
ON A THEOREM OF P R I V A L O F F 

P . S . Bul len 

( rece ived J a n u a r y 9, 1967) 

1. It i s the objec t of th is note to extend to g e n e r a l h a r m o n i c 
s t r u c t u r e s a t h e o r e m due to Pr ivaloff [12] concern ing the defini t ion 
of h a r m o n i c func t ions . The nota t ion is that of [&, 9, 10], w h e r e 
m a n y of the def ini t ions not given h e r e wil l be found. 

The work on th is p a p e r was done in p a r t while the au thor 
w a s a t the M a t h e m a t i c s R e s e a r c h Cen t r e , United Sta tes A r m y , 
Madison , Wiscons in . 

2 . Le t X be a local ly c o m p a c t space with a h a r m o n i c 
s t r u c t u r e in the s e n s e of Boboc [3], Cons t an t inescu [4] and 
Cornea [5] , Tha t is to say the following five a x i o m s a r e s a t i s f i ed . 

I. F o r a l l n o n - e m p t y open s u b s e t s U of X t h e r e e x i s t s 
a sub s p a c e , H(U) , of the r e a l cont inuous funct ions , such tha t 
U -*• H(U) i s a sheaf. T h e s e a r e the h a r m o n i c functions on U . 

II . T h e r e i s a b a s e of r e g u l a r s e t s . 

III. F o r a l l x € X , t h e r e ex i s t s an h ; h a r m o n i c at x and 
such tha t h(x) > 0 . 

IV. The M P (called M P s e t s in [3]) s e t s cover X . 

Hence t h e r e is a b a s e of r e g u l a r M P se t s denoted by V ; if 

Ve V and V C U , U a n o n - e m p t y open set , V i s said to be 

r e g u l a r in U . Such s e t s wil l a lways be denoted by V , V1 , V 

e t c . 
V. If A i s a n o n - e m p t y se t of funct ions h a r m o n i c on U , 

d i r e c t e d by <C and with sup A finite on a d e n s e se t then 
sup A € H(U) . 

The exp lana t ion of the t e r m s in these ax ioms and of the 
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axioms themselves will be found in the above re fe rences . 

Let us suppose a further axiom to hold [8]. 

VI. There exists a locally strongly hypoharmonic function 
V 

on X , p , that is JJL -summable for all Ve V and all xe V . 
x 

Then [8] a differential operator can be introduced by de
fining 

N - DF(x) = lixn sup f ^ , 
N(x) r 

where 

A F(x;V) = H X (x) - F(x) = f* F àpY - F(x) , 
r J X 

N(x) = the filter of sections of a fundamental 
system of regular MP neighbourhoods of x , 

Ap(x;V) = HV(x) - P(x) . 

This is the upper derivative and by replacing lim sup by 
lim inf and A by Â  , a lower derivative can be defined. If 
both exist and are equal the common value is called the derivative 
of F at x , N - DF(x) . Remark that Â F(x;V) and A F(x;V) 

V 
exist, a re equal and are finite if F is u -summable , in par 
ticular if F is hyperharmonic and finite on a dense set, that is 
if F is super harmonic. If there is no ambiguity the prefix N 
will be omitted. We write F€H#(U) for F hyperharmonic in U . 

It is easily seen that we have 

THEOREM 1 [8]. If f€H*(X) then for any N for which 
N - Df(x) is defined, N - Df(x)< 0 . 

The resul t to be proved follows from a general converse of 
theorem 1. Such a converse has been given in [9] and in [10], but 
neither is general enough to include Privaloff !s theorem in the 
c lass ica l case . 

Loosely, the converse says if the derivative of a lower 
semi-continuous (1. s. c. ) function is finite except possibly on a 

354 

https://doi.org/10.4153/CMB-1967-032-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-032-9


set where hyper harmonic functions can be infinite, and is there 
infinite not because f is too large or too small, and if then the 
derivative is non-positive except possibly on a set where deriva
tives of hypoharmonic functions can be infinite, then the function 
is hyper harmonic. 

3. A set E is said to be polar if there exists a U€ H*(X) , 
finite on a dense set, with E C {u = 00} . 

A set Z is called a Z-set [8] if there exists a real non-
negative ue H*(U) such that Z C {Du = -00 } . (In [8] u was 
required to be continuous, but this was for the purpose of de
fining a Perron integral. ). 

A function f will be said to be lower smooth at x if 
lim inf Af(x;V)< 0 . Remark that if f is l . s . c , bounded be-

N(x) 
low and lower smooth then lim inf • Af(x;V) = 0 , and that if f is 

N(x) 
real and continuous f is lower smooth [l] . 

4. THEOREM 2. If f is a numerical l . s . c . function on 
X and if for some N (a) N - Df(x) < 0 , x e X ^ Z , Z a Z-set, 
(b) N - Df(x) < 00 , x € X ~ E , E polar (c) f is lower smooth 
on E , then fe H*(X) . If E is closed (c) can be replaced by 
(c1) f(x) > - 00 for X€ E . 

Proof. We will assume, with no loss of generality, that 
N(x) consists of all regular MP sets containing x . It is also 
immediate that (b) and (c) imply that for all xA,f(x;V) f 00 , at 
least for small enough V . Hence we can assume that f>-oo 
- in all cases, by (cf). 

If f k H*(X) then it follows that there exists an x , and r 1 
V , x € V , and an h € C(V" ) such that 

1 1 1 1 1 
(i) the restriction of h to V is harmonic in VA . 

1 1 1 
(ii) for all Z€ V* , h (z) < f(z) , 

1 1 

(iii) h(x )> f(x ) . 

v l 
In fact we can take h to be cp on V* and H in V for 

1 1 <p 1 
some suitable <p € C(V#) . Further by axiom III we can assume 
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tha t t h e r e e x i s t s h e C(V ) , with the r e s t r i c t i o n of h to V 

h a r m o n i c in V and h > 0 . Throughou t the proof x . V . 
1 2 1 1 

h , h wi l l be used in th i s way . 

(a) Suppose f i r s t tha t for a l l x , Df(x) < 0 . 

P u t g = f - h and gf = - ^ - . Then (i) g ! i s 1. s . c . , 
2 

(ii) g ! > - o o , (iii) g '(z) > 0 for a l l z € V , (iv) g f(x ) < 0 , 

(v) Dg(x) < 0 for a l l x e V . 
1 

Hence g1 a s s u m e s a f ini te nega t ive m i n i m u m at s o m e 
point x f V, . Cons ide r then a V such tha t x É V C V C V " , 

2 1 2 1 
A g ( x 2 ; V ) = / g 'h dji - g ' (x )h (x ) > g ' (x )Ah (x;V) = 0 . 

* X2 

Thus jDg(x ) > 0 , which c o n t r a d i c t s the above p r o p e r t y (v) . 

(p) Suppose now tha t Df (x) < 0 for a l l x e X . Then, 

D(f - R) < Df - - < 0 . 
— n n 

So, bv (a) , f - £ € H*(x) , for a l l n . Hence 
n 

Âf(x;V) < A(f - £ ) (x ;V) + A ( ^ ) ( x ; V ) 

1 
< - Ap(x;V) , for a l l n , V , x e V . 
— n 

Hence Af(x;V) < 0 for a l l V , x e V , which i m p l i e s tha t feH*(X) . 

(v) NOW le t f sa t i s fy the hypo these s of T h e o r e m 2 wi th 
E = 0 . Tha t i s to say Df (x) < oo for a l l xe X and 
Df(x) < 0 f X€X<vZ, Z a Z - s e t . 

Then le t U€H*(X) , 0 < u < oo , Z C { D u = - o o } . P u t 
g = f + eu , e> 0 . Then we can choose e s m a l l enough so tha t 
if x J , V. , h , a r e as above we s t i l l have tha t for a l l ze V* , 

1 1 1 1 

h 1 ( z ) < g(z) and h ^ x ^ > g f x ^ . So g^H*(X) ; bu t 

A g(x;V) < A f(x;V) + e A u(x;V) . 

356 

https://doi.org/10.4153/CMB-1967-032-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-032-9


So _Dg(x) < 0 for a l l x ç X ; which i s a con t r ad i c t i on by ((3) . 

If then E i s c losed the a r g u m e n t to this point has shown 
that f€H*(X~E) and herice s ince f i s l . s . c . and local ly 
bounded below on X anc1 E is p o l a r , i t follows [7] tha t f€H*(X) . 

(6) Cons ider now the g e n e r a l c a s e . Let ueH*(X) , f ini te 
on a dense se t , and EC" {u = oo} . 

P u t u = f +— . Then for a l l x e X ~ Z , D u (x) < 0 and so 
n n — n — 

by (y) , u c H*(X) . 
n 

So if u = lira u , u i s n e a r l y h y p e r h a r m o n i c on X , 
o n o 

n-* oo 
and i t s r e g u l a r i z a t i o n û € H*(X) , [7] , F u r t h e r , [7] , u > f , 

o o ~ 
and 

A r* V r* V 
u (x) = l im / u dut = l im / f dut 

N(x) N(x) 
V 

s ince JJL i s not suppor ted by the points whe re u i s infini te [2] . 

Hence , s ince f i s lower smooth , û = f , which c o m p l e t e s the 

proof . 

COROLLARY 3 . If f i s a r e a l cont inuous funct ion on X 
and if for s o m e N , (a) N - _Df(x) < 0 < N - Df(x) , x € X~ Z , 
Z a Z- se t , (b) N - Df (x) < oo , N - Df (x) > - o o , x e X ^ E , E a 
p o l a r se t , then f€H(X) . 

P roof . This i s i m m e d i a t e f r o m T h e o r e m 2 s ince a s h a s 
been r e m a r k e d r e a l cont inuous funct ions a r e lower s m o o t h . 

This c o r o l l a r y is a g e n e r a l i z a t i o n and an ex tens ion of 
P r i v a l o f f ! s r e s u l t . In the c l a s s i c a l c a s e Z - s e t s a r e s e t s of 
L e b e s g u e m e a s u r e z e r o and in P r i v a l o f f ' s t h e o r e m the p o l a r 
s e t E i s r e p l a c e d by a c losed se t of z e r o capac i ty , which i s of 
c o u r s e p o l a r [6] , 

COROLLARY 4 . If f i s l . s . c . and E i s a p o l a r se t 
on which f i s lower smoo th then sup N - .Df(x) = sup N - Df(x) 

xeX x e X ^ E 

Proof. Let A = sup Df(x) , X = sup Df(x) then since 
x eX xe X~E 
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A >• \ the r e s u l t fol lows if \ = oo . To p r o v e equa l i ty if -°o<_ X < oo 
it suff ices to p r o v e that , for a l l f inite a , X <_ a i m p l i e s A £ a . 
F u r t h e r i t i s sufficient to c o n s i d e r the c a s e a = 0 ; s ince if a f 0 
we can c o n s i d e r f - ap . By T h e o r e m 2 if X <_ 0 , f eH*(X) and 
hence , by T h e o r e m 1, A <_ 0 . 

This g e n e r a l i z e d a r e s u l t due to Denjoy and shows tha t 
p o l a r s e t s a r e p o s s i b l e E - s e t s in the t heo ry in [10] . 

COROLLARY 5. If a n u m e r i c a l funct ion f a t t a i n s a 
f inite n o n - p o s i t i v e loca l m i n i m u m at x then N - I)f(x) :> 0 . 

P roof . Th is is j u s t p a r t (a) of the proof of T h e o r e m 2. 

Thus the d i f f e ren t i a l o p e r a t o r s a t i s f i e s what Dynkin [11 ] 
ca l l s the m i n i m u m p r i n c i p l e . 

5. If X = R then T h e o r e m 2 is not c o m p l e t e l y s a t i s f a c t o r y 
s ince in m o s t e x a m p l e s the only po l a r se t i s the empty s e t . (If 

X = R , n > 1 , then in m o s t e x a m p l e s e n u m e r a b l e s e t s a r e 
po la r s e t s ) . Thus T h e o r e m 2 does not cove r the c l a s s i c a l r e s u l t 
[13] on convex func t ions . 

However , we have p roved [8]: 

THEOREM 6. If f i s l . s . c . on X and for s o m e N 

(a) N - .Df(x) < 0 , xeXo . Z , Z a Z - s e t , 

(b) N - Df(x) < oo , X~ E , E countab le 

(c) l im inf A f S X ; ^ j < 0 for a l l x € E then f €H*(X) . 
p(x;V) -

Since X = R the a x i o m s in [8] a r e sa t i s f ied and the above 
nota t ion , expla ined in [8], r e d u c e s as fo l lows . 

V = ]x -h , x+k[ , h , k > 0 , 

* x = V x - h + P k £ x + k ' « V P k > 0 

and £ the uni t m a s s a t z , 
z 

p(x;V) = ahh + P k k , 

A(x;V) = cv f(x-h) + G f(x+k) - f(x) . 
h k 
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Then, as explained in [9], this theorem includes the classical 
resul t on convex functions. 
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