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The Tangent Bundle of an Almost Complex
Manifold
László Lempert and Róbert Szőke

Abstract. Motivated by deformation theory of holomorphic maps between almost complex manifolds
we endow, in a natural way, the tangent bundle of an almost complex manifold with an almost complex
structure. We describe various properties of this structure.

1 Introduction

Almost complex manifolds used to occupy a place in the backwater of geometry, their
structure deemed too meager to support serious analysis of any depth or use. This
situation has dramatically changed in 1985 with the appearance of Gromov’s paper
[3]. Since that time almost complex manifolds have become a—if not the—most
powerful tool in symplectic geometry. This note has been motivated by deformation
theory of holomorphic maps between almost complex manifolds.

The question we address here is whether one can endow, in a natural way, the
tangent bundle TM of an almost complex manifold (M, J) with an almost complex
structure. (For definitions, see [4], and Sections 3, 4.) When (M, J) is Cn, TM is
naturally identified with C2n, so the answer is yes. Since a general complex manifold
(M, J) is locally isomorphic to Cn, its tangent bundle is locally isomorphic to C2n,
and it follows that even in this case the answer is yes—a fact well understood since
the earliest days of the theory of complex manifolds. Now a general almost com-
plex manifold (M, J) is isomorphic to Cn in first order neighborhoods of its points.
This implies that TM is isomorphic to C2n in zero order neighborhoods, a property
apparently not sufficient to guarantee the existence of an almost complex structure
on TM.

In spite of these heuristics it turns out that TM always admits a natural almost
complex structure. This, then, is our main result, Theorem 3.2. The almost com-
plex structure we construct on TM can be characterized by a simple property, see the
end of Section 3. The proof of Theorem 3.2 is not difficult; one ingredient is under-
standing the second tangent bundle TTM directly in terms of M, which we achieve
in Section 2. Section 3 proves the main theorem, and in Section 4 we entertain the
question whether TM → M is an almost holomorphic vector bundle. When this
notion is properly defined, the answer turns out to be yes.

The way all this is related to deformation theory is as follows. Suppose S is a
Riemann surface and f : S → M a holomorphic map. Holomorphic deformations
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Almost Complex Manifolds 71

of f can be understood in terms of sections of the induced bundle f ∗ TM that are
annihilated by a certain Cauchy-Riemann operator ∂ f , see [3], [5]. Thus the induced
bundles f ∗ TM are endowed with some extra structure coming from the operators
∂ f , in addition to their complex vector bundle structure. The results of this note show
that this extra structure is nothing but what is induced from the almost holomorphic
vector bundle structure TM → M. Such a point of view allows one to introduce the
notions of positivity/negativity of TM and related bundles, and offers a differential
geometric approach to proving vanishing theorems for ∂ f .

In the present note all manifolds, maps, etc., are taken to be smooth, i.e., C∞.
Our theorems have counterparts for finite differentiability: for example, if M is a Cr-
manifold, r = 2, 3, . . . , with an almost complex structure J of class Cr−1 then the
natural almost complex structure on TM is of class Cr−2. The proof would follow
the same path as in the paper, with the exception that Proposition 3.1 with optimal
regularity would be a bit more difficult to prove.

2 Jets and the Second Tangent Bundle

Tangent vectors and complexified tangent vectors to a manifold M can be identified
with certain jets of mappings R → M resp. C→ M. In this section we shall interpret
tangent vectors to TM analogously, in terms of jets of mappings into M.

We shall start with jets. Suppose P, Q are smooth manifolds, p ∈ P, q ∈ Q, and k,
l are nonnegative integers.

Definition 2.1 If u, v ∈ C∞(P × Q), we shall write

u ≡ v mod(k, l) at (p, q)

if for arbitrary integers κ, λ, 0 ≤ κ ≤ k, 0 ≤ λ ≤ l, and vector fields X1, . . . ,Xκ+λ on
P × Q, the function X1 · · ·Xκ+λ(u − v) vanishes at (p, q), provided X1, . . . ,Xκ resp.
Xκ+1, . . . ,Xκ+λ are tangential to the fibers P × {q ′} resp. {p ′} × Q, p ′ ∈ P, q ′ ∈ Q.
When κ = λ = 0, this vanishing is understood to mean u(p, q) = v(p, q).

Further down we shall need the following simple result. Suppose Q = Q1 × Q2,
q = (q1, q2), where we think of Q1, Q2 embedded in Q as Q1×{q2} resp. {q1}×Q2.

Proposition 2.2 Suppose u, v ∈ C∞(P,Q) satisfy

u|P×Q1 ≡ v|P×Q1 and u|P×Q2 ≡ v|P×Q2 mod(k, 1)

at (p, q1) resp. (p, q2). Then u ≡ v mod(k, 1) at (p, q).

Indeed, this follows from the fact that any vector field on Q is the sum of two
vector fields, one tangential to the fibers Q1×{q ′2}, the other to the fibers {q ′1}×Q2.

Now suppose M is one more differential manifold.

Definition 2.3 For a pair f , g : P × Q→ M of mappings we shall write

f ≡ g mod(k, l) at (p, q)(2.1)
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if for arbitrary u ∈ C∞(M) we have u ◦ f ≡ u ◦ g mod(k, l) at (p, q) in the sense of
Definition 2.1.

By taking differentials of a mapping f : P×Q→ M along P resp. Q we obtain vec-
tor bundle homomorphisms d1 f : TP×Q→ TM, d2 f : P × TQ → TM. In general,
when we are given a homomorphism ϕ between real vector bundles, we will use the
same symbol ϕ to denote its complexified action between the complexifications of
the bundles. For example, d1 f will also act between (C⊗TP)×Q and C⊗TM. Next
we shall introduce mod(k, l) equivalence classes for such homomorphisms. Suppose
ϕ, ψ : (C⊗ TP)× Q→ C⊗ TM are vector bundle homomorphisms.

Definition 2.4 We shall write

ϕ ≡ ψ mod(k, l) at (p, q)(2.2)

if for any vector field X on P and 1-form ω on M, we have

ω
(
ϕ(X, ·)

)
≡ ω
(
ψ(X, ·)

)
mod(k, l) at (p, q),

as mappings P × Q→ C.

We define the relation (2.2) in an analogous manner for bundle morphismsϕ, ψ :
P × (C ⊗ TQ) → C ⊗ TM. We shall call mod(k, l) equivalence classes of mappings
and bundle morphisms (k, l) jets. Note that if (2.1) holds for f , g : P × Q→ M then

d1 f ≡ d1g mod(k− 1, l) and d2 f ≡ d2g mod(k, l − 1)

also hold at (p, q).
Given a mapping f : P × Q → M and σ ∈ TpP, τ ∈ TqQ, we can construct a

vector f#(σ, τ ) ∈ TTM by considering the mapping h = d2 f (·, τ ) : P → TM and
then putting

f#(σ, τ ) = dh(σ).(2.3)

The same construction would associate with σ ∈ C ⊗ TpP, τ ∈ TqQ a vector
f#(σ, τ ) ∈ C ⊗ T(TM). Note that the footpoint of f#(σ, τ ) is d2 f (p, τ ) ∈ TM,
and, with π : TM → M denoting the bundle projection,

dπ f#(σ, τ ) = d1 f (σ, q).(2.4)

For fixed σ, τ , the vector f#(σ, τ ) depends only on the (1, 0) jet of d2 f , hence on the
(1, 1) jet of f at (p, q).

In the sequel we shall take P, Q to be real or complex Euclidean spaces, and p =
q = 0. It will therefore be understood even without mentioning that jets and jet
equivalence relations (2.1), (2.2) will always be taken with reference to (0, 0).

Let first P = R, Q = R, and denote the coordinates on P and Q by s resp. t .

Proposition 2.5 The mapping

f → f#

(
∂

∂s

∣∣∣
0
,
∂

∂t

∣∣∣
0

)
∈ TTM

induces a bijection between (1, 1) jets of maps f : R × R → M and TTM.
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Proof We can assume M = Rm with coordinates x1, . . . , xm. Coordinates on TRm

are obtained by associating the 2m-tuple x1, . . . , xm, y1, . . . , ym with the vector
Σyµ∂/∂xµ ∈ T(x1,...,xm)Rm. Let α + βs + γt + δst + · · · be the second order Tay-
lor polynomial of f : R × R → Rm; the (1, 1) jets of such f ’s are in one to one
correspondence with quadruples α = (αµ), . . . , δ = (δµ) ∈ Rm. Since

f#

(
∂

∂s

∣∣∣
0
,
∂

∂t

∣∣∣
0

)
=
∑(

βµ
∂

∂xµ
+ δµ

∂

∂yµ

)
∈ T(α,γ)R2m,

the proposition follows.

When M = Rm, by associating with the vectors v =
∑
βµ∂/∂xµ +

∑
δµ∂/∂yµ ∈

T(α,γ)R2m the mapping fα,β,γ,δ(s, t) = α+ βs + γt + δst we obtain a smooth family of
mappings R × R → Rm. Hence:

Proposition 2.6 There is a smooth family of maps fv : R×R → Rm, v ∈ TT Rm, such
that fv#(∂/∂s|0, ∂/∂t|0) = v.

That fv is a smooth family means that the map (s, t, v) → fv(s, t) is C∞.
Next let P = C, Q = R, let s = s1 + is2 denote the complex coordinate on C and,

as usual, ∂/∂s = (1/2)(∂/∂s1 − i∂/∂s2). The next proposition is proved the same
way as Proposition 2.5.

Proposition 2.7 The mapping

f → f#

(
∂

∂s

∣∣∣
0
,
∂

∂t

∣∣∣
0

)
∈ C⊗ T(TM)

induces a bijection between (1, 1) jets of maps f : C× R → M and C⊗ T(TM).

In the situation of Propositions 2.5 and 2.7 we shall abbreviate f#(∂/∂s|0, ∂/∂t|0)
as f#. It is straightforward that when f : C× R → M

Re f# = ( f |R×R)#.(2.5)

3 Almost Complex Manifolds

An almost complex manifold is given by a differential manifold M and an almost
complex structure tensor J on it. Thus J is an automorphism of TM, mapping each
tangent space TaM into itself, and satisfying J2 = − id. Alternatively, an almost
complex structure can be defined by a splitting C⊗ TM = T ′ ⊕ T ′ ′, with T ′ and its
complex conjugate T ′′ complex subbundles. If the almost complex structure is given
in terms of the tensor J, the corresponding splitting is obtained by putting

T ′ = {v − i Jv : v ∈ TM},

and this correspondence is easily seen to be reversible.
A map f between two almost complex manifolds (M1, J1) and (M2, J2) is called

holomorphic if its differential intertwines J1 and J2 : d f ◦ J1 = J2 ◦d f . An equivalent
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requirement is that d f should map T ′M1 into T ′M2. For a general map f : M1 → M2

we define a bundle homomorphism ∂ f : TM1 → TM2 by

∂ f =
1

2
(d f + J2 ◦ d f ◦ J1).

It is immediate that ∂ f ◦ J1 = − J2◦∂ f , and ∂ f = 0 precisely when f is holomorphic.
More generally, if N is a differential manifold and f : M1 × N → M2, g : N ×M1 →
M2 are C1 maps, ∂1 f : TM1×N → TM2 and ∂2g : N × TM1 → TM2 are defined
through the partial differentials d1 f , d2g.

Proposition 3.1 Given an almost complex structure on Rm and g : R×Rk → Rm there
exists an f : C × Rk → Rm such that f |R×Rk = g and ∂1 f ≡ 0 mod(0, 1). The (1, 1)
jet of f is uniquely determined by the (1, 1) jet of g. If gv : R × Rk → Rm, v ∈ Rl, is a
smooth family of mappings then the corresponding fv : C×Rk → Rm can also be chosen
to form a smooth family, and even to satisfy ∂1 fv = 0 on R × Rk.

Proof The almost complex structure of Rm is given by a mapping J : Rm →
GL(m,R). Suppose f is an extension of g to C× Rk with Taylor expansion

f (s1 + is2, t) = g(s1, t) + s2h(s1, t) + · · · .(3.1)

The equation ∂1 f ≡ 0 mod(0, 1) means ∂ f /∂s2 ≡ J( f )∂ f /∂s1 mod(0, 1), or

h ≡ J(g)∂g/∂s1 mod(0, 1).(3.2)

This can be satisfied by simply choosing h = J(g)∂g/∂s1 and then f (s1 + is2, t) =
g(s1, t) + s2h(s1, t) gives a required extension. Clearly, if g = gv depends smoothly on
v then f = fv thus constructed also depends smoothly on v and ∂1 fv = 0 on R×Rk.
Lastly, by (3.2) the (1, 1) jet of g determines the (0, 1) jet of h, hence, by (3.1), the
(1, 1) jet of f .

Theorem 3.2 The tangent bundle of an almost complex manifold (M, J) can be en-
dowed with a canonical almost complex structure. This structure has the following prop-
erties:

(a) The projection π : TM → M is holomorphic;
(b) The embedding ε : M → TM of M as the zero section is holomorphic;
(c) If (N, I) is another almost complex manifold and Φ : N → M is a holomorphic

map then dΦ : TN → TM is also holomorphic;
(d) With (N, I) as above if a mapping Φ : N × R → M has the property that for each

t ∈ R, Φt = Φ(·, t) is holomorphic, then so is dΦt/dt : N → TM.

Proof We shall define the almost complex structure on M = TM in terms of a
splitting C⊗ TM = T ′ ⊕ T ′ ′. Put

T ′ = { f#| f : C× R→ M, ∂1 f ≡ 0 mod(0, 1)}.(3.3)
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We claim that T ′ defines a smooth subbundle of C⊗TM, and that T ′ and T ′ ′ = T ′

complement each other. Equivalently, for each v ∈ TM there is a unique w = γ(v) ∈
T ′ with Re w = v, and the map γ is a smooth homomorphism TM → C ⊗ TM

of real vector bundles. This needs to be verified only under the assumption we now
make that M = Rm.

Given v ∈ TT Rm, choose gv : R × R → Rm such that gv# = v, cf. Proposition 2.5.
A vector w ∈ T ′ has v as real part if and only if w = f# with some f : C × R → Rm

that satisfies ∂1 f ≡ 0 mod(0, 1) and f |R×R ≡ gv mod(1, 1), cf. (3.3), (2.5), and
Proposition 2.5. By Proposition 3.1 these two conditions uniquely specify the (1, 1)
jet of f , hence, by Proposition 2.7, also w = γ(v).

If v varies then by Proposition 2.6 gv can be chosen to form a smooth family,
and by Proposition 3.1 the mappings f = fv can also be chosen to form a smooth
family. It follows that γ : v → w = fv# is a smooth map. Further, γ maps the fibers
TaTRn to fibers C ⊗ Ta(TRn), and is easily checked to be homogeneous: if c ∈ R
then γ(cv) = cγ(v). Since any smooth homogeneous map between vector spaces is
linear, γ is indeed a smooth homomorphism of vector bundles, and thus T ′ defines
an almost complex structure on TM.

We now proceed to verify properties (a)–(d).
(a) Let f : C × R → M represent a vector f# ∈ T ′. Thus ∂1 f ≡ 0 mod(0, 1), so

that taking (2.4) into account

T ′ � d1 f (∂/∂s|0, 0) = dπ( f#).

This means dπ maps T ′ to T ′, and π is indeed holomorphic.
(b) For any ξ ∈ C ⊗ TM there is a g : C → M with ξ = dg(∂/∂s|0). We shall

assume ξ ∈ T ′, so that ∂g(∂/∂s|0) = 0. Put f (s, t) = g(s), s ∈ C, t ∈ R. Then
∂1 f ≡ 0 mod(0, 1), and also

εg(s) = d2 f (s, ∂/∂t|0).

In view of (2.3) and (3.3) therefore dε(ξ) = f# ∈ T ′. We conclude dε maps T ′ to T ′,
i.e., ε is holomorphic.

(c) With N = TN, and T ′M, T ′N denoting the bundles that define the almost
complex structures on M resp. N, suppose f : C × R → N represents a vector f# ∈
T ′N. It follows that ∂1(Φ ◦ f ) ≡ 0 mod(0, 1), whence d(dΦ)( f#) = (Φ ◦ f )# ∈ T ′M.
Again, this means that d(dΦ) : C ⊗ TN → C ⊗ TM maps T ′N to T ′M, and so
dΦ : N→M is holomorphic.

(d) It will suffice to prove that ϕ = dΦt/dt|t=0 is holomorphic. To this end, pick
a vector ξ ∈ C ⊗ TN and a map g : C → N such that ξ = dg(∂/∂s|0). If ξ ∈ T1,0N ,
which we shall henceforward assume, ∂g(∂/∂s|0) = 0. Define f (s, t) = Φ

(
g(s), t

)
.

It follows that ∂1 f (∂/∂s|0, t) = 0, t ∈ R; in particular

∂1 f ≡ 0 mod(0, 1).(3.4)

Unwrapping the definitions we obtain

dϕ(ξ) = d(ϕ ◦ g)

(
∂

∂s

∣∣∣
0

)
= d

(
d2 f

(
·,
∂

∂t

∣∣∣
0

))(
∂

∂s

∣∣∣
0

)
= f#
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by (2.3). Thus (3.4) implies dϕ(ξ) ∈ T ′M. This being true for arbitrary ξ ∈ T ′N , ϕ
is indeed holomorphic.

If M = Rm with coordinates x1, . . . , xm and x1, . . . , ym are the corresponding
coordinates on TRm = R2m as in the proof of Proposition 2.5, the matrix of the
almost complex structure J on TM can be written down in terms of the matrix of J.
Identifying linear maps with their matrices we have in block form

J =

(
J 0∑

yµ∂ J/∂xµ J

)
.(3.5)

We conclude this section by noting that the almost complex structure on TM in-
troduced above is the unique such structure that has property (d) in Theorem 3.2,
even if (d) is required only for (N, I) the unit disc∆ ⊂ C with its standard complex
structure. Indeed, one can show that if T ′ is given by (3.3), and w ∈ T ′ is in an
appropriate neighborhood of the zero section, then there is in fact an f : C×R → M
with f# = w that satisfies ∂1 f = 0 on∆×R, cf. [7]. Therefore if C⊗TM = S ′⊕S ′′

defines an almost complex structure for which (d) holds, this property applied with
Φ = f |∆×R implies that any w as above belongs to S ′, and so S ′ = T ′.

4 Is TM → M an almost holomorphic vector bundle?

That is, when M is an almost complex manifold and TM is endowed with the almost
complex structure described in the previous section? Before answering the question
let us clarify the concept of an almost holomorphic bundle.

Suppose πi : Ei → M are holomorphic submersions between almost complex
manifolds, i = 1, 2. The fiber product E1 ×M E2, the preimage of the diagonal in
M × M under the map π1 × π2 : E1 × E2 → M × M, is an almost complex sub-
manifold of E1 × E2; in particular it is an almost complex manifold. Now an almost
holomorphic vector bundle should certainly mean a surjective holomorphic submer-
sion π : E → M between almost complex manifolds, which is also a vector bundle.
The structure of a vector bundle is encoded in a mapping α : E×M E→ E (fiberwise
addition); if it is a complex vector bundle, there is also the map µ : C × E → E of
fiberwise multiplication by a complex number. It would seem natural to require of an
almost holomorphic vector bundle that both α and µ should be holomorphic; in this
way we would get the notion of what de Bartolomeis and Tian call a “bundle almost
complex structure” in [1]. However, TM would not pass this requirement: indeed,
the multiplication map µ(c, ·) : TM → TM by any given c ∈ C \ R is holomorphic
if and only if the structure of M is integrable. There are various ways to see this; e.g.
it can be read off from the formula in [5, Remark 3.3.1]. The kernel of the operator
Du there describes holomorphic sections of the restriction of TM to holomorphic
curves, by virtue of Theorem 3.2(d). However, this kernel is invariant under multi-
plication by c if and only if the Nijenhuis tensor vanishes. Therefore we settle for the
following concept.

Definition 4.1 An almost holomorphic vector bundle is a real vector bundle π : E→
M, with E, M almost complex manifolds, the projection π and the map α : E×M E→
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E of fiberwise addition holomorphic.

The fibers Ea of an almost holomorphic vector bundle π : E → M are not only
real vector spaces, but also almost complex submanifolds of E. In fact, the almost
complex structure of Ea is translation invariant, since α is holomorphic. Now on the
one hand a translation invariant almost complex structure on a real vector space V
is uniquely determined by the structure on T0V , on the other all complex structures
on T0V arise from a unique complex vector space structures on V . It follows that
each fiber Ea has a natural structure of a complex vector space: E is in fact a complex
vector bundle. The map µ : C × E → E of fiberwise multiplication is thus defined;
in general, it will not be holomorphic. However, its restriction to fibers C × Ea will
be. The definition also implies that µ(c, ·) : E → E is holomorphic if c ∈ R. Indeed,
when c > 0 is an integer, the map e → µ(c, e) = e + e + · · · is holomorphic because
α is. When c = p/q is rational with p, q positive integers, µ(c, ·) = µ

(
p, µ(q, ·)−1

)
is again holomorphic, and by passing to limits we obtain µ(c, ·) holomorphic for any
c ≥ 0. Finally, when c < 0, µ(c, ·) is gotten by solving the holomorphic equation
α
(
µ(c, ·), µ(−c, ·)

)
= µ(0, ·), hence it is holomorphic, too.

Theorem 4.2 If M is an almost complex manifold and TM is endowed with the almost
complex structure described in Section 3 then π : TM → M is an almost holomorphic
vector bundle.

To prove the theorem it will be convenient to think of TM×M TM as a submani-
fold of T(M ×M). More generally, let M1, M2 be almost complex manifolds, and let
pr j : M1 ×M2 → M j denote the projections, j = 1, 2.

Proposition 4.3

(a) The map
d pr1×d pr2 : T(M1 ×M2)→ TM1×TM2

is a biholomorphism.
(b) When M1 = M2 = M and∆(M) ⊂ M ×M is the diagonal, the biholomorphism

above maps T(M ×M)|∆(M) to TM×M TM.

Proof The map in (a) is clearly a diffeomorphism; it is also holomorphic by Theo-
rem 3.2(c) since the pr j are. Part (b) is immediate from the definition of TM×M TM.

Accordingly, in the sequel we shall identify TM×M TM with T(M ×M)|∆(M).

Proof of Theorem 4.2 By Theorem 3.2(a), π : TM → M is holomorphic. To prove
that α is holomorphic, let us first look at a map g = (g1, g2) : R → M × M, and
notice that ξ = dg(∂/∂t|0) ∈ T(M × M) is in fact in T(M × M)|∆(M) precisely
when g1(0) = g2(0). In this case α(ξ) = dg1(∂/∂t|0) + dg2(∂/∂t|0) can be gotten as
follows. Construct g12 : R×R → M such that g12(t, 0) = g1(t), g12(0, t) = g2(t), and
put G(t) = g12(t, t). Then α(ξ) = dG(∂/∂t|0).

Next suppose v ∈ C⊗ T
(

T(M ×M)|∆(M)

)
. Thus there is a map h : C→ T(M ×

M)|∆(M) such that v = dh(∂/∂s|0). In particular, h maps into T(M×M), hence there
is a map f = ( f1, f2) : C× R → M ×M with

h(s) = d2 f (s, ∂/∂t|0);
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clearly v = f#.
In view of what has been said above, f1(s, 0) = f2(s, 0) for all s ∈ C. Construct a

map f12 : C× (R × R)→ M such that f12(s, t, 0) = f1(s, t), f12(s, 0, t) = f2(s, t) and
put F(s, t) = f12(s, t, t). Then α

(
h(s)
)
= d2F(s, ∂/∂t|0), whence

dα(v) = F#.

If, in addition, v ∈ T ′
(

T(M × M)
)

, then ∂1 f ≡ 0 mod(0, 1), and so ∂1 f j ≡

0 mod(0, 1), j = 1, 2. Proposition 2.2 and Definition 2.4 imply ∂1 f12 ≡ 0 mod(0, 1),
therefore ∂1F ≡ 0 mod(0, 1). Thus dα(v) = F# ∈ T ′(TM), which means α is
holomorphic.

On the tangent spaces TaM of an almost complex manifold we thus have two
complex structures: one induced from the inclusion TaM ⊂ TM, as explained above,
the other gotten by defining multiplication by i to agree with the action of J.

Proposition 4.4 These two complex structures on TaM agree.

Proof We first verify that the multiplication map ν = µ(·, ξ) : C→ TaM is holomor-
phic for an arbitrary ξ ∈ TaM, when TaM is endowed with the complex structure
induced from TM. Suppose g : R → M is such that ξ = dg(∂/∂t|0), and construct
G : C → M with G|R = g, ∂G = 0 at 0 ∈ C, cf. Proposition 3.1. Thus, if JC denotes
the almost complex tensor of C, and τ ∈ T0C, we have dG( JCτ ) = JdG(τ ). In par-
ticular if τ = ∂/∂t|0 ∈ T0R ⊂ T0C then dG( JC∂/∂t|0) = Jξ. With arbitrary s ∈ C,
t ∈ R define f (s, t) = G(ts); it follows that

ν(s) = µ(s, ξ) = (Re s)ξ + (Im s) Jξ

= (Re s)dG(∂/∂t|0) + (Im s)dG( J∂/∂t|0)

= d2 f (ξ, ∂/∂t|0),

and so dν(∂/∂s|0) = f#. Now with σ ∈ TC we have ∂1 f (σ, t) = t∂G(tσ), whence
∂1 f ≡ 0 mod(0, 1). This means dν(∂/∂s|0) = f# ∈ T ′, i.e., ν is holomorphic at
s = 0. Since the complex structure of TaM is translation invariant, it follows that ν
is everywhere holomorphic.

We conclude by choosing a (complex) basis ξ1, . . . , ξn of TaM and setting up a
mapΦ : Cn → TaM,Φ(z1, . . . , zn) =

∑
µ(z j , ξ j). This is a biholomorphism for both

structures on TaM: for the structure induced from TM by virtue of what we have
proved so far, for the structure determined by the complex vector space structure of
TaM simply because Φ is complex linear. Thus the two complex manifold structures
on TaM indeed coincide.

5 Related Results

Given two almost complex manifolds M, N , consider the manifold J1(N,M) of those
1-jets of maps N → M that are holomorphic. In [2] Gauduchon constructs a canon-
ical almost complex structure on J1(N,M). Specializing to the case when N = C,
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it is easy to see that the set of 1-jets at 0 ∈ C constitutes an almost complex sub-
manifold J1(C, 0,M) ⊂ J1(C,M) that can be naturally identified with T ′M, hence
also with TM. Thus Gauduchon’s construction also endows TM with the structure
of an almost complex manifold. That structure differs from the one introduced in
this paper—in particular it does not have the crucial property (d) in Theorem 3.2—
unless M is a complex manifold. (This probably means that it will not be of relevance
to deformation theory of holomorphic maps between almost complex manifolds.)

One way to see why this is so is to notice that for any complex number c �= 0
the biholomorphism C � s → cs ∈ C induces a biholomorphism of J1(C,M) and
also of T ′M, TM, when this latter is endowed with Gauduchon’s structure. On TM
this biholomorphism is nothing but fiberwise multiplication µ(c, ·). However, when
c /∈ R µ(c, ·) is not holomorphic with respect to our structure, unless M is a complex
manifold, see the discussion in the second papragraph of Section 4; thus the two
almost complex structures are in general indeed different.

Now in [6] Muller discusses, among other things, Gauduchon’s almost complex
tensor on J1(C,M), and proposes an expression for it in local coordinates. This ex-
pression, when restricted to J1(C, 0,M) ∼= TM, agrees with our formula (3.5), seem-
ingly implying that Gauduchon’s structure and the one introduced in this paper are
the same after all. The error is in the first paragraph on page 229 in [6]. It is incor-
rectly claimed that there is a unique almost complex structure on J1(C,M) with the
property that for any holomorphic map f : ∆ → M its 1-jet j1( f ) : ∆ → J1(C,M)
is also holomorphic (here ∆ ⊂ C is the unit disc). Thus the formula in [6, Exer-
cise 6.1.2] does not describe Gauduchon’s structure; rather it anticipates ours.

References
[1] P. de Bartolomeis and G. Tian, Stability of complex vector bundles. J. Differential. Geom. 43(1996),

231–275.
[2] P. Gauduchon, Appendix: The canonical almost complex structure on the manifold of 1-jets of

pseudo-holomorphic mappings between two almost complex manifolds. In: Holomorphic curves in
symplectic geometry (eds. M. Audin and J. Lafontaine), Birkhäuser, Boston, 1994, 69–73.
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Eötvös University
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