheme I over g is equivariant under the G-action, hence it descends
to a group scheme [I;] over [g;/G].

2.6 Symmetries of Hitchin fibration
Let b: S — B be an S-point of By, corresponding to a map b: C' x S — ¢g. Pulling back
Jr — ¢ along this map, we obtain a smooth group scheme J, = b*J over C' x S.

Let &, be the Picard category of Jy-torsors over C' x S. The assignment b — &, defines a
Picard stack over B, denoted by &;. Let us fix b € B (S), and let (E, ¢) € Higgs, , corresponding
to the map hg gy : C x S — [g¢/G]. Observe that the morphism x*J — I in Proposition 2.5.1
induces [x¢]*Jg — [{z] of group schemes over [g¢/G]. Pulling back to C' x S using hg 4, we get
a map

apg Iy = h 4[] = Aut(E, ¢) C Aut(E), (2.6.1)

which allows us to twist (F, ¢) € Higgs, , by a Ji-torsor. This construction defines an action of
P on Higgs, over Bg.

Let Higgs,® be the open stack of Higgs, consisting of (E,¢) : C' — [g/G] that factors
through C' — [(g™8)¢/G]. If (E, ¢) € Higgs ®, then ap 4 above is an isomorphism. The Kostant
section 7,1/2 : By — Higgs, factors through 7,1/ : By — Higgs, ®. Following [Ngo06, §4], we
define Bg as the open sub-scheme of B, consisting of b € B (k) such that the image of the map
b : C — ¢ intersects the discriminant divisor transversally. The following proposition can be
extracted from [DG02, DP12, Ngo06].
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PROPOSITION 2.6.1.

(1) The stack Higgs,® is a & -torsor, which can be trivialized by a choice of a Kostant section
Mg1/2-

(2) One has Higgs® x p, B} = Higgs; xp,B}.

(3) The restriction of the universal cameral curve C|go — Bg to Bg is smooth. The restriction
Z¢| BY to B is a Beilinson 1-motive.

Remark 2.6.2. Let Disc :t — k be the discriminant function defined by

Disc = Hdaa

acd

where ® is the set of roots of G. The function Disc is W-invariant, and thus descends to a
function Disc on ¢. Moreover, the function Disc : ¢ — k is G,,-equivariant where G,, acts on
k via the character t — t and N = |®|. Let Discg : ¢ — LV be the twist of Disc. For any
b:C — ¢, we get a section

sy € D(C,LN).

The zeros of sy is the branch loci B of the cameral cover m, : Cp — C. If b € B{(k), then B is
multiplicity free. Note that if deg £ > 0 the branch loci B is non-empty.

2.7 The tautological section 7 : ¢ — LieJ

Recall that by Proposition 2.5.1, there is a canonical isomorphism x*J|gres = I|grez. The sheaf of
Lie algebras Lie (I|gres) C g**® X g admits a tautological section 7 : g"® — Lie (I|gres) given by
x — x € Lie I, for x € g™8. This section descends to a tautological section 7 : ¢ — Lie J.? Recall
the following property of 7 [CZ15, Lemma 2.2].

LEMMA 2.7.1. Letx € g, and ay : Jy(y) — I C G be the homomorphism as in Proposition 2.5.1(1).
Then da,(7(x)) = x, where da, denotes the differential of a,.

Let us regard LieJ as a scheme over ¢. Besides the section 7, there is a canonical map
c: LieJ — ¢ such that ¢r = id. Namely, if we regard Lie (/|ges) as a scheme, then there is a
natural map Lie (/|gres) — ¢ given by

reg

Lie (I|gres) C g X "% — ¢ X g™® — ¢,
which also descends to a morphism ¢ : Lie J — «¢.

The morphisms 7 and ¢ have global counterparts (see also [CZ15, §2.3]). Observe that
Gy, acts on g x g'*® via natural homotheties on both factors, and therefore on x*Lie J|gres ~
Lie ({|gree) C g x g"®. This G,-action on x*Lie J|gree descends to a Gy,-action on Lie J, and for
any line bundle £ on C' the £*-twist (LieJ) x®m £* is Lie Jy ® £, where J; is introduced in
§2.5. In addition, both maps 7 and ¢ are G,,-equivariant with respect to this G,,-action on Lie J
and the natural G,,-action on ¢. Therefore, if we define a vector bundle B, over B, whose
fiber over b € B, is I'(C, Lie J, ® £), then by twisting 7 and ¢ by £, we obtain

7c: By — By, (2.7.1)

2 Indeed, one can check that 7 is equal to kos*(7), the pullback of 7 along the Kostant section kos : ¢ — g"°8.
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which is a canonical section of the projection pr: B;¢ — By, and a canonical map

[ BJ7L — BL (272)
such that c;7p = id. As before, we omit the subscript ¢ if £ = w for brevity.
Likewise, we introduce the vector bundle BY ; over B whose fiber over bis I'(C, (Lie J,)*® £).

Observe that B} ; is not the dual of B . Rather when £ = w, it is the pullback e*T*(Z;/B;)
of the cotangent bundle of &; — B, along the unit section e : By — £, and will also be
denoted by T} (Z;) interchangeably later on. We construct a section

7;: By — B, (2.7.3)

as follows. The non-degenerate bilinear form (,) we fixed in 2.1 induces g ~ g*, which restricts
to a map Lie I, — (LieI,)* for every x € g"8. This map descends to give

¢ : LieJ — (Lie J)*, (2.7.4)

which is G,,-equivariant. We define 7} as the twist of ¢ - Lie J = (Lie J)*. As before, we omit
the subscript ¢ if £ =w.
We give another interpretation of this map. Observe that the Kostant section s induces the
map
k& — Higgs; — Bung xB

over B, and therefore we have the following.

T*(Bung) XBung & %

J{(UN)p

T* Bung

T*(2/B)

LEMMA 2.7.2. The map

kxid (ve)d

P = T*(Bung) XBung & —
can be identified with

T(P/B) ~ TP x5 2,

pr xid T* xid

PP 2 TP 2.

Proof. For b € B, we write the restriction of v, over b by v, : &%, — Bung. We need to show
that for x € 7, the image of the point

k(@) €T | (o Bung — 172, = (T 2),

coincides with 7%(b). Let E denote the G-bundle vy, ().
Observe that there is a universal G-torsor Eyuniy over [g/G] given by g — [9/G], and that

ad(Funiv) = [g8/G] is canonically isomorphic to [g/G]| X pa g/ G] > [9/G). The cotangent map
(Vkp)d T;N,b(m) Bung — T %,
is induced by twisting
kos™(ad(Eyniv))* — (Lie J)*
by the (G x G,,)-torsor (E x w*). Therefore, it is enough to show that
k(z) € T:&b(x) Bung =T'(C, g ®@w)
can be identified with the image of b under

7(b) € I'(C,Lie J, @ w) — I'(C, gp @ w).
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Let us consider the universal situation. Therefore, we need to show that
¢ > Lie J — kos*ad(Euniv) =~ ¢ X ¢ [9/G]

is the same as
id x kos

— ¢ xpqg lg/Gl.

However, the composition

D" (7) (e
l0/G) ™" [\J"Lie ] — ad(Euiv) ~ [8/C) x 5c [9/G)]
restricts to a map [g"¢ /G| — [g"°¢ /G| X p¢ [9/G], which is easily checked to be the diagonal map

using the definition of 7. By pulling back this identification along kos : ¢ — [g"°¢ /G], we obtain
the claim. a

By the similar argument, we have the following lemma, which will be used in §4. Let j' :
7*J — T X t be the map in Proposition 2.5.1, and let

di' : mLieJ — tx t (2.7.5)
denote its differential. Consider the pullback w*7 :t — n*LieJ of 7 : ¢ — Lie J along w : t — c.
LEMMA 2.7.3. The composition
5:tﬂTW*LieJﬂtxt
is equal to the diagonal map A :t — t X t.

Proof. For an embedding t C g, the restriction of dj' to t"8 = tNg"® is just the restriction to '8
of the isomorphism Lie J|gres ~ Lie (I|gre). This follows from the construction of j! as in [Ngo10,
Proposition 2.4.2]. Therefore, the restriction of ¢ to "¢ is just the diagonal map. The lemma
then follows. O

3. Classical duality

In this section, we fix a smooth projective curve C' over k and a line bundle £ on C such that
deg L > 0. Except §3.7, we also fix a connected reductive group G over k. We assume that
p = char k does not divide the order of the Weyl group of G. We show that the Py ~ P
as Picard stacks over B°. Note that this duality for k& = C is the main theorem of [DP12] (for
G = SL,, see [HT03]). However, as mentioned by the authors, transcendental arguments are
used in [DP12] in an essential way, and therefore cannot be applied directly to our situation.
Our argument works for any algebraically closed field k of characteristic zero or p with p{ |[W]|.

In fact, it is not hard to construct a canonical isogeny ©. between @L and 2. If the
adjoint group of G' does not contain a simple factor of type B or C, then to show that D is an
isomorphism is relatively easy. It is to show that ®.; is an isomorphism in the remaining cases
that some complicated calculations are needed.

Observe in this section, we do not need to assume that £ = weo. We only need the assumption
that deg £ is positive. However, to simplify the notations, we still omit the subscript .
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3.1 Galois description of &
We first introduce several auxiliary Picard stacks.

Let C — B be the universal cameral curve. There is a natural action of W on C. For a
T-torsor Er on 6, and an element w € W, there are two ways to produce a new T-torsor.
Namely, the first is via the pullback w*Er = C x w,(?ETv and the second is via the induction
Er xTw T We denote

w(Br) = (w)*Er) xT* T.

Clearly, the assignment Ep — w(E7) defines an action of W on Bunp(C/B), i.e., for every
w,w’ € W, there is a canonical isomorphism w(w'(Er)) ~ (ww’)(Er) satisfying the usual cocycle
conditions.

Ezample 3.1.1. Let us describe w(Er) more explicitly in the case G = SLy. Let s be the unique
non-trivial element in the Weyl group, acting on the cameral curve s : C, — Cj. If we identify
T = G,,-torsors with invertible sheaves £, then

s(L) =s*L7L

Let BunY (C'/B) (or BunY for simplicity) denote the Picard stack of strongly W-equivariant
T-torsors on C/B. By definition, for a B-scheme S, Bunl (C'/B)(S) is the groupoid of (Er, {yuw,
w € W}), where Ep is a T-torsor on Cs, and 7y, : w(Er) ~ Er is an isomorphism, satisfying
the natural compatibility conditions. Another way to formulate these compatibility conditions
is provided in [DGO2]. Namely, for a T-torsor Er, let Autw(E7) be the group consisting of
(w, Yw), where w € W and 7, : w(E7) ~ E7 is an isomorphism. Then there is a natural projection
Autw (Er) — W. Then an object of Bunl (C/B)(S) is a pair (Er,~), where v : W — Autyw (E7)
is a splitting of the projection.

For later purpose, it is worthwhile to give another description of Bun\TN. Namely, there is a
non-constant group scheme T = C' xW T on the stack [C//W]. Then the pullback functor induces
an isomorphism from the stack Bung of J-torsors on [C//W] to BunY .

In [DG02], a Galois description of & in terms of Bun}¥ is given. We here refine their
description.

Let 2! be the Picard stack over B classifying J'-torsors on C x B. First, we claim that
there is a canonical morphism

i+ 2" - Bunl (C/B). (3.1.1)

To construct j17, recall that J' = (7, (T x 5’))W, where 7 : C — C x B is the projection, and
therefore, for any J Ltorsor E;1 on C x S (where b: S — B is a test scheme), one can form a
T-torsor on Cg by

Er =mEnx™"7T. (3.1.2)

Clearly, Er carries on a strongly W-equivariant structure v, and j'(E ;1) = (E7, ) defines the
morphism j7 .

The morphism j, in general, is not an isomorphism. Let us describe the image. Let a € ®
be a root and let i, : 6,1 — C be the inclusion of the fixed point subscheme of the reflection
Sa- Let To = T/(sa — 1) be the torus of coinvariants of the reflection so. Then sq(E7)|5 xT'T,
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is canonically isomorphic to Er|x xT T, and therefore 7, | & induces an automorphism of the
To-torsor Ep xT T,,. In other words, there is a natural map

r=]] ro:Bun} (C/B) — <H Resg /(T % C. ))W.

aced acd

It is easy to see that r o j7 is trivial, and one can show the following.

LEMMA 3.1.2. We have &' ~ kerr. In other words, 2'(S) consists of those strongly W-
equivariant T-torsors (Er,~) such that the induced automorphism of Ep xT T/ &, Is trivial
for every a € P.

Proof. We shall show that every strongly W-equivariant T-torsor (Ep, ) such that r(Ep,v) =1
is Zariski locally on C isomorphic to the trivial one, i.e., the trivial T-torsor together with the
canonical W-equivariance structure. If this is the case, then the inverse map from kerr — 2! is
given as follows. For every strongly W-equivariant T-torsor (Er,~), m«Ep carries on an action
of W. Namely, let x : S — C be a point and m : § X¢ C~’b — FE7 be a point of m, Ep over x. Then
w(m) is the point of 7, Ep over z given by
~ Ixw! ~ wfl(m) s s(w)
SxcC, = SxcC (w )ET—>w(ET)—>ET

This W-action on ,E7 is compatible with the action of 7, (T x C) in the sense that w(mt) =
w(m)w(t). Now let Eji = (m.Er)", then as (E,7) is locally isomorphic to the trivial one, E
is locally isomorphic to J', and therefore is a J!'-torsor on C.

To prove the local triviality, we follow the argument as in [DG02, Proposition 16.4]. One
reduces to prove the statement for a neighborhood around a point = € N,Cy. By replacing C
by the local ring around z, one can assume that E7 is trivial. Pick up a trivialization, then
the W-equivariance structure on Er amounts to a 1-cocycle W — T(C'). By evaluating T'(C)
at the unique closed point z, there is a short exact sequence 1 - K — T(C) — T'(k) — 1.
The condition r(E7,v) = 1 would mean that the cocycle takes value in K. Since there exists a
filtration on K, such that the associated graded is an Fp-vector space and p { [W|, this cocycle
is trivial. O

Recall that in [DG02, Ngo06], an open embedding J — J! is constructed. To describe the
cokernel, we need some notations. Let & € ® be a coroot. Let

ps = ker(a: Gy, — T).

This is either trivial, or u2, depending on whether & is primitive or not. Let pg x C be the
constant group scheme over Cha, regarded as a sheaf of groups over Ca, and let (Ta) (e X Ca )
be its push forward to C'. Now, the result of [DG02, §§11 and 12] can be reformulated as follows:
there is a natural exact sequence of sheaves of groups on C.

" A%
1>J—>J >, (@(ia)*(u& X Ca)) — 1. (3.1.3)

aced

As a result, we obtain a short exact sequence of Picard stacks (see § A.2)

W
1— (H Resg (e % Ca)> - P - P 1 (3.1.4)

acd
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To simplify the notation, we will denote Resg_ /B (g % Ca) by p5(Cq) in what follows.

Consider the composition
j: P —> 2" > Bunl (C/B).

Combining Lemma 3.1.2 and (3.1.4), we recover a description of & in terms of Bunqu(é /B) as
given in [DG02, §16.3]. Namely, given a strongly W-equivariant T-torsor (Er,~), one obtains a
canonical trivialization

EF = (Brlg ) X7 G x5O T ~ Ef|5 (3.1.5)
given by (E7|z ) xT% Gy xCm @ T~ Bp|s ® sa(Er')|5 . The condition that rq(E,v) = 1 is

equivalent to the condition that (3.1.5) comes from a trivialization
Cat BY = (Brlg ) T G ~ G x Ca. (3.1.6)
In addition, the set of all such ¢, form a pg-torsor. Consider the following Picard stack
BunY (C/B)": for any B-scheme S, its S-points form the Picard groupoid of triples
Buny (Cs)™ = (Br, 7, €ar a € @), (3.1.7)

where (E7,7) is a strongly W-equivariant T-torsor on 53, and ¢, : (ET|C7a) xTxG,, ~ G,, X CN'a
is a trivialization, which induces (3.1.5) and is compatible with the W-equivariant structure. We
call those trivializations {cq4 }ace a +-structure on (Er, 7). Note that, by Lemma 3.1.2, we have
the following short exact sequence of Picard stacks:

w
1— (H Reséa/B(,ud X Ca)> — Buny (C/B)" - 2 - 1. (3.1.8)
acd

LeMMA 3.1.3 [DG02, Proposition 16.4]. We have 2 ~ Buny (C/B)*.

Proof. Indeed, the exact sequence (3.1.3) implies that, for any J-torsor E; € & the image
j(E;) € Buny¥(C/B) carries a canonical -+-structure. This defines a morphism & —
Bun¥ (C/B)* and one can check that it is compatible with the short exact sequences (3.1.4)
and (3.1.8). The lemma follows. O

Here is an application of the above discussion. Observe there is the norm map

Nm : Buny(C/B) — Bun¥ (C/B), Ep— (® w(ET),’ycan).
weWw
We claim that Nm admits a canonical lifting
Nm? : Bunp(C/B) — 2. (3.1.9)
To show this, we need to exhibit a canonical trivialization
Ca ® w(Er)|s, x T Gy 2 Gy X Ca
weW

compatible with the strongly W-equivariant structure. However, for any T-torsor Er, there is a
canonical isomorphism (Er|s ® sa(E7)|g ) xT*G,, ~ G, x Cy, and therefore, we obtain c,
by writing

Q) w(Er)lg, x"*Gm~ R (w(Br)lg, ® saw(Br)ls,) x"" G,

weW WES\W

where s, \W denotes the quotient of W by the subgroup generated by s,. The compatibility of
the collection {c,} with the W-equivariant structure is clear.
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3.2 Galois description of &?-torsors

The above description of & in terms of Bunqu(é /B) can be generalized as follows. Let Z be a
J-gerbe on C' x B. Similarly to (3.1.2), we define

Dy = (r*2)

as the T-gerbe on C induced from 2 using maps 7 : C — Cx B and gtom*J — T x C (see § A5
and § A.6 for the notion of gerbes and functors between them). Since the map j' is W-equivariant
the gerbe Zr is strongly W-equivariant. Equivalently, this means that %1 descends to a T-gerbe
on [C/W].

Let J5 be the stack of splittings of Z over B. By definition, for every S — B, 94(S5) is the
groupoid of the splittings of the gerbe Z|cx«s. This is a (pseudo) Z-torsor. On the other hand,
let ygv;’ denote the stack of strongly W-equivariant splittings of Zr, i.e., {7_0}7;[ (S) is the groupoid
of the splittings of @T|[5 SWx 58" Our goal is to give a description of Z% in terms of 9};’ .

Let o € ®. Similarly to E$ and E$° as defined in (3.1.5) and (3.1.6), let 2%, 23°® denote
the restrictions to C, of the G,,- and T-gerbes on C induced from Zr using the maps o : T'— G,
and & o a : T — T respectively. The strongly W-equivariant structure on 27 implies that the
T-gerbe @i‘:‘oa has a canonical splitting FC. Moreover, by a similar argument in §3.1, one can
show that: (i) there is a canonical splitting E9 of the G,-gerbe 2%, which induces F via the
canonical map 2% — 22°® and: (ii) for any strongly W-equivariant splitting (E, ) of 7 there
is a canonical isomorphism of splittings

E%|s ~ FY, (3.2.1)

where E®°® is the splitting of @%oa induces by F via the canonical map 93 — @%OO‘. We define
5@\;} " as the stack over B whose S-points consist of

W7+ [yp—
y@T (S) T (E7’77taaa € CD)a
where (F,~) is a strongly W-equivariant splittings of Zp and
to : Ea|5 ~ Eg

is an isomorphism of splittings of 2%, which induces (3.2.1) and is compatible with the W-
equivariant structure. It is clear that 9@\: " is a & = Buny (C/B)*-torsor.

LEMMA 3.2.1. There is a canonical isomorphism of &-torsors Jg ~ 92\1 ot

Proof. Let E € 95 be a splitting of 2. Then Ep := (7* (E))j1 defines a splitting of 2. Since both
maps j! and 7 are W-equivariant the splitting F7 has a canonical W-equivariant structure, which
we denote by . Moreover, by the same reasoning as in § 3.1, there is a canonical isomorphism of
splittings o : Ef|s =~ E9 such that the induced isomorphism EZ°| &, = (E2)* ~ F is equal
to the one coming from the W-equivariant structure 4. The assignment E — (Ep,v,tq, 0 € @)
defines a morphism 95 — 9@\7;] ’+, which is compatible with their &Z-torsor structures and hence
is an isomorphism. |
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3.3 The Abel-Jacobi map
From now on till the end of this section, we restrict to the open subset B? of the Hitchin base.
To simplify the notations, we use B to denote B unless specified. Recall from Proposition 2.6.1
that the cameral curve C' is smooth over BY.
Let
AJ: C x Xo(T) - Bunyp(C/B)
be the Abel-Jacobi map given by (z, 5\) — O(/V\:U) .= O(z) x®mA T. By composition with Nm?’,
we obtain a morphism
AJ” :C x X (T) - 2.

It is W-equivariant, where W acts on CxX, (T') diagonally and on & trivially, and is commutative
and multiplicative with respect to the group structures on Xo(7") and on &. Observe that for
any © € Cy, AJ? (2, &) is the unit in 2. This follows from

Q) wo(dr) ~ (X wO(dz + so(ct))
weW wWEW/sa

being canonically trivialized, and the trivialization is compatible with the W-equivariant
structure. Here, as before, W/s, is the quotient of W by the subgroup generated by s,.
By pulling back the line bundles, we thus obtain

(AJ?) . 2V = Pic™(C x X (T))V,

where Pic™(C x Xo(T))WV denotes the Picard stack over B of W-equivariant line bundles on
C x X¢(T') which are multiplicative with respect to Xe(T"). Observe that there is the canonical
isomorphism Bun\jf,v(C/B) —>gl§icm(C X X.(T))W given by (Ez,v) — £, where L‘(m,ﬂ) = E%\x
Therefore, we can regard (AJ”")V as a morphism

(AJ7)Y 1 2Y — Bun} (C/B).
We claim that (AJ?)Y canonically lifts to a morphism
Dy : P2 — P.
Let £ be a multiplicative line bundle on &?. We thus need to show that
(A7) Ll g,

admits a canonical trivialization, which is compatible with the W-equivariance structure.
However, this follows from AJ?((z,&)) is the unit of & and a multiplicative line bundle on
& is canonically trivialized over the unit. To summarize, we have constructed the following
commutative diagram.

PV Dl P

% aan

W
BunT

Now, the classical duality theorem reads as follows.
THEOREM 3.3.1. The morphism 9 is an isomorphism.

The proof of this theorem occupies §§ 3.4-3.6 below.
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3.4 First reductions
We first show that © induces an isomorphism

’R’o(@cl) : Wo(@v) — Wo(@).
For any S-point b € B®, &, is a Beilinson 1-motive (Appendix A). We have
M(e) ~ H0<C, Jb), Wo(f@b) = @b/WIe@b-
Observe that
" W%
HY(C, Jp) ~ ker (TW — (H Resa (pa x ca)> > = Z(@).

acd
By Corollary A.4.3
Fo(:@v) ~ (Autp)(e))*.

Let us also recall the description of mo(Z?) as given in [Ng610, §§4.10 and 5.5]. As we restrict
P to BY, the answer is very simple. Namely, the Abel-Jacobi map

AJ7 O x X (T) > &

induces a surjective map B
T0(C X Xe(T')) =~ Xe(T') — mp(2),

which induces

m0(P)* ~ Z(G) c TV,
Therefore, as abstract groups, mo(2") ~ mo(2).

Since mo(2V) =~ m9(Z?) are finitely generated abelian groups and are isomorphic abstractly,

to show that mo(®D.1) is an isomorphism, it is enough to show the following.

LEMMA 3.4.1. The induced map 7y(D.) is surjective.

Proof. According to the above description, it is enough to construct a morphism C'xX® (T) —» 2V
making the following diagram is commutative.

C x X*(T)

/ a7
)

<@\/ cl

To this goal, observe that there is the universal line bundle .y, on (5’ x X*(T)) x Bunyp.
Then the pullback of this line bundle to (C' x X*(T')) x £ gives rise to the desired map. The
commutativity of this diagram is an easy exercise. |

v

Next, we see that 5
Wo(@cl) : Wo:@v — WOL@

is an isomorphism. Indeed, we can construct AJ? : C'x X(T)— 2, and therefore Do : PV — P.
By the same argument, it induces an isomorphism mo(D¢) : mo(PY) — 7 (2). It is easy to check
that Dy = D7, and therefore Wy(D,) is also an isomorphism.

Therefore, it is enough to show that Dy : PV — Pisan isomorphism, where P (respectively ﬁ)
is the neutral connected component of the coarse moduli space of & (respectively 35), and
D¢ is the map induced by D¢. We can prove this fiberwise, and therefore we fix b € B(k).

However, to simplify the notation, in the following discussion we write C, & instead of
Cy, Py, etc.
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3.5 The calculation of the coarse moduli
We introduce a few more notations. Let Z° be the Picard stack of J%-torsors on C, and let
PV (respectively P') be the neutral connected components of the coarse moduli space of &Y
(respectively 221).

We first understand P!. Let Jac denote the Jacobi variety of C. Then Jac ®X, is the neutral
connected component of the coarse moduli space of Bunry.

LEMMA 3.5.1. The map P' — Jac®X, is an embedding, and P' can be identified with
(Jac ®Xe)W0, the neutral connected component of the W-fixed point subscheme of Jac ®X,.

Proof. We first show that P! — Jac®X, is injective at the level of k-points. Indeed, up to
isomorphism, the strongly W-equivariant structures on a trivializable T-torsor on C' are classified
by HY(W, T (k)). By Lemma 3.1.2, the kernel of P! — Jac ®X, can be identified with the kernel
of the natural map

H (W, T(k)) > @D Tu(Co).
Ca

Therefore, it is enough to show that this latter map is injective. Over B, éa is non-empty for
every root . Then the injectivity is a consequence of the following lemma applied to M = T'(k).

LEMMA 3.5.2. Let M be a W-module satisfying the following condition: for some (and therefore
any) choice of a set of simple roots {a1,...,q}, the natural map

l
M — H(l — Sa; )M, m— ((1—8a,)m,...,(1—sq,)m)
i=1

is surjective. Then the natural map

Hl(W7 M) — H M/(l - Sﬂi)M7 [C] = H (C(S,Bi) mod (1 - Sﬁi)M)

1<i<s 1<i<s

is injective for any choice of a set {f31,...,0s} C ® of representatives of ®/W.

Proof. Let ¢ : W — M be a cocycle. It follows from the cocycle condition that if c(sg,) €
(1 —s5,)M, then c(sys,)) € (1 — 8y(s,))M. Therefore, a class [c] is in the kernel of the map in
the lemma only if ¢(sq,) € (1 — so,)M for a set of simple roots {aq,...,o}. However, by our
assumption of M, there exists m € M such that c(sq,) = (1 —s4,)m for all 1 <1 <. Then using
the cocycle condition, one can show by induction on the length of w that ¢(w) = (1 — w)m for
every w € W. This means, however, that c¢ is a coboundary. O

To complete the proof, observe that the restriction of the norm map
Nm : Jac®X, - P — P! — (Jac®X,)VW

to Nm : (Jac®@Xe)VW — (Jac®X,)W is the multiplication by |W|. Therefore, the image of
P! — Jac®X, is (Jac®Xe)W:0. In addition, P! — (Jac®X,)V¥ is a prime-to-p isogeny and
therefore its kernel is étale. Then this kernel must be trivial since its underlying group of k-points
is trivial. O

3Indeed, the same argument in Remark 2.6.2, with the _discriminant function Disc replaced by the W-invariant
function Hﬁewa dB : t - k, shows that the fixed point Cy is non-empty.
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As a result, for any prime £ # p,
T,P' ~ (HY(C, Ze(1)) @ Xo) V.
In addition, observe that from the definition of D, the map P! C Jac ®X, NP1 factors as

P! C Jac®X, ~ (Jac®X*)V — (P')Y — PV Dap_, pt,
Therefore D, is a prime-to-p isogeny. In addition, the map
TyNm : Ty(Jac ®X,) — Ty(P')Y < T, P!
can be identified with
Nm : HY(C, Zg(1)) @ Xy — (H'(C, Z(1)) @ Xo¢)w/(torsion) — (H'(C,Ze(1)) @ Xo)W.

On the other hand, as J 0 is connected, the norm map Nm : 7,7 — J - (m T )W factors as
mT — JY — J'. Therefore, Nm : Jac ®X, — P! also factors as

Nm : Jac®Xe — P — P!
It follows that P° — P! is also a prime-to-p isogeny, and for ¢ # p there is a factorization
Nm : H'(C, Z(1)) @ Xo — TyP° — (HY(C, Z(1)) @ Xo)V.
We need the following key result.

PROPOSITION 3.5.3. The two isogenies (P')Y — P! « P? induce an isomorphism (P')Y ~ PP,

Proof. By the above considerations, the lemma is equivalent to saying that the induced map of
Tate modules TyNm : T(Jac ®X,) — T, P? is surjective for every £ # p.
Note that we have the following commutative diagram

(Jac ®X)[0"] = HY(C, 7 (X @ pien)) PO

| |

HY(C, Jo[) HY(C, J%) "]

where the left vertical arrow is induced by 7, T[("] = 7. (Xe ® pign) — JO[¢"], and the bottom row
is induced by the Kummer sequence for J° and therefore is surjective. Since mo(2°) = H!(C,
J%)/ PV is finitely generated, passing to the inverse limit gives

lim HY(C, 7. (Xe @ pgn)) T,P°

: 1 Orpn : 1 0\[pn
lim H(C, (")) lim H(C, %) [e"]

where the bottom arrow is surjective. So it is enough to show that the left vertical arrow is also
surjective.
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Let y € C, and choose a point § € C lying over y. Let W3 C W denote the stabilizer of y
under the action of W on C. Note that Wy = (s,) if § € C and is trivial otherwise. Then the
inclusion of JO[¢"] C J1[("] at y can be identified as

T, ~ TV = X077 @ pgn € T[], = TV 0] = (KXo @ pugm) V9. (3.5.1)

Therefore, the cokernel of the inclusion JO[¢"] C J'[("] = 7, (Xe ® pgn)" is a sheaf supported
on the ramification loci of 7 : C' — (', and whose stalk at y can be identified with Hl(Wg,
Xe)["] ® pigm. Since H' (W5, X,) is a finite group, passing to the inverse limit gives

LiLnn H' (Ca J° [Zn]) = l(lﬂln HI(C, T (Xo ® #Kn)w)-
Therefore, it is enough to show that the inverse limit of the system of maps
Nm : HY(C, 7, (Xe @ pign)) = HY(C, 70 (Xe @ p1en)™V)

is surjective. _ B _
Let j : U C C be the complement of the ramification loci of 7 : €' — C and let j:U—C
be its preimage in C. Let i : C\U — C be the closed embedding of ramification loci. Then
Ly, :=7m.(Xe ® pgn )|y is a locally free Z/¢"-module on U with an action of W, and the norm map
Nm: L, — LYW is surjective. Let F, denote its kernel. Note that since j,(Xe @ pupn) = Xo @ fign,
we have
Te(Xe @ pipn) = juLn,  m(Xe ® pien)™ = ji LY.

Now, let N, = i*j.L¥ be the restriction of j,LY over the ramification loci. Taking
cohomology of 0 — 5 LW — j.LW — N, — 0 then induces the following commutative diagram
with rows and columns exact.

HY(U, L,) HY(C, e (Xe @ pign)) —= 0
Nm Nm
O(C, Np) ~2= HY(U, LY) —— HY(C, 7 (X4 @ ppn) V) —— 0
%
O(C,N,) —"—= A, Qn 0
0 0

Here A,, and (),, denote the cokernels of the norm maps. Recall that we want to show l(gl Q. =0.
From this diagram, this is equivalent to the surjectivity of limnc?n.

It is easier to first describe the Pontrjagin dual of 0, and ¢,. Note that the distinguished
triangle i*j, LY — 51 LW [1] — j.LW[1] — is the Verdier dual of the natural distinguished triangle

Ge((L)* @ pen)[1] = Rji(Lyy)* @ paen)[1] = RUj((LyY)* @ pagn) —
Therefore, the dual of 0, is the natural restriction map

res : H'(U, (Ly)* @ pn) > @ H'(SpecOg,\{y}, (L))" @ pun), (3.5.2)
yeC—-U

where O’é Y denotes the henselization of O¢ .
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Let 1 denote a geometric generic point of U. Its image in U under 7 is still denoted by 7.
Then we have

(Ln)g = ZIW] @ (Xo @ pagn),

and the monodromy representation p : w1 (U, ) — GL((Ly)5) is given by

p(v)(a®b) = p(y)a®b.

There is another action of W on (L, ); given by
w(a ®b) = aw™! @ wb,
which gives rise to the W-action on L,. Then there is a canonical isomorphism

Xe @ pign ~ (L )gs A > w@w Al (3.5.3)

Now we have the following commutative diagram

)

(Ln)y ® pren )V ——= ((Fn )y @ pig) " HH (W, X*/e7)

p*

((Ln)s ® pgn )™ UM) (Fo)r® pgn )™ O HY (71 (U, 7), X® /47) — H (7 (U, 77), (Ln)j ® pugn)

where the second row is the long exact sequence of étale cohomology for locally free Z/¢"-modules
0— (LYY ® pgn — LY @ pyn — FF @ pgm — 0 on U, and the first row is the long exact
sequence of the group cohomology for their stalks at 7, regarded as W-modules. Here, we use:
(i) HY(W, (Ln)7) = 0 by Shapiro’s lemma; (ii) under the isomorphism (3.5.3), the w1 (U, 77)-action
on (L) corresponds to the natural action of W = p(m1 (U, 7)) on Xe ® pen; (iil) p* is injective
since it is induced by the surjective map m(U,77) — W. Therefore, it follows from the Poincaré
duality on U that the Pontrjagin dual of ¢, is p*.

Putting these considerations together, we see that the dual of §,, is reso p*. Now we choose a
geometric generic point 7 of Speco}é’y\{y} over 7). Then p(m1(SpecOZ, JMYD)05) = (sa;) CW
for some root oy (depending on 7;), and there is the following commutatlve diagram

HH (W, X*/67) = H' ((say), X*/07)

24
p* p*

H (m (U, 7), X*/07) = H' (71 (SpecOg, , \{y}, 713), X* /),

with vertical arrows injective. Therefore, it remains to show that

P lmH ((sq,),X°/€")* — Lm H' (W, X®/£")*
yeC-U

is surjective. Note

: (] T\ * : ]‘ [ ] [ ]
lim HY(W,X*/e")* = Hom(h_r)nn H! (W, X /X >,Qg/Zg>. (3.5.4)
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Using 0 — H'(W,X*)/¢" — HY(W,X*/¢") — H3(W,X*)[¢"] — 0, and the fact that H! (W, X*)

is finite, we have
1
lim H' (W, WX'/X') = H*(W,X*)[¢>°] = H' (W, X* @ Q¢/Zy).

So it reduces to show that

H' (W, X* @ Qo/Ze) > D H'({50,),X* © Qe/Zs)
yeC-U

is injective. As mentioned in the proof of Lemma 3.5.1, C~'a is non-empty for every a € ®. Hence
{ay} contain a set of representatives of ®/W. Now we can apply Lemma 3.5.2 to M =X*®Q,/Z,
to finish the proof of the proposition. O

Now, let A’ = ker(P? — P), and A = ker(P — P). Then by the above proposition,
ker Dy = A'/(A)*.

As both A’ and A are finite étale groups, it is enough to show that |A’| = |A|, where for a finite
group I', |T'| denotes the number of its elements. This is the subject of the next subsection.

3.6 Calculation of finite groups

Let us understand A. In fact, it is better to pick up co € C away from the ramification loci.
Let Oy denote the completed local ring of C' at oco. Let Jo be the dilatation of J along the
unit of the fiber of J at co. By definition (see [BLR90, § 2] for details), Jo, is the unique smooth
group scheme over C equipped with a natural map J,, — J, which is an isomorphism away from
oo and induces an isomorphism from Jo(O) to the first congruence subgroup of J(O). Let
P be the Picard stack of Jy-torsors on C. One can also interpret #., as the Picard stack of
J-torsors on C' together with a trivialization at co. Observe that &, is in fact a scheme. Let
P, denote the neutral connected component of Z.,. Similarly, one can define J%, JL P PL
etc. Let Ay = ker(Py, — PL) and A’ = ker(PY, — P.).

LEMMA 3.6.1. There are the following two exact sequences

1— Ap = T(C,J]) = 10(P) = (2 - 1

and
1 — Autp(e) > Autgpi(e) > Ao > A — 1.
Similarly,
1> A —T(C,J/J% = mo(2°) = 70(P2) — 1
and

1 — Autgo(e) > Autmp(e) > AL — A" — 1.

Proof. Consider the following commutative diagram.

1 Joo JL JL )T —1
1 J Jt JYJ——1
417
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Taking RI'(C, —), we obtain the following.

1——=T(C,JL ) J) P P 1
i l l (3.6.1)
1——=T(C,JJ) P p1 1

Since Z., and L, are schemes, the first row of (3.7.1) gives
1= Aw — D(C, JL [ Joo) = m0(Pos) = mo(PL) — 1.

Since JL /Jo = J1/J and m(Ps) = m0(P), mo(PL) = mo(L), we obtain the first exact
sequence of the lemma. In addition, combining with the second row of (3.7.1), we obtain the
short exact sequence of Beilinson 1-motives

1> A > WP > W 2 - 1,

which in turn gives the second exact sequence of the lemma. The proof of the last two exact
sequences of the lemma is similar (by considering RT of the short exact sequence 1 — J —
Joo = Joo /I — 1). O

As a corollary, we can write

e N )
|coker(Aut »(e) — Aut g1 (e))||ker(mo(P) — mo(P1)|’

and
T(C,J/J)

|4 = |coker(Aut zo(e) — Autz(e))||ker(mo(P0) — mo(2))|
Therefore to show that |A| = | 4’|, it is enough to show that:
(1) D¢, J /) = [0(C, J]JO);
(2) |coker(Aut j(e) — Aut g (e))| = |coker(mo(L)* — 70(2°)*)|;
(3) |ker(mo(P) — mo(P1))| = |ker(Autm(e)* — Aut go(e)*)].
We first prove (1). By (3.1.3),

c,J ) = <@ua a>w. (3.6.2)

Observe that p, # 0 if and only if « is not a primitive root, i.e., «/2 € X®. On the other hand,
from

1— J/Jo— Ji/Jo = J1/J — 1,

one can see that the character group of I'(C, J/Jo) is (B, & (Qa N X*)/Za)W. Then (1) follows.
Next, we prove (2). In fact, it follows from §3.4 and [Ngo610, §4.10] that both maps can be
identified with the natural inclusion Z(G) — TW.
Finally, we show (3). Recall that Autg(e) = {t € T | a(t) = 1, a € ®}. On the other hand,
from the above description of I'(C, J/Jy)*,

Autgo(e) ={teT | AXt)=1if A€ QunNX* a € D)}
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Therefore,

Zae@(@a N X.) )

ker(Aut»(e)* — Aut go(e)*) = 7%

To caleulate ker(mo(2) — mo(2')), we choose § € 5% above y € C' — U for every point in

the ramification loci. The restriction of 1 — J — J! — J! / J — 0 at y then can be identified
with
Qag nxe

1.
Lo ~

1 — ker(dy) — 7% i fay ™
It follows that the coboundary map I'(C, J'/J) — H'(C, J) can be identified with

Qay NX*® v Qaz NX* G,
a e — HY(C,J), )€ B reales — AJZ (5, 05),
yeC—-U Y Y

where AJ? is the Abel-Jacobi map introduced before. Of course, this map does not really depend
on the choice of liftings of y € C' — U since AJ” (g, \z) = AJ? (wij, wy).
Now, as in the proof of Lemma 3.6.1, we have a right exact sequence

v

0(C,J')J) = 7(P) - m(2') — 0.
Since the Abel-Jacobi map induces X®/Z® ~ m(2), we deduce that

ZaE@(Qa N X.) )

ker(mo(2) — mo(2")) = Im(T(C,.J'/.J) > mo(P)) = 7%

Therefore, (3) follows and the proof of Theorem 3.3.1 is complete. O

Remark 3.6.2. As a byproduct of the proof, we obtain

S X
() = S Qanxe)

It seems that this expression of ﬂo(ﬁl) did not appear in literature before.

3.7 A property of D
In this subsection, we assume that G is semi-simple. We show that the classical duality ®
intertwines certain homomorphisms of Picard stacks over the Hitchin base BY. As before, we
omit the subscript °.

Let Z(G)-tors(C) denote the Picard stack of Z(G)-torsors on C. We start with the
construction of two homomorphisms

(;: Z(G)-tors(C) x B — 2V, 1y : Z(G)-tors(C) x B — 2. (3.7.1)
The definition of [; is easy. It is induced by the natural map of group schemes
Z(G) x (C' x 8) = Jy,
for every b: S — B. For K € Z(G)-tors(C), let

K;:=1;({K} x B) € #(B).
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Next we define [;. For the purpose, we need to generalize a construction of [BD91, §4.1]. Let
7 : C — B be a smooth proper relative curve over an affine base B (later on € = C' x B). Let

O—>H(1)—>§—>9—>0

be an extension of smooth affine group schemes on € with II commutative finite étale. Let
IV = Hom(II,G,,) be its Cartier dual, which is assumed to be étale as well (in particular,
the order of II is prime to char k), and let ITV-tors(€/B) denote the Picard stack (over B) of
ITIV-torsors on C relative to B. We construct a Picard functor

g : ITV-tors(€/B) — Pic (Bung(€/B))

of Picard stacks over B as follows. First, let II-gerbes(C/B) denote the Picard 2-stack of II-gerbes
on C relative to B, regarded as a Picard stack. Then there is the generalized (or categorical)

Chern class map
¢q : Bung(€C/B) — II(1)-gerbes(C/B)

that assigns every B-scheme S and a G-torsor E on Cg, the Picard groupoid of the lifting of F
to a G-torsor. We have the following.

LEMMA 3.7.1. The dual of the Picard stack II-gerbes(C/B) (as defined in § A.3) is canonically
isomorphic to I1V-tors(C/B).

We follow [BD91, §4.1.5] for a ‘scientific interpretation’ of this lemma and refer to [BD91,
§§4.1.2-4.1.4] for the precise construction. As explained in § A.1, the Picard stack II-gerbes(C/B)
is incarnated by the complex 7>_1 Rm,I1[2](1), and ITV-tors(€/B) is incarnated by the complex
T<oRmI1V[1]. Let i, denote the group of prime-to-p roots of unit. Note that 7'u/ ~ u’_ [2](1).
Then by the Verdier duality,

RHom(Rm,I1[2)(1), pi’.) ~ Rm, RHom(I1[2](1), 7' i’ ) ~ R, I1Y.

By shifting by [1] and truncating 7<o, one obtains the lemma. As explained in [BD91, §4.1.5],
working in the framework of derived categories is not enough to turn the above heuristics into a
proof. One can either give a concrete construction as in [BD91, §§4.1.2-4.1.4] or understand the
above argument in the framework of stable co-categories.
Therefore, each K € I1V-tors(C/B) defines a morphism
cs (LK)
lg,x : Bung(C/B) — II(1)-gerbes(€/B) =" BGy,

or equivalently a line bundle £g x on Bung(C/B) and the assignment K — Lg g defines a
homomorphism of Picard stacks

[ : IIV-tors(C/B) — Pic(Bung(€/B)),

which factors through the n-torsion of Pic(Bung)(€/B) where n is the order of IIV.

Note that in the above discussion we do not assume that G is commutative. But if G is
commutative, Bung(€C/B) has a natural structure of Picard stack over B and one can check that
[ factors through a homomorphism Ig : ITV-tors(€/B) — (Bung(C/B))".

Now let € = C x B, where B is the Hitchin base as before. Let § = J, and G = (Jse)bs
where b : B — B is the identity map, and Jy is the universal regular centralizer for Gg., the
simply connected cover of G. Then II(1) = II¢(1) is the fundamental group and II% is canonical

420

https://doi.org/10.1112/50010437X16008113 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16008113

GEOMETRIC LANGLANDS IN PRIME CHARACTERISTIC

isomorphic to the center Z (é) of G. Therefore, the above construction gives [; as promised
n (3.7.1).
Note that similarly we can set § = G x € and § =T x € in the above construction so we
obtain
lq : Z(G)-tors(C) — Pic(Bung), I : Z(G)-tors(C) — (Bung)V.
For K € Z(G)-tors(C), let La i == lg(K) € Pic(Bung), Lk = l;({K} x B) € (#)Y(B). The
following lemma will be used in §5.6.

LEMMA 3.7.2. Let k be a square root of w. Then the pullback of L i along the map & AN
Higgs = Bung is isomorphic to £, i.e., we have £ j g ~ € o pr*Lq k.

Proof. 1t is enough to show that the composition
2 %5 Higgs > Bung g I (1)-gerbes(C)
is isomorphic to
P 4 M g-gerbes(C) x B — Tg(1)-gerbes(C).

Let P € & and (E, ¢) := €,(P). We need to construct a functorial isomorphism between ¢ (P)
and ¢g(E) where ¢;(P) (respectively ¢g(E)) is the IIg(1)-gerbe of liftings of P to Js-torsors
(respectively Ggc-torsors).

Note that the G-torsor E,. given by the Kostant section has a natural lifting E,, € Bung,.,
since the cocharacter 2p : Gy, — G has a natural lifting to Gs.. Thus any lifting P € ¢;(P)
defines a lifting E := P x’< E,, € Bung, of E = P x’ E, and the assignment P — E defines a
functorial isomorphism between ¢;(P) and ég(E). The lemma follows. O

We write lq,lp,l; for the induced maps between the corresponding coarse moduli spaces.
The following lemma is a specialization of our construction of the duality given in Lemma 3.7.1.

LEMMA 3.7.3. Let n be a positive integer such that p { n. Let
[ : T[n]-tors(C') — (Buny)"[n]

be the tensor functor given by the extension 0 — T'[n] — T — T — 0.* Then the induced map
1: HY(C,T[n]) — HY(C,T[n])" between the coarse moduli spaces is the same the as map given
by the Poincare duality.

Now we are ready to state the result in this subsection.

PROPOSITION 3.7.4. There is a natural isomorphism of functors ®¢ o [j ~ \fJ. In particular, we
have QCI(LJ,K) ~ KJ.

Proof Let Gaq denote the adjoint group of G. Note that it is the Langlands dual group of Ggc.
Let Jad be the universal centralizer for Gad, and 71,4 denote the Picard stack of Jad torsors. We
first claim that the composition

Z(G)-tors(C) x BYS 2V % 9 & 9.,

4 Recall that we have a canonical isomorphism T'[n] ~ (T'[n])".

421

https://doi.org/10.1112/50010437X16008113 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16008113

T.-H. CHEN AND X. ZHU

is trivial. From the construction of ®.j, we have the following commutative diagram.

De <
PP

|

(gzsc)v &) ﬁad

Thus the above composition can be identified with

9}

N D,

Z(G)-tors(C) x B Y (2) > (Ps)V = Pog.

This is trivial since the composition of the first two maps is the dual of
Pe > &P “ I (1)-gerbes(C) x B,

which is trivial by the construction of ¢;.
On the other hand, the short exact sequence 0 — Z(G) x B — J — Jaq — 0 induces a left
exact sequence of Picard stacks

0 — Z(G)-tors(C) x B Yo Pra.
That is, Z (é)—tors(C) x B is identified as the kernel of & — 22, 4. Therefore, there is a morphism
Z(@)-tors(C) x B — Z(@G)-tors(C) x B

such that . o [; ~ [ 7 o1i. We now show that i is isomorphic to the identity morphism. As
argued in § 3.4, we reduce to show that i induced the identity map on the coarse moduli space
HY(C, Z(G)) x B.

Let i : HY(C,Z((R)) x B — HY(C,Z(G)) x B, l; : HY(C, Z(G)) x B — PY and Iy : H*(C,
Z (é)) x B — P be the induced maps on the corresponding coarse moduli spaces. Our goal is to
show that 7 = id. Since I'(C x B, jad) =0, is injective. Therefore, it suffices to show that

[jo(i—id): HY(C, Z(G)) x B— P

is zero. As in § 3.4, we can prove this fiberwise, and therefore we fix b € BO(k). Agaln to simplify
notatlons in the followmg discussion we write C J, P, P instead of C’b, Jp, Py, Pb, etc.

Let ] P — Hl(C T) be the map induced by the morphism j 7*J — T. Then the
composition j! o l; : HY(C, Z(G)) — HY(C,T) is also injective (note that j! o [; is induced
by the natural map Z(G) — 7). Thus it is enough to show that j' o [; o (i —id) = 0. Since
Dgoly= [ J o1, it is equivalent to show that

jloDgoly—jlol;=0. (3.7.2)

Let us consider the following diagram
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where Nm" is the dual of (3.1.9), and the right vertical map is (Jac ®X,)" >~ Jac ®X®. The right
rectangle in the above diagram is commutative by the construction of D in § 3. Therefore it is
enough to show that the outer diagram is also commutative. B

Let n be the order of Z(G). Then j'ol; and Nm" ol; will factor through HY(C,T)[n] ~
HY(C,T[n)) and HY(C,T)"[n] ~ H'(C,T[n])V.> Thus the outer diagram factors as

NmV ol

HY(C, 2() HY(C,T[n))

o

HY(C, 2(G)) — 2 g\(&, Tln))

where the right vertical arrow is now given by the Poincare duality. Unraveling the definition of
[7, one sees that Nm" ol; can be identified with

H'(C,Z(G)) — H'(C,T[n]) -» H(C,T[n))"

where the first map is induced by the natural morphism Z(G) — T'[n] and the second map is the
map ! in Lemma 3.7.3. Then the commutativity of above diagram follows from Lemma 3.7.3. O

4. Multiplicative 1-forms

In this section, we establish a technical result. Namely, we show that the pullback of the canonical
1-form 0., on T* Bung along & — T Bung induced by a Kostant section x is multiplicative
in the sense of §C.2.

4.1 Lie algebra valued 1-forms

In this subsection, we restrict everything to B° and therefore omit the subscript 0 from the
notation. Recall that there is a group scheme T = C xWV T over [C'/W] and Proposition 2.5.1
says that there is a homomorphism [j!] : [7]*J — T where [r] : [C/W] — C x B is the projection.
It induces the following commutative diagram.

[7]*(Qexp ®@ Lie J) —— [7]"(Qcx /s @ Lie J)

| |

Q ]®Lie'J' Q[a/WVBQ@Lie‘T

(C/w

Note that, due to the product structure on C x B, the arrow in the upper row admits a canonical
splitting. Therefore, the tautological section in (2.7.1)

(T B — BJ) S F(C X B7QC><B/B ®L16J)
can be regarded as a section of [7]"(Q¢xp ® Lie J), which in turn gives

O € T([C/W], Qg jyy © LieT) =T(C, 25 @ ™. (4.1.1)

C/W]

We denote by 55 € F(é, Q5 t)WV the corresponding section for the dual group.
We shall give an alternative description of 5. We denote by

0 1ty =ty X0ty

5 Note that pt n.
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the G,,-twist by w of the map J as in Lemma 2.7.3. We regard t, and t, Xc t, (via the first
projection) as schemes over ¢,, and define

(55 : 5 =e*t, — e*(tw X ’tw) = CN' X (T*C(X)t)

to be the base change of 4, via the evaluation map e : C' x B — ¢,. By Lemma 2.7.3, 05 is just
the pullback of the diagonal map t, — t, X¢ tw along e : C' x B — ¢.
By construction, the section 05 € r(c, Q5@ t)w is equal to the composition

~ 05 ~ ~
CSCxe(T'Cot) - TCt (4.1.2)

where the last map is the cotangent map for the projection C — C.
The description of 6 in (4.1.2) implies the following relation between 5 and 0.

LEMMA 4.1.1. Let o : T(C, Qs ~ r(C, Q5 @)WV be the canonical isomorphism induced by
the non-degenerate invariant form (,) on t. We have o(05) = 55.

Remark 4.1.2. The 1-form 6 is related to the canonical 1-form we of C' in the following way. Let

¢:C — T*C®t (= t,) be the natural W-equivariant map (see § 2.4). The natural W-equivariant
pairing X® x t - k induces a W-equivariant map

v Ox X SN T 0ot x X - TC, (4.1.3)

where W acts diagonally on C x X*. Now the pullback of the canonical 1-form we on T*C' along
v defines a section v*'wc € I'(C,Qz ® )V, and using the description of 0z in (4.1.2) one can
check that 0z = v*wc.

4.2 Canonical 1-form
Let us denote by T* Bunl, the maximal smooth open substack of T Bung. Then there is a
tautological section

fcan : T* Bund — T*(T* Bun).

Note that 7% Bung xgB® C T* Bun%. From now on, we restriction everything to the open part
BY and therefore will omit © from the subscript. Note that for a choice of the Kostant section
K, we have an isomorphism €, : & ~ T* Bung, and therefore we may regard 0.,, as a section
P — TP, denoted by 0.

Let AJ? : C x Xy — 2 be the Abel-Jacobi map. Write the pullback as

(AJW)*HR — {QK,A}AEX. S F(é X X., Qé)w7
where 6, ) € I(C, Q) is the restriction of (AJ?)*0, to C x {A}. A section {ay}rex, € D(C x X,

Q) (respectively I'(C x X, QG/B)) is called X,-multiplicative if it satisfies ax1, = oy + ay, for

any A, 1 € X,. Clearly, any Xe-multiplicative section {a}iex, corresponds to a t-valued section
ael(C,QF® t) (respectively T'(C, Q@/B ® 1)). The rest of the section is mainly devoted to the
proof of the following result.

PROPOSITION 4.2.1. The 1-form (AJ?)*0,, is Xo-multiplicative. Moreover, if we regard (AJ?)*0,
as a section of I'(C, Qz ® W, we have
(AI?)*0, = 05,

where 55 is the section defined in §4.1.
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We have the following corollary. Recall the notion of multiplicative sections & — T* & as
defined in § C.2.

COROLLARY 4.2.2. The section 6, is multiplicative in the sense of §C.2. In addition, it is
independent of the choice of Kostant section k.

Proof. We first show that 6, is multiplicative. Consider the section
m*G,i e XB@—> TP Xy(@ XB @) — T*(y XB @),

where the first map is the base change of 0,; along the multiplication m : ¥ xp & — £, and
the second map is the differential mgy of m. On the other hand, consider

(O, 0,) : P X3 P — (T*P X T*P)| oy — T (P x5 P).

We need to show that (0, 0,) = m*0,.
We first have the following lemma, whose proof is independent of Proposition 4.2.1.

LEMMA 4.2.3. The projection of 0, along T*%? — T*(Z?/B) is multiplicative. More precisely,
the images of m*0,, and (0,0,) in T*(& xp & /B) are the same.

Proof. Consider the following short exact sequence of vector bundles on & xp &
0> T'Bxp(PxpP)—>T (P xpP)—>T (P xp P/B)— 0.

As the projection of 6,; along T*%? — T*(Z?/B) is identified with 7* x id (cf. Lemma 2.7.2),
the restriction of 6, to each fiber 27, is given by the ‘constant’ 1-form 7*|, € I'(C, (Lie Jp)* @ w).
Therefore, (0, 60,) = m*0, in T*(Z xp &/B). O

Therefore, their difference can be regarded as a section
m* 0, — (0x,0,) € (P xp P, pr*Qp) = (mo(L) x m(L)) x I'(B,Qp).
The Abel-Jacobi map AJ? : C x X¢ — 2 induces a map
AJ'@’z:éxX.xX.at@xBﬁ.
It is enough to show that the pullback of m*6, — (0,,6,) in
I((C x Xe x X,), prQp) = (X¢ x X,) x ['(B,Qp)

vanishes. By Proposition 4.2.1, the one form (AJ?)*0, = {0} rex. is Xe-multiplicative, and
thus for any A, u € X, we have

(AJ,@Q)*(m*eH _ (05’ eﬁ))léx{/\}x{u} = 91{,)\+/‘4 — (9/1,)\ + 0}{,[,6) = 0.

This finishes the proof of multiplicative property of 6. The independence of £ follows from
(AJ?)*0, = 0. O

Notation. In what follows, we denote the multiplicative 1-form 6, on & by 0,,.

Remark 4.2.4. Let a :==mo (AJ? xid): (CxX,) xg P — P xp P — P be the action map.
Then Remark 4.1.2 together with Corollary 4.2.2 implies that

a O, = V" (we) W Oy

Here © is the map in (4.1.3) for the dual group. In the case of G = GL,, (a variant of) this
identity was proved in [BB07, Theorem 4.12].
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4.3 Proof of Proposition 4.2.1: first reductions
Let 6, and é@ be the projections of (AJ?)*d, and 55 along

['(C x X, Q5) = [(C x Xe, Q/5):
Lemma 4.2.3 implies that 0, is X, multlphcatlve and can be regarded as an element in
rc, QC‘/B HW. Let us first show that 0, Q

Recall in (2.7.4) we have introduced a morphism ¢ : LieJ — (Lie J)*. It follows from the
definition of ¢ in loc. cit. that the following diagram is commutative

(7] Lie J T [r)* (Lie J)*

| T

Lie T Lie T

where the arrow in the bottom row is the morphism Lie T — Lie T induced by the invariant from
(,) on t. (Recall (cf. §4.1) that T:= C xW T is a group scheme over [C/W] and [x] : [C/W] —
C x B.) It induces the following commutative diagram.

I'(C x B,Qcyp/p ® Lie J) —=T(C x B, Qcxp/p ® Lie J*)

l k

(C, Q6,5 @Y z (C, 06, © OV

Recall the sections 7 € T'(C x B, QCXB/B ® LieJ) and 7* € I'(C x B, Qo p/p ® Lie J*) in §2.7.
Note the map v in the diagram above is an 1somorph1sm and it identifies §,, with the section

. On the other hand, Lemma 4.1.1 implies the section 9 € F(C QC/B ® ) is equal to the
image of 7 under the composition of the morphisms in the lower left corner of the above diagram.
Thus, ’U(éé) = 14(7) = 7*. Therefore both éé and @, map to 7* under the isomorphism v, which
implies Qvé =0,.

As a consequence, difference 9% — (AJ?)*6,; can be regarded as a section
Oa — (A7)0, € T(C x X, pr*Qdp). (4.3.1)

We need to show that it is zero. Let U C C be the largest open subset such that U— CxBis
étale. It is enough to show that 65— (AJ‘@)*Hn’ﬁXx_ = 0. Note that for & € U we have a canonical
decomposition T:C = T,C ®TyB and by (4.3.1) it suffices to show that (55 — (AJ‘W)*HH)]TbB =0.
As the section 55 is induced by the canonical splitting Qcxp/p ® Lie J = Qcxp @ Lie J, the

restriction of 55 to Tp B is zero, so we reduce to show that (AJy)*9K|TbB =0, i.e., for any A € X,
and v € T, B we have

(Brsx,0) = ((AT7) Ol 5, 1y 0) = 0. (4.3.2)

For the later purpose, we introduce some notations. Let (Ey, ¢,) be the Higgs field on C x B
obtained by the pullback along the Kostant section k. For every A € X, let AJZ?* : C —» &
denote the corresponding component of the Abel-Jacobi map and let

(Bz, ¢z) == ATZ @) x (Ey, d)|ox vy

61t is the relative cotangent map of the isogeny & — Buny (C/B).
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~ PN
be the image of £ under the map C AL P LT Bung. We also define

~ AJDA €1 s
ay:C = & ~T*Bung — Bung.

Since 0,; = €,0can, We have
<9/@,Aav> = <(AJ{@’)\)*6:003‘1’17/U> = <90an7 (6n)*(Ang7/\)*’U> = <¢5;,CL>\*U>,

where a), : Tfé — Tg, Bung ~ H Y(C,adFE;) is the differential of ay and the last pairing is
induced by the Serre duality H(C,adE; ® Q¢) ~ H'(C,adEz)*.
Therefore we reduce to show the following.

PROPOSITION 4.3.1. For any v € T,B C T3C = T,C & T, B, the pairing (¢3, ax,v) is zero.

4.4 Proof of Proposition 4.3.1: calculations of differentials

We shall need several preliminary steps. Recall that there is the E,-twist global Grassmannian
Gr(E,) which classify the triples (v, £, 8) where x € C, E is a G-torsor and S : Exlc_{z} ~
E]c_{x} is an isomorphism. Given a dominant coweight p (with respect to the set of simple
roots we choose), it makes sense to talk about the closed substack Gre,(Ej), consisting of those
B Exlc—{z} = E|c_{y) having relative position less than or equal to u at z (cf. [BD91, §5.2.2]).
Let Gry,(Ex) = Greu(Ex) — Uy« Gren(Ex). We have natural projection maps

Bung Greu(Eyg) e

For any x € C| let
Gr,(Eg) := Gr(Ey) x¢ {z},

and similarly we have Gry <, (Ex), Gra . (Ex).

Note that for any Z € C the J-torsor AJ?*(Z) € £ has a canonical trivialization s over
C — x (here x is the image of Z in C), thus it induces a canonical isomorphism § : Ey|c_y ~
Eilc—o (vecall that E; := AJ? &) x’ E,.). The assignment & — (z, Ez, 3) defines a morphism
ay : C — Gr(E,). We have the following key lemma.

LEMMA 4.4.1. Let u be a dominant coweight and A € W - . The morphism ay factors through
Gre,(Ek), and the following diagram

C—2 Gre,(Ey)

N [

Bung
is commutative. Moreover, for any k-point & € U(k), ax(%) € Gru(Eg) (k).

The proof is given at the end of this subsection. We also need the following lemma about the
differential of ay.

LEMMA 4.4.2. Let & € U(k), and let ax(%) = (x, Ez,3) € Gr,(Ex)(k) (by Lemma 4.4.1). For
everyv € T)yB C 1;C = T,C & Ty B, we have

u = (C~L)\)*U S T(Ei,B)Grz,,u(En) C T(a:,Ei,ﬁ)Gr,u(Eﬂ)'
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Proof. The subspace T(g, )Gty i (Ex) C 15 E,,8)Gru(Ex) is equal to
Ker((pra)« : T(z,Ei,B)Gru(En) - T,C).

Therefore it is enough to show (pra)«(ay)«v = 0. Recall that we have the following commutative
diagram (not Cartesian).

ax

c GT<M(EF»)

iﬂ |

cxB—Y° .0

Thus we have (pra)«(ax)«v = (pre)«(msv) = (pre)«v = 0. This finishes the proof. O

Combining the above two lemmas we obtain that

(O n, V) = (D3, ax,0) = (Pz, (pr1)su) (4.4.1)

where u := (@x)+v € T(g, 3)Greu(Ex). So we need show that the last pairing is zero. To calculate
it, we need a few more notations. For any « € C' we denote by O, the completion of the local ring
of C' at x and F, its fractional field. Let wy_ (respectively wp,) denote the completed regular
(respectively rational) differentials on SpecO,. We denote by

Res(,) : g(wr,) x g(Fy) — k

the residue pairing induced by the G-invariant form (,) on g.
Let us fix a trivialization v, : E. ~ E° on SpecO,. Then, for every trivialization v of E on
SpecO,, we obtain

9="1,"87 € G(Fy).

In this way, v, induces an isomorphism
Grau(Ex) = Orby,  (E,8) = 7' B7G(0x),

where Orb,, is the G(O,)-orbit of p - G(0;) € G(F;)/G(Oy). Under the isomorphism, we have
the identification of the tangent spaces

T(E,,B)Grac,u(En) ~ g(0)/(Adg 9(0z) N g(0z)).

For any u € T(g g)Grs u(Ex) and ¢ € Tr Bung the pairing (@, (pr1).«u) can be calculated as
follows. Let @ € g(O,) be a lifting of v under the above isomorphism. Let ¢(7y) denote the

¢ : SpecO, — adF ® we e g(wr,). Now we have

(@, (pr1)«u) = Res(¢(7), Ady ' ).

In our case ¢ = ¢z = AJPNZ) x/ ¢y, the following lemma will imply the vanishing of (¢;,
(pr1)su), and therefore will finish the proof of Proposition 4.3.1.

LEMMA 4.4.3. We have Ad, ¢z(7) € g(wo,)-

Proof. Indeed, unraveling the definitions, we have Adg ¢(v) = ¢x(v«), which is regular. O
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It remains to prove Lemma 4.4.1. Let ay : QN — Gr(Ey) be the morphism constructed
as in the lemma. Since C is smooth and U C C' is open dense, it is enough to show that
ax(U(k)) C Gru(Ex)(k). Let 2 € U(k) and ax(Z) = (=, Ez, B) € Gr(E,)(k) be its image, where
E; = AJ‘%}‘(fz) x? B, and B : Ex|c_s =~ Fz|c_ is the isomorphism induced by the canonical
section s € AJZ &) (C — z). Let

rel : Grp(Ey) — X, /W

be the map sending an element (E, /) to the relative position of 5 (cf. [BD91, §5.2.2]). We
have (E3, 8) € Gry(E,) and we need to show that rel(Ez, 8) = p. For simplicity, we will denote
P = AJ7NE).

Let Gry (respectively Grp) be the global Grassmannian for the group scheme J
(respectively T). By [Yunll, Lemma 3.2.5], the morphism j' : 7*J — T x C induces a
W-equivariant isomorphism

jar : Gry X(oxp U = Grp xo U
of group ind-schemes over U. We denote by jicr @ Grgy =~ Grpr the restriction of
jar to 2. We have (P,s) € Gry j, (k) (here s € P(C — z) is the canonical section) and one

can check that jz q: (P, s) = A € Gryr(k) ~ X,. The action of Gr, j, on (Ej, ¢,) defines a map
a, @ Gry j, = Gry(Ey). We claim that the following diagram is commutative

Ak

Gry g, (k) Grz(Ex) (k)

lja‘:,Gr irel (442)
Grpr(k) ~ X, Xo/W

Assuming the claim we see that rel(E, ) = rel(a.(P,s)) is equal to the image of jz cr(P,s) =
A € X, in X, /W. But by assumption A € W - p. This finishes the proof of Lemma 4.4.1.

To prove the claim, recall that a trivialization v, of E, on SpecO, defines an
isomorphism Gry(Ey) ~ G(F;)/G(0O;). Moreover, under the canonical isomorphism Gry s, (k) ~
Iy (Fy)/Ip(04), Gra (k) =~ T(F;)/T(0;) and G(O,)\G(F,)/G(0,) = Xo/W, the diagram (4.4.2)
can be identified with

Jo(Fz)/Jp(0z) G(Fz)/G(0z)

l |

where the upper arrow is induced by the homomorphism

QB bk G
~Y

Jp = Aut(Ey, ¢x) > Aut(E,) = G (4.4.3)

and the arrow in the left column is induced by the homomorphism j! : 7*J — T X C. Let
by € ¢"*(0;) be the restriction of b to SpecO,. Using the definition of ag, ¢, in (2.6.1), it is not
hard to see that the restriction of (4.4.3) to SpecO, is equal to

I, 2 Ixos(v,) = G X SpecOy, (4.4.4)

. . . by k
up to conjugation by an element in G(0,). Here kos(b,) : SpecO, =3 ¢ = g € g"%(0,) and the
first isomorphism is induced by the canonical isomorphism x*J|grezs >~ I|gres in Proposition 2.5.1.
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Therefore, to prove the claim, it is enough to show that the restriction” of 5! to Spec®, is equal
to the map (4.4.4) up to left and right multiplication by elements in G(O,). To see this, we first
observe that the point Z defines a lifting b, € t"5(0,) of b, € ¢"*(9,). Since the map G x g"* —
g g, (y,v) = (Ady(v),v) is smooth, there exists g € G(O,) such that Ad g(kos(b;)) = b,.
The map Ad g induced an isomorphism ¢4 : Iy, ) = Iy =T x SpecO,, which is independent
of the choice of g, and according to [Ng610, Proposition 2.4.2] the restriction of j! to SpecO, is
given by

Jbr = Txos(by) 2T % SpecOy, (4.4.5)

where the first map is the canonical isomorphism mentioned before. The above description implies
the map (4.4.4) is equal to the map (4.4.5) up to left and right multiplication by elements in
G(0O). This finishes the proof of the claim.

5. Main result

We assume that G is semi-simple over k whose characteristic p is positive and does not divide the
order of the Weyl group of G. Let C' be a smooth projective curve over k, of genus at least two. In
this case, Bung is a ‘good’ stack in the sense of [BD91, § 1.1.1] (see also § B.5). Let Dpyy,, be the
sheaf of algebras on Higgs; in Proposition B.5.1. Denote by D%UHG = DBunG‘Higgs’GXB/B’O
the restriction of Dpun, to the smooth part of the Hitchin fibration. We define D-mod(Bung)®
as the category of D%unG—modules. As explained in §B.5, the category D-mod(Bung)? is a
localization of the category of D-modules on Bung and is canonical equivalent to the category
of twisted sheaves QCoh(.@gunG)l, where @gunG = PBung X B’ B0 and PBun, is the gerbe of
crystalline differential operators on Higgs;,. On the dual side, let LocSysy be the stack of de

Rham G-local systems on C. Recall that in [CZ15], we constructed a fibration
hy : LocSysg — B’

from LocSysy to the Hitchin base B’, which can be regraded as a deformation of the usual
Hitchin fibration. We define

LocSys% := LocSys XB/B/O.

Our goal is to prove the following theorem.

THEOREM 5.0.1. Assume G is semi-simple and the genus of C is at least two. For a choice of a
square root k of wo, we have a canonical equivalence of bounded derived categories

D, : D°(D-mod(Bung)?) ~ Db(QCoh(LocSys%)).

The proof of above theorem is divided into two steps. The first step, which involves the
Langlands duality, is to establish a twisted version of the classical duality (see §5.2). The second
step, which does not involve the Langlands duality, is to establish two abelianization theorems
(see §5.3) for which we need a choice of square root x of we. Combining above two steps, our
main theorem follows from a general version of the Fourier-Mukai transform (see §5.4).

" Here we identify SpecOz ~ SpecO, and regard j' as a map of group schemes over SpecO,.
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5.1 The %'-torsor

We first recall that in [CZ15], we constructed a P'-torsor A. It is defined via the following
Cartesian diagram.

H—— LocSys y,
J{ l (5.1.1)
r 7 ’
B B,

Here J? is the pullback of the universal centralizer J' over C' x B’ along the relative Frobenius
map Forypryp : C % B’ — C’ x B'. This is a group scheme with a canonical connection along C,
and therefore it makes sense to talk about the stack LocSys j, of JP-torsors with flat connections.
In addition, it admits a map LocSysj, — B}/. We refer to [CZ15, Appendix] for generalities.

Recall that there is a description of 2 in terms of Buny (C'/B). We give a similar description
of the Z'-torsor # in terms of a BunTVY(é /B)'-torsor. Recall that 7" is regarded as a section of
Qcrwpryp @Lie J', which defines a J'-gerbe 2(7') on C" x B (see § B.4) and according to [CZ15,
Proposition A.9], J# is isomorphic to 7z, the stack of splittings of Z(7') over B’. Therefore

by Lemma 3.2.1 we have
o W,
r%|B’O =~ y@(f’;‘if‘B/o’ (512)

where Z(7') 4 = (7*2(#))7" is the T-gerbe on C” induced from 2(#') using maps 7 : ' — C'x B’
and ;! : 7*J' — T’ x C' (see § A.6 for the induction functor of gerbes).

On the other hand, using the definition of 6z, € I'(C’, Q5 ® )V in §4.1 one can check that
jiﬂ'*(%/) = 05/7
Therefore, by Lemma B.4.1 we see that over B0 we have

where jla*(#) is the ¥-valued 1-form induced from ¥ using maps 7 and j'.

o * oy ql Y1 kv
D)y = (FDEN = D (7)) ~ D(0). (5.13)
Hence combining (5.1.2) and (5.1.3) we get the following Galois description of 7.

COROLLARY 5.1.1. There is a canonical isomorphism of &'-torsors €| g ~ ﬁ;}féf)]yo.
c’

5.2 Twisted duality

Let us construct the twisted duality. Let 0], : ' — T*2?' denote the canonical multiplicative
one form constructed in §4.2. Let 2(0),) denote the corresponding G,,,-gerbe on &2’ obtained by
pullback of P4 on T*2' by 0!, (see § B.4). According to §C.2, the gerbe 2(6.,) is canonically
multiplicative. Moreover, according to § A.7, the stack of multiplicative splittings of 2(6/,) over
B’ is a (22')Y-torsor Tg(,)- Our goal is to prove the following theorem.

THEOREM 5.2.1. There is a canonical isomorphism of 2"V ~ %'torsors
2 ‘7@(9%)|B'0 ~ %|B/0‘

For the rest of this subsection we will restrict everything to B'0. Recall the Abel-Jacobi map
AJ?" . C' x X, — Z'. By Proposition 4.2.1 we have (AJ?')*¢/ = 0z . Therefore, Lemma B.4.1
implies that

(AJ7)*2(0,,) = 2(0z)-
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Since the Abel-Jacobi map AJ 7" is W-equivariant, pullback via AJ? " defines a functor
. W
D 9_@(%) —> 99(95)
We claim that ® canonically lifts to a morphism
D y_@(g/ ) — 9 ) =~ (%a

where the second isomorphism is Corollary 5.1.1. Let £/ € 4 ) be a tensor splitting of Z(6;,).
We need to show that the splitting

(35 )) ’C” (AJ@ )*E’(é(’wd)
admits a canonical isomorphism compatible with the canonical splitting EO of 20) & or =
(A7) @(6’;”)](5, &)~ However, this follows from the fact that AJ?"((z,d)) is the unit of 2’ for

T € 5& and a tensor splitting F of a multiplicative G,,-gerbe 2(0.,) is canonically isomorphic
to the canonical splitting E9 of 2(6!,) over the unit. To summarize, we have constructed the
following commutative diagram.

T5(01,) : 4
x For (521)
yg{@@/)

By construction, the morphism ® is compatible with the &'V ~ ﬁ’—aetion, and hence is an
equivalence. This finishes the proof of Theorem 5.2.1.

5.3 Abelianization theorems
We need to fix a square root s of we. Then the Kostant section for Higgs;; — B’ induces a map

€+ P~ Higgsy,' ™ C Higgst,

where Higgsy,"® is the smooth sub-stack consisting of regular Higgs fields. The first abelianization
theorem is the following.

THEOREM 5.3.1. We have a canonical isomorphism €, Zgun, ~ 2(9,,), where Pgun,, is the
Gm-gerbe on Higgs(, of crystalline differential operators. Moreover, the pullback along the map
€. defines an equivalence of categories of twisted sheaves

A : D*(D-mod(Bung)) ~ D*(QCoh(ZR,n. )1 : D*(QCoh(2(6.,)| 5r0))1-

Proof. By Proposition B.3.3, the restriction of Zpun, to Higgsy ™™ is isomorphic to the gerbe

2(0.,,) defined by the canonical 1-form 6., on Higgsy ®. On the other hand, it follows from

can n
the construction of 6,, in §4.2 that we have €*,6., = 6 . Hence

€ PBung = 62’-@(‘92%) ~ D(€g0can) =~ ‘@(Q;n)'

The last statement follows from the fact that the base change of €,/ : &' — Higgs; to B'%is an
isomorphism (see Proposition 2.6.1). O
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To state the second abelianization theorem, recall that in [CZ15] we constructed a canonical
isomorphism
o ’@‘2/ .
¢ x nggs'é ~ LocSys .

Moreover, by [CZ15, Remark 3.14] the choice of the theta characteristic x defines an isomorphism
€ @ P ~ Higgsy,*®, and hence induces an isomorphism

¢t A~ LocSysgag C LocSys .
reg
G
we have LocSysgSg |gro = LocSys%. It implies the following.

Here LocSys .© is the open substack consisting of G-local systems with regular p-curvature, and

THEOREM 5.3.2. For each choice of a square root k of wc, we have a canonical isomorphism of
P'-torsors C|gro : H) gro LocSyS% and it induces an equivalence of categories

¢ : D*(QCoh(LocSysY)) ~ D*(QCoh (] 1)).

5.4 Proof of Theorem 5.0.1

We deduce our main theorem from the twisted duality and above two abelianization theorems. By
the twisted duality we have an isomorphism of 2’V ~ 9'-torsors Ta6:)| gro =~ A g'o- Therefore
the twisted Fourier-Mukai transform (Theorem A.7.2) implies an equivalence of categories

D : DY(QCoh(2(8,,)| gro))1 = DY (QCOh(H#| o).
Now combining Theorems 5.3.1 and 5.3.2 we get the desired equivalence

D, = (€) oD oA, : D’(D-mod(Bund)) ~ Db(QCoh(LocSyS%)).

5.5 A po-gerbe of equivalences

In this subsection we study how those equivalences ®, : D?(D-mod(Bung)?) ~ DP(QCoh
(LocSysoé)) in Theorem 5.0.1 depend on the choices of the theta characteristics x. Our discussion
is very similar to [FWO08] and can be regarded as a verification of the predictions of [FWO08] in
our setting.

Let w!/2(C) be the groupoid of square roots of we. The groupoid w!/?(C) is a torsor over
the Picard category po-tors(C') of po-torsors on C. Let GLC be the groupoid of equivalences
between D’(D-mod(Bung)?) and Db(QCoh(LocSys%)), i.e., objects in GLC are equivalences
E : D’(D-mod(Bung)?) ~ Db(QCoh(LocSysg)) and morphisms are isomorphisms between
equivalences. We first construct an action of ps-tors(C) on GLC.

Let Z = Z(G) be the center of G. We have a map « : uo — Z(G) by restricting the cocharacter
2p: Gy, — G to pa (see [BDI1, §3.4.2]). Thus for each x € po-tors(C) and (E,V) € LocSysq
we can twist (F,V) by x using the map

wy — Z — Aut(E, V)

to get a new G-local system (E® x,VEgy) € LocSysg. The assignment (x, E,V) - (E®Y,
VEgy) defines a geometric action

actg : po-tors(C) x LocSysg; — LocSysg; .

Likewise, there is actq : po-tors(C') x Bung — Bung. For x € ua-tors(C), let ay ¢ : Bung ~ Bung
(respectively, by ¢ : LocSysg =~ LocSysy) be the automorphisms of Bung (respectively LocSys)
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given by a,, G(E) = E ® x, (respectively b, ¢(E,V) = actg(x, £, V)). They induce auto-
equivalences a} ; and b} G of Db(D-mod(Bung)) and Db(QCOh(LOCSysG)) respectively. Note
that for the deﬁmtlon of aX ¢ and bx - there is no restriction of the characteristic of k. However,
if chark = p 1 |W/|, we have the following.

LEMMA 5.5.1.

(1) The equivalence a}, ; preserves the full subcategory D?(D-mod(Bung)?).
(2) The equivalence b  preserves the full subcategory D*(QCoh(LocSys%)).

Proof. This lemma will be clear after we give alternative descriptions of a; ¢ and b;‘< a-

First, recall that in §B.3 we introduce a Gy,-gerbe Zpyy,, over T* Buny: and the category
QCoh(ZBung, )1 of twisted sheaves on Zpyy, such that there is an equivalence of categories
between D- mod(Bung) and QCoh(Zpung)1- Let f = da) o : T" Buny, ~ T*Bung be the
differential of ax - The map f preserves the canonical one form Ocan, and thus by Lemma B.4.1,
there is a canonical 1-morphism M : f*Zpun, ~ ZBun, of gerbes on T™ Bun’G. The 1-morphism
M induces an equivalence M : QCoh(f*Zpun, )1 =~ QCoh(ZRun, )1 and it follows from definitions
that the functor a;G is isomorphic to the composition

DY (QCoh(Zpung.)1) £ DY(QCOL(f* Zrung )1) = DY(QCOL(Zipung )1 )- (5.5.1)

Recall that the category D-mod(Bung)? is by definition the category of twisted sheaves on
ngunc = PBunc | g'o- Therefore, part (1) follows.

To prove part (2), note that the map actg : pa-tors(C') x LocSys; — LocSys can be also
described as follows. There is a map of group schemes (u2)crxp —> Z(G)crxp — J' over C' x B,

which induces a morphism of Picard stacks
[, : po-tors(C') x B' - &', (5.5.2)

and the action map actg can be identified with

[y xid

actq : pa-tors(C) x LocSysg = ' xp LocSysg — LocSys (5.5.3)

where the last map is the action of ' on LocSysy defined in [CZ15, Proposition 3.5]. In
particular, if we endow B’ with the trivial : us-tors(C') action, the p-Hitchin map LocSys; — B’
is : po-tors(C)-equivariant. Therefore LocSysy is invariant under the action of b, ¢, and part (2)
follows. O

From now on we regard a}  and b} , as automorphisms of the category D?(D-mod(Bung)?)

and D’(Qcoh(LocSys2)).
For each x € ps tors(C) and E € GLC we define

X~E::b;éoan;’G€GLC.

The following lemma follows from the construction of b* and ay ¢

7

LEMMA 5.5.2. The functor us-tors(C) x GLC — GLC given by (x,E) — x-E defines an action
of the Picard category ps-tors(C') on GLC.
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Now let %7 and %2 be two categories acted by a Picard category 4. A 4-module functor from
¢ to 6, is a functor N : €1 — %, equipped with functorial isomorphisms N(a - ¢) ~ a - N(c)
satisfying the natural compatibility condition. Here is the main result of this subsection.

PROPOSITION 5.5.3. The assignment xk — ©,; defines a ps-tors(C)-module functor
®:w'/?(C) - GLC.

Proof. Given x € pp-tors(C) and k € w'/?(C') we need to specify a functorial isomorphism
@X k X - Oy satisfying the natural compatibility condition. First, observe that the maps €.,

: ' — Higgsy, induced by k, k1 := x - k € pa-tors(C) differ by a translation of the section
m({x} x B') € Z'(B'), where |, is the map in (5.5.2). Then it follows from the construction
of A, and € in §5.3 that there are canonical functorial isomorphisms 2A,., ~ 2, o a;,G and
¢ro b;é ~ & .. Therefore we get a functorial isomorphism

Dy = (Q:;K)*l 0D oy~ b;é o (Q::)*l o®Dok,. 0 a;;G =x-D.,
and one can check that it satisfies the natural compatibility condition. a

Remark 5.5.4. The above construction suggests that the geometric Langlands correspondence
should be a p19-gerbe of equivalences between D°(D-mod(Bung)) and D°(QCoh(LocSys)). This
gerbe is trivial, but is not canonically trivialized. One obtains a particular trivialization of this
gerbe, and hence a particular equivalence ®,, for each choice of a square root of the canonical
line bundle of C'. A similar ps-gerbe also appears in the work of Frenkel and Witten [FWO08, § 10],
where the geometric Langlands correspondence is interpreted as gauge theory duality between
the twisted A-model of Higgs, and the twisted B-model of Higgs x.

5.6 The actions a* ¢ and b; ¢ as tensoring of line bundles
In this subsection we show that, under the equivalence ®,, the geometric actions ax ¢ and bx a
constructed in the previous subsection become functors of tensoring with certain line bundles.
Recall that in § 3.7 we associated to every Z(G)-torsor K on C' a line bundle L,k on Bung.
For any x € po-tors(C) let Kg , := x x*2 Zg € Z(G)-tors(C) be the induced Z(G)-torsor via
the canonical map 2p : yp — Z(G). We denote by L¢,, and L4 Gx be the line bundles on Bung
and Bung corresponding to Ké,x and Kg,. Since the line bundle La,, carries a canonical
connection with zero p-curvature, tensoring with L¢,, defines an auto-equivalence L, ®7 of
D*(D-mod(Bung)?).
For any k € w'/?(C) let ®,, : D’(D-mod(Bung)?) ~ Db(QCoh(LocSysoé)) be the equivalence
in Theorem 5.0.1.

THEOREM 5.6.1. We have the following.

(1) The equivalence D, intertwines the auto-equivalence L¢,®? of D(D-mod(Bung)?) and
the auto-equivalence b* on Db(QCoh(LocSys )) constructed in § 5.5.

(2) The equivalence ® 1ntertw1nes the auto-equivalence ay,  of D*(D-mod(Bung)?) as in § 5.5
and the auto-equivalence Ly ®? on Db(QCoh(LocSyS%)) (here we regard L | as a line
bundle on LocSys% via the projection LocSysyx — Bung ).

Remark 5.6.2. Similar actions by tensoring line bundles on LocSys,; and on Higgs, also appear
in the work of Frenkel and Witten [FWO08, §10.4]. Moreover, the authors also predict that the
geometric Langlands correspondence should interchange these actions.
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Combining Theorems 5.5.3 and 5.6.1 we have the following.

COROLLARY 5.6.3. Let 1, ky € w'/?(C). Then there is a natural isomorphism of equivalences
Dy = (Lé7x® ?) 0Dy, 0 (LG,X® ?)'
Here x € po-tors(C') such that r1 = x - k2 and Lg,® ? (respectively L x & ?) is the functor of

tensoring with the line bundle Lg., (respectively L x X).

The rest of this subsection is devoted to the proof of this theorem.
We first introduce a morphism of Picard stack

[: Z(G)-tors(C) x B' — Pic(H)

and prove a twisted version of Proposition 3.7.4. We begin with the construction of [. Let Bun,»
be the Picard stack of JP-torsors over C. We have the generalized Chern class map ¢y, : Buny, —
I (1)-gerbes(X) x B" and a Picard functor [y, : Z(G)-tors(C') x B’ — Pic(Buny,). We define

~ [ o
[: Z(G)-tors(C) x B' -5 Pic(Bunj,) — Pic()

where the last map is induced by the restriction map .# = LocSys 7»(7') = Buny,.

Recall the morphism Tj : Za-tors(C) x B' — 2’ constructed in §3.7. For any Z(G)-torsor
K over C, we define R 5
Lo e = {K} x B') € Pic(2).

Let K’ denote the Frobenius descendent of K (as Cg ~ C%,), and let
Ky =1;({K'} x B') € 2'(B).
We will relate £y, - with K”,, via the twisted duality. From the definition of 6], in §4.2, one

can easily check that the restriction of ), to K, is zero. Thus the restriction of the G,,-gerbe
2(0,,) to K, is canonical trivial and we can regard the structure sheaf § K/, € QCoh(Z) as an

object in QCoh(2(0.,))1. Let L = @(5;(3/) € Pic(J7) be the image of 5Kf,/ under the twisted
duality © : D*(QCoh(2(#')))1 ~ D*(QCoh(#)).

LEMMA 5.6.4. We have Ly ~ Ly e

Proof. Let G := 2(#,)”. We have a short exact sequence of Beilinson 1-motives 0 — %' —

627> 0and # = p~1(1). The construction of duality for torsors in § A.7 implies that
there is a multiplicative line bundle Lg ;- on G such that Lg il = Lx. Moreover, this line

Kl = ©,'(K,). Observe that we have a

natural map G — Bun j» of Picard stacks® such that the composition # — G — Bun g 18

bundle is characterized by the property that ﬁé

the natural inclusion. Thus the morphism [ : Zg-tors(C) x B’ — Pic(#) factors through a

morphism fg : Zg-tors(C) x B' — GV, and the corresponding multiplicative line bundle £ K =

fg({K} x B') € PV(B') sNatisﬁes L rel iz = L jp g It is enough to show that ZLSK ~ Lg - From
the characterization of L ., it is enough to show that Lg ;[ ~ D, (K',). But this follows
|

from Proposition 3.7.4 and the fact that £ 8. K|97, is isomorphic to £ TR

8 We have § = {(n,t)|n € Z, t € #%"} and " is isomorphic to LocSys 7, (n-7'), the base change of LocSys j, —
By, alonguthe seuction n-7': B’ — Bjy. Thus there is a natural map /®" — Bunj, and the map § — Bunj, is
given by § — #®" — Bunj,.
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Recall that a choice of k € w'/2(C) defines an isomorphism € : J# ~ LocSyerfg. More
precisely, we have €,(P,V) = (P ® FéEK/,Vp@)FéEK,) where P ® FE, == P x7" F}E, and
Vrg FLE, is the product connection.

LEMMA 5.6.5. The pullback of the line bundle £ G along the map 2 & LocSysy LY Bung is
isomorphic to L. That is, we have Ly ~ & opr* L

Proof. The proof is similar to the proof of Lemma 3.7.2. Recall that the line bundles £ - and
L~ L Jj» i are induced by the generalized Chern class map ¢, €j,. Therefore it is enough

to show that for any (P,V) € . there is a canonical isomorphism Cip(P) ~ €x(€x(P)) of
I15-gerbes, where €,.(P) = P x/" FAE,. Let Pc Cip(P) anc{ E. be the~canonical lifting of the
Kostant section appearing in Lemma 3.7.2. The Gg.-torsor P x (J5c) FE, is a lifting of €, (P)
and the assignment P — P x (/%) F% E,, defines an isomorphism between é;»(P) and Ca(€u(P)).
This finishes the proof. O

Now we prove Theorem 5.6.1. Recall that we have D, = (€%)~! 0 D o 2, where 2, and €},
are equivalences constructed in § 5.3. It follows from the definition that under the equivalence €7
the functor b, becomes the functor induced by the geometric action of K é y € Z(G)-tors(C")

)

on 7.2 Now Theorem A.7.2 implies, under the equivalence
D : DY(QCoh(Z(6.,)] gro))1 = DY (QCoh(H#| 1o)),

the above geometric action becomes the functor of tensoring with the line bundle Li]x =
’DC_ll(K/é X) € (Buny)V.'? By Lemmas 3.7.2 and 3.7.4, the line bundle L', 1s equal to the

pullback of £; , under the map &' = Higgsy: — Bung,. On the other hand, since the equivalence
an : D°(D-mod(Bunl,)) ~ D*(QCoh(Z(6.,)|z0))1 is induced by pullback along the morphism
: & — Higgsq, an easy exercise shows that under the equivalence 2, the functor of tensoring
Wlth L’ becomes the functor of tensoring with £¢,y. This implies part (1) of Theorem 5.6.1.
The proof of part (2) of Theorem 5.6.1 is similar to part (1). Unraveling the definition
of aG and the construction of 2, one sees that 2, interchanges the functor aG with the
functor of convolution product with § K., . € QCoh(Z"). Now Theorem A.7.2 implies that under
the equivalence D, the above convolut10n action becomes the functor of tensoring with the
line bundle LKG,X =D (Kg,) € Pic /. By Lemmas 5. 6 4 and 5.6.5, the line bundle LKG is
isomorphic to the pullback of £ Gix under the map H s LocSys LY Bung. It implies that

&0 (pr*Ley, @7) = (B ©7) 0 €
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Appendix A. Beilinson 1-motive

In this section, we review the duality theory of Beilinson 1-motives. The main references are
[Ari08, DP12, DP08, Lau96].

A.1 Picard stack
Let us first review the theory of Picard stacks. The standard reference is [Del73, §1.4]. Let T be
a given site. Recall that a Picard Stack is a stack & over T together with a bi-functor

RiPXP —> P,
and the associativity and commutative constraints
a:®0(®@x1)~®o(l1x®), c:®~oflip,

such that for every U € T, Z(U) form a Picard groupoid (i.e., symmetrical monoidal groupoid
such that every object has a monoidal inverse). The Picard stack is called strictly commutative
if ¢z, = id; for every x € &2. In the paper, Picard stacks will always mean strictly commutative
ones.

Let us denote by PS/T the 2-category of Picard stacks over T. This means that if &}, &
are two Picard stacks over T, Homgpg/3(Z1, #2) form a category. Indeed, P§/T is canonically
enriched over itself. For &1, %5 € P§/T, we use Hom(H;1, ¥5) to denote the Picard stack of
1-homomorphisms from 2, to %, over T (cf. [Del73, §1.4.7]). On the other hand, let C1=1.0)
be the 2-category of 2-term complexes of sheaves of abelian groups d : X~! — K9 with K~!
injective and 1-morphisms are morphisms of chain complexes (and 2-morphisms are homotopy
of chain complexes).!! Let X € Cl=101 We associate to it a Picard prestack pch(X) whose U
point is the following Picard category.

(1) Objects of pch(X)(U) are equal to K°(U).
(2) If 2,y € X°(U), a morphism from x to y is an element f € X~1(U) such that df =y — z.

Let ch(X) be the stackification of pch(X). Then a theorem of Deligne (cf. [Del73, Corollaire
1.4.17]) says that the functor

ch: Cl-10 5 g /T

is an equivalence of 2-categories.

Let us fix an inverse functor ()’ of the above equivalence. So for & a Picard stack, we
have a 2-term complex of sheaves of abelian groups 22° := K1 — K9, For example, if A is an
abelian group in T, then its classifying stack BA is a natural Picard stack and (BA)b can be
represented by a 2-term complex quasi-isomorphic to A[1]. The following result of Deligne (cf.
[Del73, Construction 1.4.18]) is convenient for computations:

(Hom (2, 25))’ ~ 1< RHom (%%, 25). (A.1.1)

1 The 2-category C1™% is an enhancement of the subcategory DI™"% ¢ D of the derived category consisting of
complexes concentrated in cohomological degrees [—1,0]. That is, the homotopy category of C [=1.0] i5 equivalent
to DIZ1OL
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A.2 Short exact sequences of Picard stacks

Let a : #1 — &3 be a homomorphism of Picard stacks. We define ker(a) as the fiber 21 X », {e},
where e € & is the unit. Then ker(a) acquires a natural Picard stack structure. The next lemma
follows from the construction of ch.

LEMMA A.2.1. There is a natural isomorphism ker(a)’ ~ 7<oC(a”)[—1], where C(a”) is the cone

of the morphism of complexes
a ,@? — ,@g

A left exact sequence of Picard stacks, usually denoted by
1— 91 —a> 92 —b> e@g,

is a sequence of homomorphisms of Picard stacks that exhibits &7 as ker(b). If, in addition
locally on T, b is essentially surjective, we call such a sequence exact and denote it by

1—)@1—%@2—%@3—)1.

Sometimes, we also call & an extension of ¥5 by &?1. The following lemma is used in several
places in the paper.

LEMMA A.2.2. The sequence of homomorphisms 1 — P9 — P35 is exact if and only if
P — Py — P —
is a distinguished triangle.

A.3 Duality of Picard stacks
Let S be a Noetherian scheme. We consider the category Sch/S of schemes over S. We will endow
Sch/S with fpge topology in the following discussion.

DEFINITION A.3.1. For a Picard stack &2, we define the dual Picard stack as
PV .= Hom(Z, BG,,).

Ezample A.3.2. Let A — S be an abelian scheme over S. Then by definition A" := Hom(A,
BG,,) = Ext! (A, Gy,) classifies the multiplicative line bundles on A, is represented by an abelian
scheme over S, called the dual abelian scheme of A.

Ezample A.3.3. Let I' be a finitely generated abelian group over S. By definition, this means
locally on S, I' is isomorphic to the constant sheaf Mg, where M is a finitely generate abelian
group (in the naive sense). Recall that the Cartier dual of I', denoted by D(T') is the sheaf
which assigns every scheme U over S the group Hom(T" x g U, G,,), which is represented by an
affine group scheme over S. We claim that T'V ~ BD(T'). By (A.1.1), it is enough to show that
RiHom(T',G,,) = 0 if i > 0. This is clear since locally on S, T' is represented by a 2-term complex
7 — 7%,

Ezample A.3.4. Let G be a group of multiplicative type over S, i.e., G = D(I") for some finitely
generated abelian group I" over S. Let & = BG, the classifying stack of G. We have

PV ~ <o RHom(BG, BG,,) ~ Hom(G,G,,) ~T.
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DEFINITION A.3.5. Let & be a Picard stack. We say that & is dualizable if the canonical
l-morphism & — VY is an isomorphism.

By the above examples, abelian schemes, finitely generated abelian groups, and the classifying
stacks of groups of multiplicative type are dualizable.

Let £ be a dualizable Picard stack. There is the Poincare line bundle £ 5 over &2 xg V.
Let D®(QCoh(2?)) denote the bounded derived category of quasi coherent sheaves on &2. We
define the Fourier-Mukai functor

® 5 : D(QCoh(2)) — D°(QCoh(2Y)), ®»(F) = Rp2)«(LpiF ® L).

Here p1 : P xg Y — P and py : Z xg PV — P denote the natural projections. It is easy
to see in the case when &2 is of the form given in the above examples, ®» is an equivalence
of categories. Indeed, the case when &2 = A follows from the results of Mukai; the case when
& =T or BG is clear.

It is not clear to us whether ® » is an equivalence for all dualizable Picard stacks. In the
following subsection, we select out a particular class of Picard stacks, called the Beilinson
1-motive (following [DP12] and Arinkin’s appendix to [DP08]), for which the Fourier-Mukai
transforms are equivalences.

A .4 Beilinson 1-motives
Let &1, &5 be two Picard stacks. We say that &7 C &, if there is a 1-morphism ¢ : &, — P,
which is a faithful embedding.

DEFINITION A.4.1. We called a Picard stack & a Beilinson 1-motive if it admits a two step
filtration We Z2:

W_i=0CcWyCcWi CWy =2
such that: (i) Grgv ~ BQ is the classifying stack of a group G of multiplicative type; (ii) Gr}’ ~ A
is an abelian scheme; and (iii) Gr} ~ I is a finitely generated abelian group.

LEMMA A.4.2. The dual of a Beilinson 1-motive is a Beilinson 1-motive and Beilinson 1-motives
are dualizable.

Proof. This is proved via the induction on the length of the filtration. We use the following fact.
Let
0> P > P> P20

be a short exact sequence of Picard stacks. Then
0— (2" - 2V — (2)

with the right arrow surjective if R? Hom((2")’,G,,) = 0.
If & =Wy, this is given by Example A.3.4. If &2 = W14, we have the following exact

sequence
00— BG— X — A—0.

Using the fact that Ext?(A, G,,) = 0 (see [Bre75, Remark 6]), we know that £ is also a Beilinson
1-motive. In general, we have

0->W&¥—-> L -1 -0,
and the lemma follows from the fact Ext?(T',G,,) = 0 (see Example A.3.3). O
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COROLLARY A.4.3. Let & be a Beilinson 1-motive, and & be its dual. Then D(Autz(e)) =
70(ZY), where e denotes the unit of & and m denotes the group of connected components

of 2V.
LEMMA A.4.4. Let & be a Beilinson 1-motive. Then, locally on S,

P ~Ax BGxT.

Proof. 1t is enough to prove that
Ext!(T, BG) = Ext!(T', A) = Ext'(4, BG) = 0.

Clearly, Ext!(T, BG) = Ext*(T',G) = 0. To see that Ext!(I", A) = 0, we can assume that I' =
Z/nZ. Then it follows that A 2 A is surjective in the flat topology that Ext (T, A) =0.

To see that Ext!(A, BG) = 0, let & to the Beilinson 1-motive corresponding to a class in
Ext!(A, BG). Taking the dual, we have 0 - AY — 2V — D(G) — 0. Therefore, locally on S,
PV ~ AV x D(G), and therefore, locally on S, 22VV ~ A x BG. O

DEFINITION A.4.5 (Cf. [Ari08]). We say that a Picard stack &2 is good if it satisfies the following
two conditions.

(1) The Picard stack & is dualizable, i.e., the map r : 2 — 2"V is an isomorphism of Picard
stacks.

(2) The functor ® 5 : D?(QCoh(2)) — D*(QCoh(Z"Y)) is an equivalence of categories.

As explained in § A.3 (see also [BB07]), examples of good Picard stacks include BG, I' and
abelian schemes over S, as well as fiber products over S of such. More generally, we have the
following theorem.

THEOREM A.4.6 [Ari08, Proposition A.6]. Let &7 be a Beilinson 1-motive. Then & is ‘good’ in
the sense of Definition A.4.5. In particular, the functor ® » is an equivalence of categories.

Proof. Indeed, the property of being good is fpqc-local on S. This can be seen by lifting ® 4
to a functor between stable co-categories of quasi-coherent sheaves and then applying a descent
argument. Therefore, the theorem follows from Lemma A.4.4 and the above examples.
Alternatively, similarly to the usual Fourier—-Mukai transform, one can show directly that in
our generality there is still an isomorphism of functors ® gv o 5 ~ wE/ g ® (=1)*[~g], where

wg/s is the canonical sheaf and g is the relative dimension of &7/S 12 By the argument as in
[Muk85] (see also [Lau96]), one reduces to show that the kernel complex

Rpi2:(Lpi3Ly» ® Lpysl») 2 m*Rp1. Ly
for the functor ® »v o ® 4 is isomorphic to the kernel complex
-1

0w )0 = mea(ewhg) [~

for w;}}/s ® (—1)*[—g]. Here p;; are the projections of & xg & xg P on the (i, j)-factors,
0: P - PxsP,x— (x,r ) and e: S — & is the unit morphism.

2 This argument was suggested to us by the referees.
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To prove this, we first observe that there is a natural map

Rp1«Lp =~ RY pl*L{’)”[*g] — ex RY pTS*O{/?V[*g] — e*(e*w:ﬂl/s)[*g]'

We claim that the map above is an isomorphism, and hence induces m*Rp1. Lo ~
m*e*(e*w;zl/s)[—g]. To prove the claim, we observe that, using Lemma A.4.4 and fpqc base

change, we can assume & ~ A x BG x I and the claim follows from the results in [Muk85,
p. 519] or [Lau96, Lemma 1.2.5]. O

Entirely similar arguments as in [Muk81, p. 160] and [Lau96, Corollary 1.3.3] give us the
following.

THEOREM A.4.7. Let & be a Beilinson 1-motive. Let
%1 DY(QCoh(2)) x D*(QCoh(2)) — D’(QCoh(2))

be the functor defined by F1 * Fy := Rm.(F; K Fy). We called * the convolution product. Then
there are canonical isomorphisms

Pp(F1%F2) = Pp(F1) @ Pr(F2)

and
D5 (F1® F2) = (P2 (T1) x P (TF2)) ® wav/slgl-

A.5 Multiplicative torsors and extensions of Beilinson 1-motives
Let us return to the general set-up. Let T be a fixed site and let &2 be a Picard stack over T.
A torsor of & is a stack £ over T, together with a bi-functor

Action: ¥ x 2 — 2,

satisfying the following properties.

(i) The bi-functor Action defines a monoidal action of & on 2.
(ii) For every V € T, there exists a covering U — V, such that 2(U) is non-empty.
(iii) For every U € T such that 2(U) is non-empty and let D € 2(U), the functor

PU) - 2(U), Cw~— Action(C,D)

is an equivalence.

In the case when &2 is the Picard stack of G-torsors for some sheaf of abelian groups G,
people usually call a P-torsor 2 a G-gerbe.

All ZP-torsors form a 2-category, denoted by B2, which is canonically enriched over itself
[OZ11, §2.3]. That is, given two P-torsors 21, Zo, Hom 5 (21, 25) is a natural &-torsor. An
object in Hom (21, Z22) induces an equivalence between 27 and 2. In addition, there is a
monoidal structure on BZ making B& a Picard 2-stack.

Remark A.5.1. Let 1 - %, — & — Zg — 1 be an exact sequence of Picard stacks. Then 7 :=
P x7,,{1} is naturally a &;-torsor. As explained in [Ari08] and [Trall, § 3.1}, the correspondence
P — 7 induces an equivalence of 2-categories between extensions of Zg by &?; and #;-torsors.
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Now, let & and £ be two Picard stacks and let 4 be a Z?i-torsor over . Let m :
PXP - P, e:T— P be the multiplication morphism and the unit morphism respectively,
and let 0 : & x P — P x & be the flip map o(z,y) = (y, ).

DEFINITION A.5.2. A commutative group structure on ¢ consists of the following data:

(i) an equivalence M : 9 XY ~ m*9Y of & -torsors over & x Z;
(ii) a 2-morphism 7 between the resulting two 1-morphisms between ¥ X¥ K ¥ and m*¥ over
P x P x &, which satisfies the cocycle condition;
(iii) a 2-morphism i : ¢*M ~ M such that i = id.

(Note that ¢*(M) is another 1-morphism between m*¥ and ¥ X ¥.)

Clearly, all #;-torsors over & with a commutative group structure also form a 2-category.
We have the following lemma.

LEMMA A.5.3. A commutative group structure on ¢ makes ¢ into a Picard stack which fits into
the following short exact sequence:

0> A1 -9 —> L — 0.

In particular, if & is a Beilinson 1-motive, and &% = BG,,, then ¢ is a Beilinson 1-motive. In
this case, we also call ¢ a multiplicative G,,-gerbe over &.

DEFINITION A.5.4. A multiplicative splitting of a Zi-torsor ¢ over & with a commutative
group structure is a 1-morphism (in the category of all #;-torsors over & with a commutative
group structure): & — 9.

A.6 Induction functor
Let ¢ : & — &£ be a morphism of Picard stacks. Then to each Z-torsor 2 we may
associate a Z;-torsor 2% = Hom (271, ) whose sections are ZP-equivariant functors from
27! := Hom 4 (2, #) to &, (here & acts on | via ¢) and whose morphisms are natural
transformations of such functors.

We have a canonical functor 2 — 29, compatible with their &2 and Z;-structure via ¢. For
any section E of 2 we denote by E? the section of 2% induced by the canonical map 2 — 29.

A.7 Duality for torsors

Let & be an algebraic stack. Let Y be a Gy-gerbe over % i.e., /@v is a BG,,-torsor over ¥ .
We say % is split if it is isomorphic to @ x BG,,. Let Db(QCoh( )) be the bounded derived

category of quasi coherent sheaves on YUY is split, there is a decomposition

D"(QCoh(%)) = P D*(QCoh(#)), (A.7.1)

neL

according to the character of G, 13 In general we still have such a decomposition given as
follows: M € D*(QCoh(%)), if only if a*(M) € D*(QCoh(# ))n, where a : BG,, x % — % is
the action map.

13 The direct sum in (A.7.1) means that every object in Db(QCoh(E;)) decomposes as a direct sum of objects in
the subcategories D®(QCoh(%))..
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DEFINITION A.7.1. The direct summand D®(QCoh(%)); is called the category of twisted sheaves
on ¥.

Now we further assume % = 2 is a Beilinson 1-motive over S and % = Z is a multiplicative
Gp-gerbe over Z2. Let &2 and 2 as above. Then by Lemma A.5.3 we have the following short
exact sequence

0> BGp>25 20 (A.7.2)

as Picard stacks. Note that in this case 2 is also a Beilinson 1-motive. Let 2V be the dual
Beilinson 1-motive. It fits into the short exact sequence

0> 2" > 9V 5 7¢—0.
Let
Ty =7n11) (A.7.3)

be the 22V-torsor associated to above extension. We call .7 the stack of multiplicative splitting
of 2. To justify the name, let us give an alternative description of 7. By definition the dual of
P is

7" = Hom(%, BG,y,).

An element s € 2V belongs to Jy if and only if the composition
BG,, > 2 > BG,,

is equal to the identity. Equivalently, s € 4 gives a splitting of the exact sequence (A.7.2) and
according to Definition A.5.4 it is a multiplicative splitting of Z.
The following theorem follows immediately from Theorem A.4.7.

THEOREM A.7.2 ([Ari08], [Trall, §3.2]). (1) The Fourier-Mukai functor ®4 restricts to an
equivalence

®y - D°(QCoh(2))1 ~ D*(QCoh(F%)).

(2) There is an action of D*(Qcoh(Z?)) on D’(QCoh(2)); by tensoring and an action of
D*(QCoh(2V)) on D*(QCoh(.74)) by convolution. Those two actions are compatible with the
above equivalence in the following sense: there is a canonical isomorphism

Dy(F1 @ Fa) ~ (25 (F1) * Pa(F2)) @ wavslg]

for F1 € D*(Qcoh(Z)) and F5 € D*(QCoh(2)),. Here wgv g is the canonical sheaf and g is the
relative dimension of 22/S.

(3) The convolution product * on DP(QCoh(2)) induces a convolution product on
D*(QCoh(2))1 (by abuse of notation we still denote it by *). On the other hand, the category
D’(QCoh(.7)) has the usual monoidal structure by tensoring. The equivalence ® is compatible
with those monoidal structures: there is a canonical isomorphism

Dy(F1 % Fa) = ©y(F1) ® ©y(T2)

for 3'1,5(2 S Db(QCOh(.@))l
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Appendix B. D-modules on stacks and Azumaya property

In this section we review some basic facts about D-modules on algebraic stacks and the Azumaya
property of the sheaf of differential operators. Standard references are [BD91]| and [BB07].

B.1 Azumaya algebras and twisted sheaves

Let us begin with a review of the basic definition of Azumaya algebras and the category of
twisted sheaves. Let S be a Noetherian scheme. Let 2" be an algebraic stack over S. Recall
that an Azumaya algebra A over 2 is a quasi-coherent sheaf of O 4--algebras, which is locally in
smooth topology isomorphic to End(V) for some vector bundle V on 2". Such an isomorphism
between A and the matrix algebra is called a splitting of A. Given an Azumaya algebra A on
Z, one can associate to it the G,,-gerbe 9 of splittings over %2, i.e., for any U — S we have

IaU) ={(z,V,i)|z € Z'(U),i: End(V) ~z"(A)}. (B.1.1)
We will use the following proposition in what follows.

ProprosiTION B.1.1 [DP08, §2.1.2]. Let A be a sheaf of Azumaya algebras on 2 . There is the
following equivalence of categories

QCoh(Z4)1 ~ A-mod(QCoh(Z")),
where A-mod(Qcoh(%2)) is the category of A-modules which is quasi-coherent as O g--modules.
B.2 D-module on scheme
Let X be a scheme smooth over S. Let Dy,g be the sheaf of crystalline differential operators
on X, i.e., Dx/g is the universal enveloping D-algebra associated to the relative tangent Lie
algebroid T’x/g. By definition, the category of D-modules on X is the category of modules

over Dy/g that are quasi-coherent as Ox-modules. We denote by D-mod(X) the category of
D-modules on X. In the case pOg = 0, we have the following fundamental observation.

THEOREM B.2.1 [BMROS, §§1.3.2, 2.2.3]. The center of (Fx,g)«Dx/g is isomorphic to Op-(x/g)
and there is an Azumaya algebra Dx,q on T*(X'/S) such that

(Fx/s)+Dx/s =~ (1x1)+Dx/s-

where Tx/ : T*(X'/S) — X' is the natural projection.
In particular, we have the following.

COROLLARY B.2.2. There is a canonical equivalence of categories
D-mod(X) =~ QCoh(Zpy s )1
where @Dx/s is the gerbe of splittings of Dy/s.

In what follows, the gerbe Zp /s will be denoted by Zx g for simplicity.
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B.3 D-module on stack

Let S be a Noetherian scheme and pOg = 0. Let 2" be a smooth algebraic stack over S. A
D-module M on 2 is an assignment for each U — 2" in Zsm, a Dy g-module My and for
each morphism f : V — U in Z4, an isomorphism ¢ : f*My ~ My which satisfies the cocycle
conditions. We denote the category of D-modules on 2~ by D-mod(Z").

Unlike the case of schemes, in general there does not exist a sheaf of algebras D -/ on 2~
such that the category of D-modules on 2" is equivalent to the category of modules over D 4 /g,
and therefore the naive stacky generalization of Theorem B.2.1 is wrong. On the other hand, it
is shown in [Trall] that the obvious stacky version of Corollary B.2.2 is correct.

PROPOSITION B.3.1. There exists a Gy,-gerbe 245 on T*(2”/S) such that the category of
twisted sheaves on 94 g is equivalent to the category of D-modules on 2, i.e., we have

D-mod(27) ~ QCoh(Z 4 /s)1-

Remark B.3.2. It is a theorem of Gabber that on a quasi-projective scheme X every torsion
element in H% (X, G,,) can be constructed from an Azumaya algebra via (B.1.1). However, this
fails for non-separated schemes. A theorem of T6éen [Toel2] shows that in a very general situation,
every Gj,-gerbe arises from a derived Azumaya algebra. Although Tden’s theorem does not
directly apply to T*(Z7/S), it suggests that the derived category of D-modules on 2" (which is
not the derived category of D-mod(.Z") in general) probably should be equivalent to the category
of modules over some derived Azumaya algebra DI /g on T(Z'/S).

Let us sketch the construction of the G,,-gerbe Z4- /g on T*(2”/S). As gerbes satisfy smooth
descent, it is enough to supply a Gp,-gerbe (Z4-/s)v on T*(2°/S) x g1 U’ for every U — 2" in
Zsm and compatible isomorphisms for any 8: U — V in Zgn. But for any f: U — 2" in Zgm
we have

(ft)a = T*(2/8) x90 U — T*(U'/S).

We have a G,-gerbe Zp/g on T*(U'/S) corresponding to the sheaf of relative differential
operators Dyy/g. We define a Gy,-gerbe (24 /5)uv on T*(27/S) x 9 U' as the pullback of 7/
along (f7;)a- One can check that these gerbes (24 /g)u are compatible under pullbacks, and
therefore define a Gy,-gerbe Z4- /g on 2.

Let f: 2" — % be a schematic morphism between two smooth algebraic stacks. From the
above construction, the following lemma clearly follows from its scheme theoretic version.

LEMMA B.3.3 [Trall]. (1) There is a canonical 1-morphism of G,,-gerbe on T*(%"/S) x o+ X’
My« (fp)* Do s = (fa)* P ys-

(2) For a pair of morphisms %~ % % % % and their composition f =hog: Z — %, there
is a canonical 1-morphisms of Gy,-gerbe on T*(%"/S) Xa1 X~

Mgy (f,)* Dw s ~ (f1) Do s

together with a canonical 2-morphism between My, and Mg p,.
(3) We have a canonical 1-morphism of G,,-gerbe on T*(Z"'/S)*™:

Do 1slr=(2115)pm = Drs (271 15)m 15 (Ocan) = Oan (Dr= (271 /5)sm5),

where T*(Z'/S)®™ is the maximal smooth open substack of T*( 2" /S) and 0oy : T*(Z7/S)™™ —
T*(T*(Z"'/S)*™) is the canonical one form.
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Let us discuss a stacky version of [OV07, §4.3]. Let 27/S be a smooth algebraic stack as
above and let Zic?(2°/S) be the Picard stack of invertible sheaves on 2 equipped with a
connection (i.e., objects in Zict(2"/S) are D-modules on 2" whose underlying quasi-coherent
sheaves are invertible). Let By = Sectg(Z”,T*(Z"/S)). Note that the following proposition
does not need the representability of Zict(2°/S).

ProprosITION B.3.4.
(1) There is a natural morphism v : 2ic'(% /S) — Bi.
(2) The pullback of the gerbe 94 /g along

2" xg Picd(2)8) B 27 xg By - TH2'/S)

is canonically trivialized.

Proof. For part (1), recall that if 2" is a scheme, the morphism v is given by the p-curvature map
(see [OVO07, §4.3]). We explain how to generalize this map to stacks. Let U — 2~ be a smooth
morphism. Then via pullback, we obtain a morphism Pict(2 /S) — Pic(U/S) — Sects(U’,
T*(U'/S)). By considering further pullbacks to V = U x4 U, we find that the above maps fit
into the following commutative diagram.

Pic(2]S) Pic(U)S)

wl |

Sectg(U', T*(Z"/S) x 9+ U") —— Sectg(U', T*(U'/S))

These ¢y are compatible under pullbacks and define the 7 : 2ic?(2/S) — Bl.

For part (2), again let U — 2 be a smooth morphism. Note that the pullback of the gerbe
Dyg along U’ x5 Pic(U/S) — T*(U'/S) is canonically trivialized by the object F,(£,V),
where (£, V) is the universal object on U xg Zic?(U/S). Combining this with Lemma B.3.3
and the proof of part (1), this shows that the pullback of 24/ along U’ xg Pic(X/S) —
X' xg Pic? (2 )S) is canonically trivialized. These trivializations glue together and give a
canonical trivialization of Z4 /g on 27 xg Pici (2] 8S). O

B.4 1-forms

In this subsection we make a digression into the construction of gerbes using 1-forms. We refer
to [CZ15, Appendix A.8] for more details. Recall that for any smooth algebraic stack 2°/S we
can associate to it a Gp,-gerbe Z4 /g on T*(Z"'/S). Thus giving a 1-form 6 : 2" — T*(2"/95)
we can construct a Gp,-gerbe 2(0) := 0*Z4 5 on 2" by pulling back Z4-/5 along 6.

When 2" = X is a smooth Noetherian scheme, above construction can be generalized as
follows. Let G be a smooth affine commutative group scheme over X. For any section 6 of
Lie§ ® Qx/ /s We can associate to it a G-gerbe Z(f) on X " using the four term exact sequence
constructed in loc. cit. In the case § = G,,, the G,,-gerbe 2(6) is isomorphic to §*Zx g the
pullback of Zx,g along 6 : 2" — T*(X'/S). We have the following functorial properties.

LEMMA B.4.1. (1) Let % be another smooth algebraic stack over S and let f : % — 2 be a
morphism. Let 6 be a 1-form on 2. There is a canonical equivalence of G,,-gerbes on %"’

12(0) ~ 2(f70).
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(2) Let X be a smooth Noetherian scheme and let ¢ : § — H be a morphism of smooth
commutative affine group schemes over X. For any section 0 of Lie§' ® Qx/ let ¢.0 denote its
image Lie H' ® Q2x//s under the map induced by ¢. There is a canonical equivalence of H'-gerbes
on X',

2(0)° ~ 2(¢.9),

where 2(0)? is the H'-gerbe induced form 2(8) using the map ¢' (see § A.6).
B.5 Azumaya property of differential operators on good stacks

Recall that a smooth algebraic stack 2 over S of relative dimension d is called relatively good
if it satisfies the following equivalent properties:

(1) dim(T*(2°/S)) = 2d;
(2) codim{z € Z'|dim Aut(z) =n} > n for all n > 0;
(3) for any U — 2" in Z5m, the complex
Sym(Ty 2 — Tyys)
has cohomology concentrated in degree 0 and
HO(Sym(Ty) o — Tyys)) ~ Sym(Tys)/Tuya Sym(Tyys).
The following proposition is proved in [BB07] (see also [Trall]).

PROPOSITION B.5.1. Let 2 be a relatively good stack. Let wg : T*(Z/S) — £ be the natural
projection and 9 be its Frobenius twist. Let T*(.2"'/S)°? be the maximal smooth open substack
of T*(Z"'/S). Then we have the following.

(i) There is a natural coherent sheaf of algebras D 4 /g on T*(2Z"'/S) such that the restriction
of Dy g to T*(2"/S)? is an Azumaya algebra on T*(2”/S)? of rank p? dim(27/5)
(ii) The G,,-gerbe .@2{/5 = Dy 15|r+(271s)0 Is isomorphic to .@D%{/S, the gerbe of splittings of
DO% /s In particular, we have
Dgy/s—mod ~ QCoh(.@%/S)l.

Remark B.5.2. By Proposition B.3.1, the category Dgg / g-mod can be thought as a localization
of the category of D-modules on 2 .

Appendix C. Abelian duality

C.1 Abelian duality for Beilinson 1-motives
Assume that S is a scheme and pOg = 0. Let &/ be a Picard stack over S. In this subsection,
we denote the base change of 7 along Frg : S — S by /' instead of &7, Let T*.</’ be the
vector bundle on S, which is the restriction of the relative (to S) cotangent bundle of &/’ along
e: S — &'. Then there is a canonical isomorphism
' xsTidd ~T*('/9).

Therefore, via the map ng : T*(&/"/S) ~ &' xg Tiel' — Tial', T*(/'/S) becomes a Picard
stack over T*.o/' and we denote by mg the multiplication map:

mg : T*("|S) Xren T* ('] S) - T*('/95).

Recall that it makes sense to talk about a gerbe on a Picard stack with a commutative group
structure (cf. Definition A.5.2).
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LeEmMA C.1.1. The gerbe 9,5 on T*(#/'/S) admits a canonical commutative group structure.

Proof. Let us sketch the construction of the multiplicative structure M and the 2-morphisms ~y
and 7 in Definition A.5.2. The multiplication m : &/ xg &/ — o/ induces the following diagram.

Tl |S) X oy (' x5 ") —2=T*(d' x5 d'/S)

|

T("/S)

Observe that the map mg : T*('/S) X o (&' xg ') - T*(A' xg A')S) =~ T*(A"/S) xg
T*(<7'/S) induces an isomorphism

T (A" |S) X opr (' x5 ') 2 T*(" | S) xps0n T [ S) — T*(7"/S) x5 T* (7" /S).

Under this isomorphism m,, becomes the multiplication map mg. Now the canonical 1-morphism
between ms%.,s and Z,,s W P /5 comes from Lemma B.3.3. We have two different
factorizations of the multiplicative morphism &/ xg &/ xg &/ — </ and the 2-morphisms
~v comes from the 2-morphisms for corresponding equivalences of Lemma B.3.3. Finally, the
2-morphism ¢ : ¢*M ~ M can be constructed by applying Lemma B.3.3 to the morphism
A xg A > o xgd > o. O

Now we assume that o7 is a Beilinson 1-motive and is good when regarded as an algebraic
stack. Let &% := 2ic?(a7) be the Picard stack of multiplicative invertible sheaves on &7 with
a connection (cf. [Lau96)), and let g : @/ — T*.2/’ be the p-curvature morphism as given in
Proposition B.3.4(1). By [OV07, §4.3], there is a natural action of T*(&’/S)V ~ ()" x g T’
on 7!, Concretely, for any b : U — T*.</’ objects in /" X1 U consist of multiplicative line
bundles on &/ xg U with a connection whose p-curvature is equal to b. Then for any £’ €
(") xs U =T*(/"/S)" x5 U and (£,V) € % x g, U we define

L' (L,V) = (F;{L/ ®L,VF;{L/ ® V),

where V Froris the canonical connection on F, L’ giving by the Cartier descent. It also follows

from the Cartier descent that /% is a T'(.e7’/S)V-torsor under this action.
On the other hand, recall that for a G,,-gerbe ¥ with commutative group structure on a
Beilinson 1-motive £, we defined the £V-torsor J of multiplicative splittings of 2 (cf. § A.7).

PROPOSITION C.1.2. There is a canonical (T*(</'/S))Y-equivariant isomorphism o7% — T D)5

Proof. We sketch the proof. Write .75, /5 by g for simplicity. Recall that for U — T/,
Ip,(U) is the groupoid of splittings of 2,5 over U xt: . T*(&/' /S) which are compatible with
the commutative group structure of 7, ,5. Note that

U X'H‘;d’ T*(LQ{//S) ~U XTZW/ (T:JZ{/ Xsd/) ’l’d, XSUa

and under this isomorphism, the projection of left-hand side to the second factor is identified
with

A xgU — o' xgd" — T*(']9).
Now by Lemma B.3.4, the pullback of 7,5 to /' x gU has a canonical splitting L7 ,. Moreover,
one can check that this canonical splitting is compatible with the commutative group structure
of Z.,5. Thus the assignment (U, a) — Ly, defines a map from o/ % to F which is compatible
with their T'(«’/S)Y-torsor structures hence an equivalence. O
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As a corollary, we obtain the following theorem.

THEOREM C.1.3. Let & be a good Beilinson 1-motive. Then there is a canonical equivalence of

categories
DY(D-mod(«)) ~ D*(QCoh(=%)).

Proof. This is the combination of Theorem A.7.2 and Proposition B.5.1. O

Remark C.1.4. Note that in [Lau96], this theorem is proved for abelian schemes over S of
characteristic zero. In fact, Laumon’s construction applies to any ‘good’ Beilinson 1-motive over
a locally Noetherian base. When pOg = 0, it is easy to see that Laumon’s equivalence and the
equivalence constructed above are the same.

In particular, let 0 : &/’ — T*</" be a section obtained by base change 7 : S — Tia/'. Let
Dey)s(0) = 0"Doy)s. Then Dy 59 is a Gy-gerbe on &7/’ equipped with a canonical commutative
group structure, and the &/’ V_torsor Fy 5.0 of multiplicative splittings can be identified with
o : XTre/! 1 S.

C.2 A variant
In the main body of the paper, however, we need a variant of the above construction. Let k£ be
an algebraically closed field of characteristic p. For a k-scheme X, we denote by X’ its Frobenius
base change along F'r: k — k. Let S be a smooth k-scheme. For an S-scheme X — S, we denote
by X9 its base change along Frg: S — S. Let &/ — S be a Picard stack with multiplication
m: o/ Xg.of — of. The goal of this subsection is to construct certain multiplicative gerbe %, ()
on &/’ (rather than on 27 as done at the end of the previous subsection).

Let 0 : &/’ — T*a/' be a section, where T*&/’ is the cotangent bundle of &/’ relative to k.
We say 6 is multiplicative if the upper right corner of the following diagram is commutative.

T*JZ%IXT*JZW%T*%/XT*JZ{/’%/XS,QW T*(JZWXS/ %l)

TOXG T@XQ de

' % o A xg A — T Tt Xy (A xg )

- -

o' 0 T* of'

Let 2./(0) = 6* 2., be the pullback of Z,, to &’. Then by the same argument as in Lemma C.1.1,
we have the following.

LEMMA C.2.1 (See also [BB07, Lemma 3.16]). Let 6 : &/’ — T*a/' be a multiplicative section.
Then 2./(0) is a G,-gerbe on o/’ with a commutative group structure.
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