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Artin Approximation Compatible with a
Change of Variables

Goulwen Fichou, Ronan Quarez, and Masahiro Shiota

Abstract. We propose a version of the classical Artin approximation that allows us to perturb the
variables of the approximated solution. Namely, it is possible to approximate a formal solution of a
Nash equation by a Nash solution in a compatible way with a given Nash change of variables. This
result is closely related to the so-called nested Artin approximation and becomes false in the analytic
setting. We provide local and global versions of this approximation in real and complex geometry
together with an application to the Right-Left equivalence of Nash maps.

Let F(x,z) € K{x,z} be a convergent power series in two sets of variables x =
(x15-..>%m) and z = (z1,...,2,), where K denotes the field of real numbers R or
complex numbers C. M. Artin [1] proved in 1968 that any formal power series ® ¢
K[[x]]" solution of F(x,®(x)) = 0 can be approximated in the m-adic topology,
where m = (x), by convergent power series ® € K{x}" solution of F(x,®(x)) = 0.
The result remains valid, replacing the analytic power series by formal power series
that are algebraic over the polynomials, also called Nash power series and denoted by
Kug[[*].

There exists an important literature dealing with Artin approximation and its var-
ious generalisations (cf. [9] for a recent survey). In this paper, we are interested in
a version of Artin approximation involving a modification of the source variables
of the function to approximate. Roughly speaking, given a convergent power series
G € K{x} and F € K{x, y,z}, can one approximate formal solutions ® € K[[x]] and
¥ e K[[y]] of the equation F(x,®(x),¥ o G(x)) = 0 by convergent power series
solutions ?

The answer to that question is negative in general, as can be seen from Gabrielov’s
counter-example to the nested version of Artin approximation [5]. Nevertheless, we
prove in Theorem 1.1 that the answer is positive if F and G are of class Nash rather
than only analytic. We propose moreover global versions of this approximation result
in the real (Theorem 2.2) and complex (Theorem 2.5) algebraic settings. A particular
case of this modified version of Artin approximation has already been used by author
M. S, in the local case as well as in the global real case, to prove that the Right-Left
analytic equivalence of real Nash maps implies their Right-Left Nash equivalence [11].
The approach proposed in this paper enables us to recover these results as direct and
more conceptual consequences of Artin-type approximation.

The proof of this version of Artin approximation is based on nested approxima-
tion, which enables us to approximate the solutions by keeping the dependence of the
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solutions in certain variables (cf. [13], for example). We show; in fact, that the version
presented in the paper is equivalent to nested approximation. Note that the nested
approximation, which is known to hold true in the Nash setting but not in the an-
alytic one, is based on General Néron Desingularisation of regular ring morphisms
[8,12]. For the global versions, we use in the real setting the work by Coste, Ruiz, and
Shiota [2], where the regular ring homomorphism considered is the inclusion mor-
phism of Nash functions in analytic functions on a compact Nash manifold; whereas,
in the complex setting we use the work of Lempert [6] who considers the regular ring
homomorphism given by the inclusion of the constant functions in the analytic ones,
in the case of compact polynomial polyhedra.

The paper is organised as follows. In the first section we deal with the simplest
situation of the local case, showing that formal solutions of Nash equations can be
approximated by Nash solutions. The main ingredient is nested approximation. In
the second section, we tackle the global version, whose proof needs some additional
ingredients to achieve the approximation of analytic solutions of Nash equations by
Nash solutions.

1 The Local Case

Let K denote a field. Denote by K[[x1,...,x,]] (resp. Kag[[x1,...,xm]]) the
rings of formal powers series (resp. algebraic power series) (over the polynomials

K[x1,...,%m]), endowed with the m-adic topology where m denotes the maximal
ideal generated by (xi,...,x,,). Let us recall also that, in the case K = R, the ring
Raig[%1, - - - » X ]| is just the ring of Nash function germs R™ — R at the origin.

Theorem 1.1 Let l,m,n,p,q € Nandx = (x1,....%m), ¥ = (J1>--»¥n) 2 =
(21,..2p), and t = (t1,...,1;). Let F € Kyg[[x, y,2]]9 and G € Kug[[x])" be such
that F(0) = 0 and G(0) = 0.

Assume that there exists ® € K[[x]]" and ¥ € K[[¢]]? such that ®(0) = ¥(0) =0
and F(x,®(x),¥ o G(x)) = 0. Then we can approximate ® by ® € Kyg[[x]]" and ¥
by ¥ € Kag[[t]]? such that F(x,®(x), ¥ o G(x)) = 0.

Before proving this result, let us show an immediate application to the so-called
Right-Left equivalence relation of Nash function maps, in the case K = R. We say that
the germs at the origin of the Nash maps f:R" - R™ and g:R" — R™ are formally
Right-Left (resp. Nash Right-Left) equivalent if there exist some smooth (resp. Nash)
diffeomorphisms ¢:R” — R" and y:R™ — R™ such that g o ¢ agrees with y o f at
the level of Taylor expansions (resp. at the level of Nash germs) at the origin. One
recovers the following corollary (originally proved in [11]).

Corollary 1.2  Let f:R" - R"™ and g:R" — R™ be two Nash germs at the origin.

Then f and g are formally Right-Left equivalent if and only if they are Nash Right-Left
equivalent.

Proof Assume that f and g are formally Right-Left equivalent, so that there exist
smooth diffeomorphisms ¢ and y such that go ¢ agrees with yo f at the level of Taylor
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expansions. Denoting F(y,z) = g(y) — z, we obtain that the Taylor expansions of ¢
and y are formal solutions of F(¢(x), wo f(x)) = 0. Using Theorem 1.1, it is possible
to approximate ¢ and y by Nash map germs $and ¥, which remain diffeomorphisms
by (close enough) approximation, such that

F($(x). 7 f(x)) = 0.

Hence g o ¢ = /o f, so that f and g are Nash Right-Left equivalent. The converse
implication is immediate. u

Remark 1.3 The result is no longer true if we replace algebraic power series with
analytic power series. A counter-example in the real case is exhibited in [11], based on
a famous example of Osgood and Gabrielov [5]. More precisely, there exist two germs
of analytic maps f, g: (R*,0) - (R*, 0) that are Left equivalent as smooth germs, but
not Left equivalent as analytic germs.

Let us come back now to the proof of Theorem 1.1, which is a consequence of the
nested version of Artin approximation in the local case (see [13]).

Proof of Theorem 1.1 Write F = (F,,..., F;). We translate the equation
F(x,®(x),¥oG(x)) =0
into the conditions that

{Fk(x,(I)(x),‘I’(t)) =0 Vke{l....q}
tj:Gj(x) Vje{l,...,l}.

Since G(0) = 0, the set
{Xl,.. > Xm> t — Gl(x),..., f[ - Gl(x)}

can serve as a new set of variables for K[[x, ¢]]. In particular, considering the Fi’s as
formal power series, we obtain, for any k € {1,..., p}, a unique decomposition

Fe(x%,®(x), ¥(1)) = > capx(t-G(x))"
(a.b)e(N {0} mx(N {0}

with ¢, € K, x% = [T, % and (t - G(x))? = H§-=1(tj - Gj(x))b. Moreover, the
coefficients ¢, ¢ must vanish, since ® and ¥ are solutions of

F(x,®(x),¥oG(x)) =0.

So we can rewrite these decompositions of the Fy’s as finite sums
!
Fk(x, D(x), ‘I’(t)) =3 & () (- Gj(x))
=1
for some &, ; € K[[x, t]]. Consider the system of equations in Kqi,[[x, ¢]] with vari-

ables
LU Vs Wi k) eflynon {1 Iy {1y q < {1y p}
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defined by:
Fi(x, Ups s Uy Vis o5 V) = By Wa (8= G(x)) = 0

Fo(2, Uty oo s Uy Vis o5 V) = By Wy i(8 = Gi(x)) = 0
This system of equations in Ko [[x, t]] admits
(Uy,...,Uy) = O(x)
(V1,..., Vp) = Y(t)
Wi,j = &k, i(x, 1), (ok)e{L,...., 1} x{L,....q}

as a solution in K[[ x, ¢]]. By the nested approximation theorem ([13]), we can approx-
imate this solution by a solution

(Un,...,Uy) = O(x, 1)
V... Vp) V(1)
Wi,j = fk](x t), (. k)e{l,....1} x{1,....q}

in Kqig[[x, t]]. As a consequence,

~ ~ ! ~
Fk(x,(D(x, t),\I’(t)) = Z &k, j(x, t)( tj— Gj(x))
j=1
forany k € {1,..., q}, and therefore
(x CD(x G(x)) (G(x)))

It remains to say that CD(x) ®(x,G(x)) approximates CD(x) in Kqg[[x]]" since
®(x, t) approximates ®(x) in Kyg[[x, t]]", and therefore ® and ¥ give the desired
solutions. ]

Remark 1.4 If the nested Artin approximation is the key tool for proving Theorem
L.1; conversely, one may also note that the nested Artin approximation for two sets
of variables x; and x, could be seen as a consequence of Theorem 1.1. Indeed, let
F € Kqg[[x1, X2, ¥, 2]]9 be such that F(0) = 0. Assume that there exist ¥ € K[[x; ]]
and @ € K[[x1, x, ]] such that ®(0) = ¥(0) = 0 and

F(xl,xz,‘{’(xl),cl)(xl,xz)) =0
This last equation is equivalent to
F(x1,x2,¥3 0 G(x1, X2), CD(Xbxz)) =0,

where G(x1,x;) = (x1,0) and ¥, is just ¥ viewed in K[[x1, x, ]]. By Theorem 1.1, one
can approximate ¥, € K[[x;, x,]] (resp. @ € K[[x;,x,]]) by ¥, € Kqig[[x1, x2]] (resp.
e Kaig[[x1, x2]]) such that

F(xbe)(i;Z o G(xl,xz),a(xl,xz)) =0

or in other words
F(XI:XZ’\IIZ(xI)O): (D(xl)xZ)) =0
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Since ¥, (x1, x, ) approximates ¥ (x; ) in K[[xy, x5 ], then ¥, (x1, 0) also approximates
v (X 1 ) .

In other words, nested Artin approximation for a set of two variables and Artin
approximation compatible with a change on a set of two variables are closely related
notions.

One may readily generalize Theorem 1.1 to a change on several sets of variables.

Theorem 1.5 Let m,m;,l;,q € N and consider some sets of variables x =
(Xtse s Xm)s i = (Yiso oo s Yism, )> fori € {0,...,n}. Let F € Kug[[x, yo5 ... ya]]?
and let G; € Kyg[[x])" be such that F(0) = 0 and G;(0) = 0 for i € {0,...,n}.

Assume there exist some n;-tuples of formal power series V; such that, for each i €
{0,...,n}, one has ¥;(0) = 0 and

F(x,\I’o(x),‘I’l(Gl(x)),‘I’z(Gl(x),Gz(x)),...,‘I’n(Gl(x),...,G,,(x))) =0.
Then one can approximate all the ;s by algebraic n;-tuples of power series ¥; such that

F(x,\?o(x),\?l(cl(x)),\?z(Gl(x),cz(x)),...,\Tfn(cl(x),...,cn(x))) - 0.

As has already been noted in Remark 1.4, this result is equivalent to nested Artin
approximation.

2 The Global Case

The global versions of Artin approximation that we deal with in this paper are very
similar in the real and complex settings. We give more details for the real case with
which the reader may be less familiar. The common idea is to translate the modifica-
tion in the source variables of the solution in terms of inclusion of Nash sets. Then
we use Cartan Theorem B in order to describe this inclusion by global equations, in-
creasing the number of variables. Then we apply nested approximation to obtain the
desired solution in the same way as in the local case.

2.1 The Real Case

The interest for Nash functions and Nash manifolds in real geometry comes from the
original work of Nash [7], whose purpose was to equip any analytic manifold with
a real algebraic structure. The use of Nash functions is now classical, in an interme-
diate step between polynomials and analytic functions (cf. [10]). Concerning Artin
approximation more specifically, the first global version was used in [2] in order to
solve difficult questions on Nash functions, whereas its nested version was used in [3]
in order to approximate an analytic resolution of the singularities of a Nash function
by a Nash resolution.

In what follows, the approximations are considered with respect to the C* topol-

ogy.
For the convenience of the reader, we recall [3, Proposition 3.1] (in the particular
case where M; = X; are compact Nash manifolds, for i = 1,..., m), which will be the

key to prove the main result of this section and can be seen as a global counterpart
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of the nested approximation theorem. For a Nash manifold M, we denote by O (resp.
M), its sheaf of real analytic (resp. Nash) function germs.

Theorem 2.1 Let My,..., M, be compact Nash manifolds and let I,..., I,
Ni,...,0m €N. LetF; € N(M1><-~-><M,-><IRIl ><-~~><]Rl")"" and f; € O(Myx---x M;)H,
fori=1,...,m, be such that

Fi(xl,.. .,X,’,f](xl),. ..,f,-(xl,.. .,Xi)) = 0,

as elements of O(My x --- x M;)". Then there exist f; ¢ N(My x --- x M;)¥, for
i=1,...,m, close to f; in the C* topology, such that

F,’(X],. ..,xi,ﬁ(xl),. . .,ﬁ(xl,. ..,xi)) =0
in N(My x - x M;)".

The next result can be seen as an Artin approximation compatible with a change
of variables, or in other words, as a global counterpart in the real setting of Theorem
1L

Theorem 2.2 Let M, N, L, and P be compact Nash manifolds, let q € N be an integer,
and let F: M x N x P - R? and G: M — L be Nash maps.

Assume there exist analytic maps ®:M — N and V:L — P such that F(x, ®(x),
¥ o G(x)) = 0 for any x € M. Then there exist Nash maps ®: M — N and ¥:L — P,
close to ® and W, such that F(x, ®(x), ¥ o G(x)) = 0 for any x € M.

Before entering into the details of the proof, we state a classical auxiliary lemma.

Lemma 2.3 Let M be a Nash manifold, let X ¢ M be a Nash subset, and take x € X.
Denote by I ¢ Ny, the ideal of Nash germs whose complexification vanishes on the
complexification Xc of X in a neighbourhood of x. Then 10 . is equal to the ideal of
analytic germs whose complexification vanishes on X¢ in a neighbourhood of x.

Proof Let us denote by J the ideal in Oy, of analytic germs whose complexifica-
tion vanishes on X¢ in a neighbourhood of x. Then the ideals I and ] have the same
complex zero set germ at x. Note also that we have the obvious inclusion IO, C J.
Let us show now the reverse inclusion.

By Ruckert’s Nullstellensatz, JOS; . ¢ /I 0f; ;> where OF denotes the sheaf of
complex analytic functions.

Since we have a sequence of regular ring homomorphisms Ny, = Op,x — O%’x
and I is radical in Ny, ., we get that the ideal IO, , is also radical in Of; .. An alter-
native proof of this fact would be to use that our rings are G-rings (and even more,
they are excellent rings) with same completion (a ring of formal power series).

Then one gets the inclusion JOF; , c IO, , and hence the equality JOf, , = 105, ..
Finally, the equality ] = IOy, follows by faithful flatness of O‘]%,I,x over Oy x. ]

Proof of Theorem 2.2 'We are going to translate the condition that @ satisfies the
equation
F(x,®(x),¥oG(x)) =0
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for any x € M in such a way as to be able to use nested approximation. The idea is to
note that this condition is equivalent to the fact that the image of the graph of G by
the map

(Id, D) x¥:MxL— M x N xP
(£, ) — (0, ®(x), ¥(»))

is included in the set F~1(0).

Assume that M, N, L, and P are respectively embedded in R™, R", R’, and R” as
closed Nash manifolds, and let iy: R" — R and hp: R? — R be some global equations
for N and P, respectively (global equations exist by [10]). Let I' ¢ M x L denote the
graph of G, and let J be the sheaf of N/, -ideals of germs whose complexifications
vanish on the complexification T'* of T. Then we know by [2] that there exist global
generators g, ..., gs of J.

We want to approximate the analytic maps ® and ¥ keeping the property that

((1d, @) x ¥) (T) c F'(0).

By Lemma 2.3 applied to I' ¢ M x L, we can use Cartan Theorem B to deduce the
surjectivity of the homomorphism

H°(M x L, 03,;) — H*(M x L, J01,1)

defined by (&;,..., &) — Z;zl &jgj (note that this step is the major change with re-
spect to what has been done in the local case). In particular, considering the global
cross-section F((Id, @) x ¥) of JO 1«1, we obtain the existence of analytic functions
&k -+ &k s on M x L such that

Vke{l,...,q}, VY(x,y)eMxL, Fk(x,CD(x)>‘F()’)):ifk,j(x,)’)gj(x>)’)-
j=1

Moreover, hy(®(x)) = 0 for x € M and hp(¥(y)) = 0 for y € L. Now consider the
system of equations

Fl(x, Ul,.. . Un, ‘/1,. .oy Vp) - Z;=1 M,]g](x>y) =0

Fy(x, Uy, U, Viy o, V) = 25 Wo,igi(x,y) = 0
hn(Uy,...,U,) =0
hp(V1,...,V,) =0

with variables

(Uis Vi, Wi i) (ko r) el {Lyeoss {1y cs g} { Ly p} -

This system of equations involves Nash maps and functions, and it admits analytic
solutions given by

(Uy,...,Up) = O(x)
(V1o V) = ¥(y)
Wi, = &k,j(x,y) forall (j,k)e{L,...,s} x{1,...,q}.
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By nested approximation in the Nash case (Theorem 2.1 applied to (x1,x;) = (¥,x)),
we can approximate these analytic solutions by Nash solutions

(Uy,...,Uy,) :AEIjD(x,y)
W, .. 'LVP) =¥(y)
Wi,j = &k,j(x, ), forall (j,k)e{l,...,s} x{1,...,q}.

In particular, ® and V¥ take values in N and P respectively, and moreover, evaluating
at y = G(x), we obtain for any x € M the equality

F(x,EIVD(x,G(x)),‘T’(G(x))) =0.

We conclude by remarking that the Nash map x ~ ®(x, G(x)) remains an approxi-
mation of @, and together with ¥, they give the desired solution. ]

Remark 2.4 (i) Similarly to the local case, we deduce easily from Theorem 2.2
the main result in [11], namely that Nash maps on a compact Nash manifold are Nash
Right-Left equivalent if they are analytic Right-Left equivalent.

(ii) Theorem 2.2 can be refined to the case of Nash map germs, defined on germs
of compact semialgebraic sets in Nash manifolds (cf. [11] for example).

2.2 The Complex Case

In the complex setting, the result is very similar, provided one uses the correct ana-
logue of the global nested Artin approximation. By [6], we can approximate holo-
morphic solutions of a Nash algebraic equation on a compact polynomial polyhedron
(namely the intersection of a finite number of sets of the form |f| < 1for f a complex
polynomial; note that the ring of holomorphic functions on such a set is Noetherian
by [4]) by Nash algebraic solutions. Here by Nash algebraic, we follow the terminol-
ogy of [6], which defined a Nash algebraic map to be a holomorphic map between
affine complex algebraic varieties whose components satisfy polynomial equations.
Therefore, we obtain next result by a proof completely similar to that of Theorem 2.2.

Theorem 2.5 Let M,N, L, and P be non singular affine complex algebraic varieties,
andlet F: M x N x P - C% and G: M — L be regular maps.

Assume that there exist some holomorphic maps ®:M — N and ¥Y:L — P such
that F(x,®(x),¥ o G(x)) = 0 forany x € M. Let A ¢ M and B c L be compact
polynomial polyhedra satisfying G(A) c B. Then @, and ¥\ can be approximated by
Nash algebraic maps ®: A - N and ¥: B — P such that F(x, ®(x),¥ o G(x)) = 0 for
x €A
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