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1. Let
00

/(*)= £ a*cosfcx,
k - 1

CO

d(x) ~ YJ ak SU1 ^x-
k = 1

The asymptotic behaviours of f(x) and g(x), as x-* +0, were first given by
G. H. Hardy in (4), (5). In his papers {an} is a monotone decreasing sequence.
Further results on the asymptotic behaviours of f(x) and g{x), as x-*+0, for
monotone coefficients have been given in (9) and (1). Recently, the results have
been generalized to quasi-monotone coefficients.

This paper is concerned with asymptotic behaviours of f(x) and g(x) for
^-quasi-monotone coefficients.

In what follows, we shall denote by L{x) a slowly varying function in the
sense of Karamata (6), i.e.,

(a) L(x) is positive and continuous for all x>0;
(b) L(tx)IL(x)-+\, as x-+<x> with every fixed t>0.

A sequence {att} is called (5-quasi-monotonic (3), if
(a) an>0 ultimately;
(b) an->0, as n->oo;
(c) Aan = an—an+1 ^ — dn for some positive sequence {<5n}.

A sequence {an} of positive numbers is called quasi-monotonic if

for some a > 0. We see that a quasi-monotonic sequence with an-»0 is a ̂ -quasi-
monotonic sequence when 5n = an" 1an.

By " A(x) m B(x), as x^a " we mean that A(x) = B(x){\ +o(l)}, as x^a.
We shall make use of K to denote some positive constants which need not be
the same from one occurrence to another. K's can depend on /?.

The following theorems will be established in this paper.

Theorem 1. Let 0</?<l and let {«„} be a 5-quasi-monotonic sequence with
00

S = YJ ^*fca< oo QS<a). Then {an} is of bounded variation and

f (x) * inx"~ 'Ux- l)l{Ttf) cos i/to},
E.M.S.—T
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as x-y +0, if and only if an =* n~fiL(n), as n~*co, where L(n) is a slowly varying
function in the sense of Karamata.

Theorem 2. Let 0</?< 1 and let {an} be a 8-quasi-monotonic sequence with
00

S = YJ 8kl<f < oo 0? < a). Then {an} is of bounded variation and

g{x) =* inxO-'Ux-^HTiP) sin ifa),
as x-+ +0, if and only if an ^ n~pL(n), as n-*co, where L(n) is a slowly varying
function in the sense of Karamata.

2. Preliminary Lemmas.

Lemma 1. For any b>0, we have

(a) xbL(x)->ao and x~bL(x)-*0, asx-KX>;

(b) max {{»L(O} * x"L(x),

max {<r*L(£)} - *~*i<x). as x-*<x>.

Lemma 1 is due to Karamata (8).
00

Lemma 2. Let {an} be 8-quasi-monotonic with £ 5kk
b<co (b>0). If

* = I
00 00

J] flfcfc*"1 converges, then ]T | Aat | fc* converges.

Lemma 2 is due to Boas (3).

Lemma 3. Let 0</?<l and /?<a. Let {an} be 8-quasi-monotonic with
CO

y 8kk"<co. If an ~ n~fL(n), as n-*co, then
*= I

(a) {an} w o/ bounded variation,

(b) f I Aak | <Kn-"L(n), as n-*oo.
k = n

Proof. Let #„ = n~pL(ri)an. We see that an->l as n->oo and an is bounded.
Then we have

k = 1 * = 1

^ max {at} max

00

By Lemma 2 we have £ | Aak | < oo, i.e. {«„} is of bounded variation.

Next, putting (Aak)~ = max {0, -Aaft}, we have

77^ f
L(7J) *

* = n •'-'VMJ ( * = n * = n
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where

51 = y Aak = an<K, as n-*co,
L O O * * . L(n)

52 = 2— £ (Aat)-^2— £ 5k£K £ dkk
u'+f)<K, as «->oo.

Then we have
00

" ' " ~HL(ri), ast = n

This completes the proof of Lemma 3.

Lemma 4. Let 0<jS<l fl«d ^<a. Let {an} be 5-quasi-monotonic with

T 5tfc"<oo. / / V a ^ y l n 1 - ^ / ! ) , O5 «-»oo, </ie« a n ^ ^n-p£(n){l
* = 1 k= 1

05 «-»oo, wAere /4 w some positive constant.

Proof. Let wi = n + rjn—6, where m and n are positive integers, 0 ^
and t] = ?/(«)>0. When «->oo we have the asymptotic expression:

an+l+an+2 + ...+am
 l ' l ' ( 1 " (

On the other hand, considering Aan = an—an+1 ^ — £„, we have

7 = n

y = ft V = n

where n + 1 g fc ^ m and S = £ 5yy''<co.
7 = 1

Then

<Vn+*»+2 + - + * » ^ {m-n){an+n-"S} g
an + 1+an + 2 + ...+am ^ {m-ri){am-n-'S} =

Put >/ = »;(«) = n~*. It follows that

] ( l + / / ) l + o ( l ) ' / ^ }

) m H \ { y (),
tjnj I \ t\n/

= An1 -fL(n){(l + r,)1"' - 1 + o(l)}.
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Then we have

lim inf "

lim sup a " ^ A w * {(1 + „-*)* - /» -
m-»oo m pL(m) ( l - 0 n *)

as «->oo. Thus an =s An~fiL(n)(l —j?) as «-»oo.
This completes the proof of Lemma 4.

Lemma 5. Let ct, c2>0. If yk\f(y)\dy<oofor-c1<k<c2,
J+o

f
J

l 0

then

+o
r->l-0.
Lemma 5 is due to Aljancic, Bojanic and Tomic (2).

Lemma 6. For 0<a, — \<b<l, we have

o A2(r, x)

- 0 , w/zere A2(/-, x) = (1 - r ) 2 + x 2 anrf C{b) = in/sin {i(6+ l)n}.

Proof. Letf(y) = y-»/(l+y2) (y>0),

c = min{l-6, l+b}.

We see that — 1 <k+b< 1 where | k \<c. We have
-(»+«

J+o J +o

By Lemma 5 we have

^ ) (^ j Jiy}dy, as r - i - o . (2.1)

On the other hand,
(•(l-D/a / \ f(l-r

L mL{^r s(1-r) L
(2.2)

max ' *"*

asr->l-O.
From (2.1) and (2.2) we obtain

e} y-*«/Cy)rfy = o (L ( - ! - ) ) ,
J+o V \1 -r/J)
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/(y)dy, a s r -> l -0 . (2.3)
J(i-r)/« \ 1 - r / \l-r

Using (2.3) and putting x = (1 — r)jy, we have

—)

+o

C(b), as r->l-0.
This proves Lemma 6.
Lemma 7. Let bk>0 for all positive integers k and let 0 </? < 1. If

1

—r
8 - 1

as r->l-0, then £ bfc ~ nl-^L{ri)l{i-P), as n->c».
* = I

Lemma 7 is due to Karamata (7).

Lemma 8. For 0<x ^ TC and\ g r < l , /ef

Ax = At(r, x) = l+ r 2 -2 rcosx ,

K1{r,x)=

= sin

c-03cos tdt

(a) I JfiCr, JC) | ^ # ( l -
(6) | Jf2(r, x) | g Jf,

(c) |JST3(r,x)|

Proof. Since

| 4 sin2 i x - x 2 | = 2 | cos x-

and similarly | sin x—x \ ^ ^x3, we have

\K(rx)\ = U 2 - 4 r s i D H x | = | ( l - r ) x 2 + r(x2-4sin2jx)l
1 *' U AtA2 AtA2

^ K d - r + ^ r x 2 ) ^ , ^ X ( l - r + x2)/A2)

| K3(r, x)\ = \ sin x^(r , x) + (sin x-x)/A2 | ^ x | Kfr, x) | +£x3

And | A 2̂(r, x)\ ^ K is trivial. This completes the proof of Lemma 8.
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3. Proof of Theorem 1.
We first prove the " only if" part, i.e. we assume that {an} is of bounded

variation and/(x) ^ $nxl>-1L(.x~1)l{r(P) cos tfn} as x-++0. Since {an} is of
00

bounded variation, we have that £ ak cos kx converges uniformly outside
k= 1

any arbitrarily small neighbourhood of 0. Furthermore, by hypothesis

as x-» + 0, where A(fi) = in/{F(f) cos ifin}, whence we see that
CO

/ ( * )= £ «* cos/ex
*= I

00

is integrable over (0, n). Thus, the trigonometric series Y at cos kx converges
k= 1

to the integrable function /(x) in (0, it). It follows that the fln's are the Fourier
cosine coefficients of/(x) ((9), p. 326).
i.e.

Jo
Using the Poisson kernel

2 f *an = — I /(x) cos
nJo

;1

P(r,x) = i + J r* cos/ex (0<r<l),
k = 1

i.e.
oo

£ r* cos kx = (r(l-r)—2r sin2 ^x}/At(r, x),
k = 1

where Ai(r, x) = 1 + r2 — 2r cos x, we have

£ rxi^ = I I
k=i n Jo Aj(r, x) TCJ0 A^r, x)

= Ji(r, x)-J2(r , x), say.
Let/(x) = Jt*"1!^*"1)^*). Then h(x)-+A(fi), as x-H-0. Hence A(x) is

bounded in (0, TI), say A(x) g Af.

Writing K^r, x) =

Kt{r, x) =

% x) A2(r, x)

4 sin2 ix x2

r, x) A2(r, x)'

where A2(r, x) = (1 — r)2+x2, we have

it ^ 2rnJ ( ) (l
o A2(r, x)

; x)+Jl2(r, x);

+ - (1-r) f*
i Jo
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7
A2(r,x)

- \ xfi xL(x ^
TIJ0

jCr, x)dx

r, *) +J22(r, x), say.

Let us consider J12, J2U J22, Ju in greater detail.
From Lemma 8(a) we obtain

I-M — (1 - r) f * x"" 'LCx- ̂
t Jo

^(l-r)KM f*
Jo 2(r,x)

say,
where, by Lemma 6 with a = n, b = $—1,

and by Lemma 6 with a = n, b = /?,

r, x)

Then J12 = o((l-r)"-1L( — j \ as r->l-0.

with

7tJ(

By Lemma 6 with a = 7i, b = , we have

A2(r, x)

A2(r,x)

as r-»l— 0.
It follows from Lemma 8(6) that

i;x'"1L(x"1)dx

dx

gKM max {{*L({-1)} f x* '"1^ g iCM.
0<{5« Jo
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Hence

J22 = o(a-r)"-1L (-3-H as

We come now to estimate Jlt. Since h(x)-+A(l3) when x->+0, for any
arbitrary given e>0, there exists <5>0, such that | h{x)—A(P) |<e for 0<x<8.
It follows that

A2(r,,

~ T (Jo A2(r,x) J, A2(r,x) J

J + Mo A2(r, x) J 3 A2(r, x)

= - ( l - r ) { e J 3 + M / 4 } , say,

where, by Lemma 6 with a — 8,b = ̂ —\

max {^Ur1)} = K(e),
0 < « £ n

where T̂(e) is a constant which depends on e and is independent of r. Since
we see that

J3 ^ C^-^L^^-Vl-rZ-^oo, as

Then for e>0 we have

0.2)

asr-*l-0.
From (3.1) and (3.2) for arbitrarily small e>0, we have

n Jo A2(r,x)

o A2(r,
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as r-»l — 0. It follows from Lemma 6 that

J
l-rj

( j ) ( / ( Y a s r ^ l - O .

We therefore have

t / t 2 i 2 2 { m (

as r-> 1 — 0. By Lemma 7 and Lemma 4 it follows that an ~ n~fiL(n), as n-*oo.
We come now to prove the " if" part, i.e. we assume that an ~ n~9L{n) as

n-KXi. By Lemma 3, we see that {att} is of bounded variation.
Next, we set 0<co< 1 <il<oo, and [co/x] = p, [1/x] = q, [fi/x] = t, where

co and ft are some constants which will be defined later. Then we have
p oo t

f(x)= E akcoskx+ £ akcoskx+ £ {afc—k~?L(/c)} cos kx
k = 1 Ic = ( + 1 fc = p + 1

£ { } J
k = p+1 t = 1

f f k-ficoskx
k = r + 1 k= 1

7

Here we have Sn ~ AfflUpc'1)*?'1, as x ^ + 0 , where

A(fi) = inl{T(P) cos i/Jn}

((9), p. 187). We shall now show that Si = o(xp-lL(x-
1)), as x^+0, for

i = 1,2,..., 6.
With a notation similar to that used in the proof of Lemma 3, we write

an = n~^L{n)an. Then by Lemma 1 we have

i | = | t akcoskx\^K £ \ak\=K £ fc"'L(fc) | ak \
k = 1 J t = l k = l

= 1 • J l
max { ^ ( 0 } £

* = 1

g Kpx-t>L(j>) g K c o ^ ' L C x - ^ - 1 , as x-»+0.

We are now in a position to define co. For any arbitrarily small <5>0, let
0<co = co(5)<l so that Ka>i~pIA{P)<d.

Write
00 00

S2= £ akcoskx= £ Aa4Dt(x)-ar+1Dr+1(x),
* i i
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where »
AiOO = Z, c o s kx = sin $nx cos \{n+l)x/sin \x.

k = 1

Then it follows from Lemma 3 that

| S 2 | ^ j f |Aat| + |ar+1|j/sinixgKx-1{(<+i

g Kn-'LCx'^x""1, as x-»+0.
Here, for 5 > 0 we define Q to be a number 1 < Q = Q(<5) < oo so that

KQ-'/A(0)<5.
Since an-*l when n->oo, for any arbitrary given e>0, there exists p such

that | an-1 | <e for all /i>/?. Then by Lemma 1 we see that

k = p + 1
(dk-l)k-pL(.k)coskx ge max

as x-> +0. For co and Q defined above let e = e(5) be small enough so that

It remains to consider <S4, Ss, S6. Since these trigonometric sums are
independent of {an}, we may follow the same arguments as shown in ((1), p. 112)
to obtain

54, S5, S6 = otf-lU?rly), as x^+0.
Hence

as x-» +0. This completes the proof of Theorem 1.

4. Proof of Theorem 2.
We first prove the " only if" part, i.e. we assume that {aa} is of bounded

variation and g(x) ~ inxl)~1L(x~1)l{r(Jl) sin $fin} as x->+0. Following the
same argument as in §3, we see that the an's are the Fourier sine coefficients of
g(x), i.e.

2 f *
an = — g(x) sin nxdx.

Next, let g{x) = x?~1L{x~i)h{x). Here h{x) should not be confused with
that in §3. We see that h{x)-*B{fi) as x->+0, where B{fi) = in/{T(P) sin i/?7t}
and h{x) is bounded. Using the Poisson conjugate kernel

00

£ rk sin kx = r sin x/A^r, x) (0< r < 1),

we have

i5, 2r f" xp / (x~ l}h(x\dx 2r C" » .
) T Ufc — — I x — I X JL^X JA-3^r, X)n\X)UX

*=i 3t Jo A2(r, x) 3i Jo
= J3(r, x ) + / 4 ( r , x), say,
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where

r, x) A2(r, x)
From Lemma 8(c) and Lemma 6 (cf. the discussion of / 2 1 in §3) we obtain

o A2(r,

KML

Then we have

— ) {(1 - - r)*(p- "}, as r-» 1 - 0 .

jA(r, x) = o({\-rf-lL( — ))> as r ->l-0 .

Since h(x)-+B(Ji) as x-* +0, given e>0 we can find d>0 such that
| h(x)-B(P) \<E for 0<x<8.

We therefore have

J (r x\ —
t Jo A2(r, x)

A2(r, x)
2r2r Px^L

Jt Jo

= ~ ^ e —T7—T~ +M x L(<x >dx\« I Jo A2(r,x) J a J

A2(r,x)

where

By Lemma 6,

ĉ  ( l - r ) ^ 1 ! ^ — ) C(fi) as

By arguments similar to that used in obtaining (3.2), we have

{sI5 + MI6} ^
Joo A2(r, x)

From (4.1), (4.2) and Lemma 6 we obtain

, as

•,x)

2
71

, as
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Then we have

£ r*ak = J3(r, x)+JA{r, x) =
\l-rj

as /•-> 1—0. By Lemma 7 and Lemma 4 we have

an ~ n~0L(n), as «-»oo.

The " if " part of Theorem 2 follows by the same arguments as that of
Theorem 1.

Finally it should be remarked that the range of j8 in Theorem 2 is 0</?< 1.
I have been unable to establish the theorem for 0</?<2 which is true for mono-
tone and quasi-monotone coefficients. The main difficulty here is that the

n

hypothesis in Lemma 4, " £ o* — Anl~fL(n), as M-»OO," cannot be replaced
k = 1

b y " £ fea4 ^ An2-pL{ri), as n-oo."
* = i

The author wishes to express his indebtedness to the referee, not only for
pointing out some slips, but also for valuable suggestions which brought
improvements in the proof of Lemma 8.
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