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DIFFERENTIAL PROPERTIES OF SOME DENSE
SUBALGEBRAS OF C*-ALGEBRAS
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The paper studies some classes of dense *-subalgebras B of C*-algebras A whose properties are close to the
properties of the algebras of differentiable functions. In terms of a set of norms {|||[:}?=, on B it defines
(D} )-subalgebras of A and establishes that they are locally normal Q*-subalgebras. If x=x*€B and f(1) is a
function on Sp(x), some sufficient conditions are given for f(x) to belong to B. For p=1, in particular, it is
shown that (D¥)-subalgebras are closed under C*-calculus. If 6 is a closed derivation of A, the algebras D(6)
are (D})-subalgebras of A. In the case when & is a generator of a one-parameter semigroup of automorphisms
of A, it is proved that, in fact, D(6") are (Df)-subalgebras. The paper also characterizes those Banach
*-algebras which are isomorphic to (D¥)-subalgebras of C*-algebras.

1991 Mathematics subject classification: 46H20, 46L57.

1. Introduction

It is well-known that C*-algebras are noncommutative analogies of the algebras of
continuous functions. This paper studies some classes of dense *-subalgebras of C*-
algebras whose properties are “close” to the properties of the algebras of differentiable
functions.

In [8] the authors investigated dense locally normal Q*-subalgebras B of C*-algebras
A. These subalgebras retain many properties of the enveloping C*algebras: Sp,(x)=
Spg(x), x€ B, every finite-dimensional semisimple representation of B is automatically
continuous and extends to 4 and, for every injective *-homomorphism ¢ of B into a
Banach *-algebra, ||x|| <|[¢(x)||, xe B. All closed (in the topology of A4) two-sided ideals
of B are obtained by the mapping I — I n B of the set of all closed two-sided ideals I in
A, this mapping is one-to-one and it maps the set of all maximal ideals in 4 onto the
set of all maximal ideals in B. From Longo’s result [9] it also follows that everywhere
defined derivations from B into A are automatically bounded.

Let B be a dense *-subalgebra of a C*-algebra (4,]|||o) and a Banach *-algebra with
respect to a norm ||||. The main motivation of this paper is to describe in terms of the
norm |||| different classes of locally normal Q*-subalgebras of A. If, for example, ||| is
such that B is closed under C*®-functional calculus of selfadjoint elements, then B is a
locally normal Q*subalgebra of A. Thus if 6 is a closed *-derivation of A, if

*The authors are grateful to the University of North London for inviting Victor Shulman to Britain for a
three months research visit.

399

https://doi.org/10.1017/50013091500018873 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500018873

400 E. KISSIN AND V. S. SHULMAN

x=x*e D(6") and a function f(t) has p+1 continuous derivatives, it follows from the
result of Bratteli, Elliott and Jorgensen [3] that f(x)e D(6%), so that D(é”) is a locally
normal Q*-subalgebra of A.

Blackadar and Cuntz [1] started the study of smooth *-subalgebras of C*-algebras.
The basic concept in their approach is the one of differential seminorms which
generalize the seminorms associated with the powers of derivations. They showed that
any subalgebra which is complete with respect to a differential seminorm of total order
k is closed under C**!-functional calculus.

In this paper we consider (D,)-subalgebras B of Banach algebras (4,][|o): dense
subalgebras of A for which there exist norms {||||;}?-, and positive constants {D;}?_,
such that (B,||||,) is a Banach algebra and

XY[li = D1 X[V )i- 1 H1X||i- 1| VY1) XV E an SI=p.
[yl < Dl x[[ell 1l - 1 + [lxlle - o[ |¥1) B and 1Si<

The differential subalgebras of order p studied by Blackadar and Cuntz are
(D,)-subalgebras and, for p=1, these classes coincide. But for p22, the growth of |||, on
products and exponentials in (D,)-subalgebras, which determines the properties of the
subalgebra, is much faster than in the differential subalgebras. Because of this, even for
p=2, it is not clear whether (D,)-subalgebras are closed under C*-functional calculus.

In Theorem 5 we show that if A contains an identity 1, then 1€ B and B is a Q-
subalgebra of A, i.e., Spg(x)=Sp(x), for all xe B. For the case when A4 is a C*-algebra,
x=x*e B and f(t) is a function on Sp(x), Theorem 12 gives some sufficient conditions
for f(x) to belong to B. Although this condition is much stronger than the condition of
Bratteli, Elliott and Jorgensen [3] for the algebras D(67) and than the condition of
Blackadar and Cuntz [1] for differential algebras, nevertheless, as a corollary of this
result, we obtain that (D,)-subalgebras of C*-algebras are locally normal Q*-subalgebras
(similarly, the Fourier—Wiener algebra is a locally normal Q*-subalgebra, but it is not
closed under C*-functional calculus).

Blackadar and Cuntz [1] studied a special class of flat differential seminorms. They
showed that a differential seminorm T={||;}?-, on B is flat if and only if there exist a
seminormed algebra D and a derivation 6 of D such that B<D(6”) and that
|x|;=||6*(x)||p/i!, xe B and 0<i<p. In Section 3 we show that if § is a generator of a
one-parameter semigroup of automorphisms of A4, then the flat differential seminorm
T ={||6'(x)||o/i'}?=0 of order p>1 on D(8°) is equivalent to the differential seminorm
T'={|||lo»||||,} of order 1, where ||x||,=3"- ||6°(x)|lo/i!. Thus, in this case, the algebras
D(6%) are, in fact, (D,)-subalgebras of A.

(D,)-subalgebras of C*-algebras constitute probably the most interesting subclass of
subalgebras of C*-algebras. Section 5 characterizes those Banach *-algebras which are
isomorphic to (D,)-subalgebras of C*-algebras.

The first version of the article was written before we heard about the paper by
Blackadar an Cuntz; several changes were made after we received a preprint of their
paper kindly sent to us by Professor Cuntz. We would also like to thank Professor V. L
Burenkov for useful information about the norms of the derivations of functions used in
Theorem 8.
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2. (D,)-Subalgebras of Banach algebras
Let

R\ (KYjk—g), i <k,
“(k”)_<j)‘{o L if j>k

By induction one can prove the following formula:

EO-E-G)

Set

m p-1 k p—-1 m k
sen=-5 5 (4)-3 ()
k=0 k=0 j=0 \J j=0 k=0\J
p-1 P

=y (",’“>= y ("H_-l)=S(m+l,p+l)—1. @
j j=1\ J

Lemma 1. Let B be an algebra and let {f;}?-, be a set of non-negative functions on B
such that for all i=0,...,p, f{x"*™Z fix")fi(x™), xeB and m,n>0. If there exist
positive numbers {C;}f- such that

fixDEC fi1(x)f(x), xeB and i=1,...,p,

then, for all k,

f,-(XZk) éfo(x)zk—s(k,i) l.l:[l [f}—j(x)]a(k'j)(c.'—j)a(k'j+ n
j=0

In particular, f,(x*) < C[fo(x)]**~'f1(x).
Proof. We have that

SOF)ZC i TN - SCH 0 ) [T S i 6 - () fix)- (B)

Since fo(x™) < fo(x)™, we obtain that f;(x*)< CX[fo(x)]**~'f,(x) and the lemma holds
for i=1. Suppose that the lemma holds for i<n. Let i=n+1. By (3),
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k-1
Jas 1(x2k) =< C:+ 1(x) S+ 1(x) I:[o f"(xzm)
k-1 n-1
< C:+ 1Sn+1(%) I:[o fo(x)zm_s(m'")) l:lo [fn—,'(X)]a(m'n(c..—j)a(m'j+ b,

By (2), Y 526(2"—S(m,n)=2"~1~S(k,n+ 1)+1=2*—S(k,n+1). By (1), 2n_ba(m, j)=
a(k,j+ 1). Therefore
n—1
Jos 1(x2k)§ ChiiJos 1(x) fo(x)?" 7 Stent D n f:.—j(x)a(k'j+l)cz(f)'j+2)

ji=0

n

. .

=fo(x)2 Stk,n+1) H fn+1 _j(x)ﬂ(k-f)c:(_’:.ljtjl)' O
j=0

Corollary 2. Let 2"<n<2"*! and set K(x)=max, ¢;<,{C; fi(x),1}. Then for m>2p,
S(m,p)<m?™' and  f(x")S K(x)*"* V" fo(x)]" 74,
where S(m,p) £d(n)<S(m+1,p+1).

Proof. By Lemma 1, f,(x*') < K(x)*[ fo(x)]*~5¢?, where

p—1 . . :
SHOX AP ETRNE

Set f,(x°)=1. Let n=) T, q;2", where a; are either 1 or 0 and a,,=1. Then

£ [T A0S [T K LALAT =560

S K@) [ fo(x)1""4,

where b=)T,ab; and d(n)=) T ,a;S(i, p). Since a,=1, we obtain from (2) that
b=28(m+1,p+2) and S(m,p)<d(n)<S(m+1,p+1).

For m>2p, we have that S(m,p)<p( m1)<m"“. Since 1<K(x), then K(x)°<
p_
K(x)Z(m-f-l)P*‘. D

Definition. Let {||||:}#-o be algebraic seminorms on an algebra B, i.c., ||xy|[; < |[x||:||¥]l:-

() We say that B has property (D,) with respect to {||||:}{=o if there exist numbers
{D;}¥-, D;=0, such that for all xe B,
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lleylle < Dillixlldlyll- o+ lIxlli-allyll), - 1 sisp.

(i) Let [f||o and ||||, be norms on B and let A be the completion of B with respect to
lllo- If B is a Banach algebra with respect to ||||,, then we say that B is a
(D,)-subalgebra of A. If, in addition, B is a *-algebra and [|x*||;=[|x[|;; 0<i<p, then we
say that B is a (D})-subalgebra of the Banach *-algebra A.

Remark. Let B have property (D,). Set R=max, <;<,(1,D;) and
R21, all || are algebraic seminorms on B equivalent to [[||; and |xy|;<|x
Hence B has property (D,) with respect to {||;}7-o-

Let B be a (D,)-subalgebra of 4 and E be a (D,)-subalgebra of B. If E is dense in 4,
then E is a (D, )-subalgebra of A. In particular, if the norm |||/, is continuous on B
with respect to the norm |||, then E is dense in A with respect to || ||o-

Since ||x"*™||<||x"||||x™|| for any seminorm ||||, Lemma 1 and Corollary 2 hold if B
has property (D,) with C;=2D;.

i|YIi—1 +|x|i~1|}’|i-

Lemma 3. Let B be a *-algebra and let ||x*||;=||x||, 0Li<p. Then property (D,) is
equivalent to the following property (D}): there exist numbers {Di}f-,, D;20, such that
Jor all xeB,

|'X*x||i§ D:'”x”i”x”i— 1, 1Zigp.

Proof. Let x=a+ibe B. Then ||a||;=]|(x+x*)/2||;<||x|| and ||b]| = [|(x—x*)/2i| = ||x||:-
Property (D)) clearly implies property (D}). Let B have property (D}). Fix i and set
II=!llls [|=1l{l:-, and D=D;. We have that

x?=a’+i(ab+ba)—b*>=(1—i)a®*—(1 +i)b* +i(a+b)?, x*x=a’+i(ab—ba)+b>.
Then
[|ab—bal|=|x*x —a?—b*|| < D(||x]| [x| +||a| |a| +|]| []) < 3D][x[||x].
For t>0,

||2¢(ab + ba)|| = [|(a + tb)> —(a—tb)?|| S ||(a + tb)?]| +]|(a— tb)?||

<D(||la+1b|||a+tb|+||a—tb|||a—tb|) < 2D((|al| |a| +tla|[|5]| +¢[|a]| |5} + b |B]).
Therefore

[lab+ bal| < D(|al|[b] +al||]| +¢[|b|| |b] + | ]| |al/2)-
Using the inequality 2(4u)'/2 £ 4+ u, we obtain that

min (1] 6]+l a9 = 2011} el ] ]+ .
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Therefore ||ab+ bal|| <2D(||a|||b|+|al||])), so that ||ab+ ba

|<4D||x
that ||ab||=]|(ab+ ba) + (ab— ba)||/2 <3.5D||x|||x|- Since ||x|

|x|. Hence we obtain
o+

b|| and |x|<|a|+|b],

llab| < 3.5D(]|al| +|b))(|a| +[&)-
Let now x=a;+ia, and y=b, +ib,. For every j and k,

llabill < 3.5D(|aj]| + [|buld|aj| + [Be) < 3.5D(x]| + [y D[ x] +|y]-
Then

2
beyll= X Hlasbull = 14D(x]|+ Iyl +1D.
J. k=

Set t=|x|, s=|y|, u=x/t and v=y/s. Then |u|=1, |v|]=1 and
[lxy|| = ts|uv]| < 28esD(||ul| +[|o[) =28D(([x[| |y[+ |x| | »[D-

Thus B has property (D,). g

Recall that a normed algebra B with identity is a Q-algebra if the group of all
invertible elements in B is open in B. If, in addition, B is a *-normed algebra, then B is
a Q*-algebra. Let Spg(x) be the spectrum and rg(x) be the spectral radius of x in B.

Lemma 4. ([8,11]). The following conditions are equivalent:
(i) B is a Q-algebra;
(i) ra(x)<||x|| for all xe B;
(ii1) Sp(x)=Sps(x) for all x e B, where A is the completion of B.

Bratteli and Robinson [4] (cf. [5]) proved that if § is a closed *-derivation of a
C*-algebra with an identity 1, then 1 belongs automatically to the domain D(J) of 4. In
[8] this result was extended to the case when J is a densely defined closed derivation of
a Banach algebra A. The following theorem shows that (D,)-subalgebras of Banach
algebras are Q-algebras and that 1 automatically belongs to them.

Theorem 5. Let B be a (D,)-subalgebra of A and let A contain an identity 1. Then
1€ B and B is a Q-algebra with respect to ” ”0.

Proof. Let y be an element in B such that ||1—y|[p=c<1. Set

a=1--yr==3 (7)-pren
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Then a,,,—a,=(1—y)"y. Let K=K(1~y)=max, ¢;<,{2D;||1 - |} 1}. From Corollary
2 we obtain that

1 T e

I

where m<ig,n<m+1. The series ) =, K2Usn+ 17" lgn=dan+ 1P converges. Therefore its
partial sums §; converge.
For any ¢>0,

ntq
”an+q_an”p§ Z ”aiﬂ_aj”p§“y”p(sn+q-l_Sn-l)'

i=n

Since B is a Banach algebra with respect to ||||p, the sequence {a,} converges to an
element x in B. Hence {a,y} converges to xy in B.
On the other hand,

a,y=y—(1—y)'y=y—(a,,,—a,)

Since ||a,+, —a,|[,~ 0, {a,y} converges to y with respect to |||,- Thus xy=y. Since
|l1—yllo<1, y is invertible in 4. Therefore x=1€ B.
Since (B, ||||,) is 2 Banach algebra, it follows from Corollary 2 that

rB(x)= lim (”xn”p)llné lim K(x)Z(m+l)"”/'l”x”gl—d(n))/",

n—aw n— o

where K(x)=max, <<, {2D;||x||1} and where <pml)§d(n)§(m+l)"—l and

m<Zlg,n<m+1. Hence rB(x)gllx”o and, by Lemma 4, B is a Q-algebra with respect
to | {lo-
O

Example 1. Let (A4,|']) be a Banach algebra. A two-sided ideal I of A4 is
symmetrically normable (see [11]) if I is a Banach algebra with respect to a norm ||, and

|xyz|, <||x|||¥lsllz|l, for yel and x,zeA.

The symmetric Segal algebras of locally compact groups G are symmetrically
normable ideals of L'(G) [13]. Shatten classes of operators give another example of
symmetrically normable ideals [6].

If I is a dense symmetrically normable ideal in A, then it is a (D,)-subalgebra of A
with respect to [||| and |[,. By Theorem 5, 4 does not have an identity. The algebras 4
and I can be canonically embedded in larger Banach algebras A=A4+C1 and I=1+C1
with the norms
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||tl+x“=|t|+||x|| and (el +y||,=|e|+]yl, teC, xeA4, yel

respectively. The algebra T is a (D,)-subalgebra of A.

Example 2. Let §,,...,0, be closed derivations of @ Balue.. w.gvurw voayp )y wworae o
them may be the same). For every subset S={k,,...,k,} of {p,..., 1}, k, >k,... >k, set

O5(x)=0;,(...(04,(x)...) and dy(x)=x

where ¢ is the empty set. Let D(d5) be the domain of d5 and let D(5,...4,)= (s D(3s)
where S ranges over all subsets of {p,...,1}.
For xeD(4,...5,), set ||x|lo=||x|| and, for 1<i<p, set

Hx“i=§||5s(x)”

where S ranges over all subsets of {i,..., 1}. For example,
llxlls =lix| +[|6:Calf and [|x[|o={|x[|+[[8.Cal| + [|62(x) || +|62(8, (xD

For every subset S of {p,...,1}, the derivation property implies the identity dg(xy)=
ZQ 8o(x)d5,0(y), where Q ranges over all subsets of S. Therefore

||xy||.-§§: %Hée(x)ll [105\0(¥)|

where S ranges over all subsets of {i,...,1} and Q ranges over all subsets of S. From
this we can deduce that

xylli< xlldlyll: - and eyl lllllylli- o+ 1l ol

Therefore D(3,...5,) has property (D,) with respect to the norms {||[|:}f-o. The
closedness of all the derivations é,,...,d, implies that D(é,...d,) is a Banach algebra
with respect to ” ||p. If D(6,...6,) is dense in A, then it is a (D,)-subalgebra of A4.

Example 3. Let (4,]|||) be a Banach algebra, let F be a linear closed mapping from a
dense subalgebra D(F) of A into a normed space (H, ||||x) and let there exist D20 such
that

|1F(@b)lls < D(|F(a)||ulbl] + [lall | F(B) ). 2, D(F).

For example, H is a Banach A-bimodule and F is a closed derivation from A into H.
Set ||a]lo=]lal| and ||a]|,=]|al|+]||F(a)||z- Then D(F) is a (D,)-subalgebra of A with
respect to the norms || (|, and
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Example 4. Let (&,||) and (#%]|,) be Banach algebras and let # be a
(D,)-subalgebra of & with respect to || and ||,. By C(#) and C(®) we denote the
Banach algebras of all converging sequences a={a,}, a,€ &, and b={b,}, b,e B with
the norms ||a|,=sup|a,| and |b]|,=sup|b,|, respectively. Then C(#) is a
(D,)-subalgebra of C(<¢). Let H=L,(%) be the linear manifold in C(%) which consists
of all b={b,} such that

lells= 3. Io <o

Then L,(%) is a Banach C(#)-bimodule. Let
F(b)={b,,b;—b,,....b,—b,_,,...)

be a mapping from C(%) into L,(%). Then L,(#)<D(F) and D(F) contains every
constant sequence b={b,} e %, b,=b,, for all n and m. Hence D(F) is dense in C(%), so
that F is a closed derivation from C(£%) into L,(#). Thus D(F) is a (D,)-subalgebra of
C(4) with respect to the norms ||b||, and ||b]|,=]|b||, + ||F(b)||s- It is easy to check that
D(F) is also dense in C(«#), so that D(F) is a (D,)-subalgebra of C(s#).

3. Differential subalgebras of Banach algebras

In this section we consider a special subclass of (D,)-subalgebras of Banach
algebras—differential subalgebras studied by Blackadar and Cuntz [1]. A set of
seminorms T'={|-|)7-, (not necessarily algebraic on an algebra B is called a differential
seminorm of order p if

Ixyl.-é‘ZOK,-..--,-IxI,-IyI,-_,-, x,yeB and 0<i<p,
=

where K ,, are nonnegative constants and K, ,=1. Differential seminorms T={|'|,-)f=0
and T'={|-[)i, are equivalent if the seminorms Y 7., ||; and Y7, ||; are equivalent on
B. Every differential seminorm T is equivalent to a differential seminorm T'={|[})L,
such that |xy[;< Y o |x[i|y]i- ;-

For 0<i<p, set R;=max;,,<;(K;,).

Lemma 6. |x|;=R,Y!_|x|,, 0<i<p, are algebraic seminorms on B and B has
property (D) with respect to {||*||:}f=o and with constants D,=R,/R,_,.

Proof. We have

m=0 j=

=R, 3 prh<Re £ 3 Kymolsllole-sSRE 3 T Ixblassliibll @
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so that || ||; are algebraic seminorms on B. From (4) it follows that

lesl=r2 3 % Ixlivbn-s< 2] (3 b)(Z b0)+( 5 1) 2, b))

= DlIxllllyll -+ - 1 o) O

Definition. Let T={|-|;}/-, be a differential seminorm on B, let ||o=||||o and |||/, be
norms on B and let (B, ||| p) be a Banach algebra. By 4 we denote the completion of B
with respect to ||||o. Then (B, T) is called a differential subalgebra of A of order p. If, in
addition, B is a *-algebra and |x*|;=|x|, 0<i<p, then (B,T) is a differential

*-subalgebra of the Banach *-algebra A.

Lemma 1 establishes the growth of ||x%"||,, as k— oo, in the case when B has property
(D,). Lemma 7 below is similar to Lemma 1 and estimates the growth of ||x*|[,, as
k— oo, when B has a differential seminorm T={|-|; } o (cf. [1]). Set C;=K; o+ K, ; and
N;=maxC; C;,...C;,, i=1,...,p, where maximum is taken over all the sets of integers
(J1s--+s jn) such that J1 +...+ Jjn=1i. Changing slightly, if necessary, the constants C;, we
can assume that C;#N;N;_; for 1<i and 1 <j<i Let N=max,g;¢,N; be the total
order of T (cf. [1]).

Lemma 7. Let xeB and |x|g=1. Then there are constants K(x), i=1,...,p,
continuous with respect to || ||,, such that, for all k,

x?[;SK(x)N* and ||x*||,<K(x)N*, where K(x)=R ; K(x).
p= X

Proof. Let {u,};%, a, {b;}7=, and {c;}7=, be positive numbers such that a#b,
1<iZp, and

m
w<au._,+ Y cbf L
i=1

Let d=max1§|’§m(a,b‘-) and l=uo+Z;"=lc,-/|b,~—al. Then

II/\

ot 3. (bt —abi—a) S, ©

Set L; ;. ;=K;;_;+K; Then, for 1Li<p,

i—j.j

i
|x2k‘é,Zon'f—jlxz,‘-lljlxﬂ lll J—CIXZk l| + Z Lj;- J|x2k ||1| e Ill -j
j=

j=1
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For i=1, |x®|, SC,|x*7'|;=N,|x**7"|,. By (5), |x*|, K (x)N%. where K,(x)=]|x|, is
continuous with respect to |[||[,- Assume that the lemma holds for i<m—1. Since
Nl'NjéNi‘l'j’ fori=m,

2k 2k—1 /2] k-1 2k—1
Ix I,,,§C,,,|x |m+ z Li.m—.ilx |i|x lm‘i
i=1

[m/2]
écm|x2k- l|m + Z Lj,m—jKj(x)(Nij—j)k_ l'
=1

i

Since N, =max{C,, N;N,_;), it follows from (5) that ]xz""l,,,gK,,,(x)Nf,,, where K, (x)
is continuous with respect to || ”,,.
We also have that

p p
Illo=R, 3. [ <R, & K{(x)Ni SK(N" O

Let a graded algebra #=By+....+B, be the direct sum of subspaces B;, let
B;B;< B, ; (we assume that B,={0} if p<n) and let P; be the projections onto B;. Then
B, is a subalgebra of # and all B; are By-bimodules. Suppose that every B, has a space
seminorm si(x) and that there are constants K; ; such that K, ¢=1, and

Si+(xy) S K js(x)sf(y), x€B; and yeB;
For x€ B, set S/(x)=s,{(P(x)), 0<i<p. Then S, are seminorms on %, x=) ?., P{(x) and

Si(xy)=si(Pi(xy))=Si< Z‘:o Pj(x)Pi—j(.V))é Z si(Pj(x)Pi—j(y))

i=0

éjgo Kj.i—jsj(Pj(x))si-j(Pl'—j(y)) = .;o Kj.i—jsj(x)si—j(}’)-

Therefore S={S,)!-, is a differential seminorm on 4. If all s; are norms on B,, then, by
(4), # is a graded normed algebra with respect to the norm ||x||,=R, Y f_, S(x).

As an example, we can consider a nest algebra #=AlgN={VeB(H):VL,SL,},
where N is a nest of subspaces {L,}{5, {0}=LocL,c...cL,,;=H, of a Hilbert
space H. Let Q, be the projections on L, and let R,=Q,—Q,_,, k=1,...,p+1. For
i=0,...,p, set

B;={Ve#:VR,=R,_;VR,, for all k=1,...,p+1}
and s(V)=||V||, VB, where ||| is the usual norm of the operator V on H. Let P; be

the projections onto B;. Then #=B,+...+B, is a graded algebra and S={S,}/-,,
where Si(x)=s,(P,(V)), is a differential seminorm on AlgN of order p.
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A differential seminorm T={||;}’-, on an algebra B is called flat ([1, Def. 4.3]) if
there is a homomorphism ¢ from B into a graded algebra # with a differential
seminorm S={S;}?_, such that |x|;=Si(¢(x)).

Let, in particular, all B,=B,, 1 <i<p, and J be a derivation of B,. Set ¢;(x)=24(x)/i!,
x € D(6%). Since, for every i,

oixy)="8'(xy)fit= Y (;) H(x)o'(y)/it= .Zo @£x)@i- (),

ji=0 j

the mapping ¢(x) =(x, @,(x),...,@,(x)) is a homomorphism from D(6*) into %&. Let ||0
be an algebraic seminorm on B,. Set |x|;=|p{x)|o for xe D(5?). Then T={|-|)?-, is a
flat differential seminorm on D(67). If (Bo,||o) is a Banach algebra, § is a closed
derivation and D(J”) is dense in B, then D(d7) is a differential subalgebra of B, of
order p.

Blackadar and Cuntz ([1, Th. 4.4]) proved that T={||;}’-, is flat if and only if there
exist a seminormed algebra D and a derivation § of D such that B<D(6?) and
| x| =|6'(x)||p/i!, xe B and 0<i<p. We shall now show that, under some conditions on
3, T is equivalent to the differential seminorm T'={|-|o,|||,} of order 1 where
(1]l =2=0 |x]s-

Let J ={Ji- [a;b;], n<oo, be the union of disjoint segments and C(7) be the
C*-algebra of all continuous functions on J with the norm ||f||=sup,.s|f(t)] Let
6=d/dt. For any p, D(6")=D,(7) is a dense *-subalgebra of C(7) which consists of all
functions f(t) such that fP()eC(7). Set |fl.=|f®|/k.. Then T={|:|)f-=0 is a
differential seminorm on C(J) of order p. For 0<mZp,

0»

171l & e

are norms on D,(7) and D,(J) is a Banach *-algebra with respect to H ||,,.

Theorem 8. T'={||||o.||"||,} is a differential seminorm of order 1 on D,(T) equivalent
to T, i.e., there exists D (p) >0 such that

|7l = Dy(e)|/Wollgllo+ 1/ llolell,)s - f:8€ Dy

and (D,(7), T') is a differential *-subalgebra of C(7') of order 1.

Proof. First assume that J =[q,b] and set h=b—a. In [7] it is proved that, for all
kand m, k<m,

I|£ 9|l = Clk, my|| 7| =M (1),

where  C(k,m)=4e*(m/k)* and M, (f)=max{||f||mh~"|f|}. Let G(hm)=
(m)max {1,mth~"}. Then
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M) Glhm)(|f ||+ (11 [l/mt) < GCt )] 1 |
Thus ||f®]| < Rk, m, b)[| ]| ~'m]| £ |[4m where R(k, m, h) = C(k, m)G(h, m)'. Hence
171 lg™ =l < Rk, m, 1) Rem —k, m, B)(([£ [[ [l = ([ f [l Y
Using the inequality a*f' “*<ax+ p(1—x), o, 20, 0 x < 1, we obtain that

171 11 = Lk, m, By([| 1 | lglCm — K3/ + L £ ]} /),

< Lik,m, (| £ [|€]]m (6)
where L(k,m, h,)=R(k,m, h,)R(m—k, m, h). Therefore
el 3 lwepms 3 5 (T)relle=1
LA I .
s 3 | Z(7) cemnlsel+ 11l |
m=0 i=0
Since || f||lm =/ |,» for m<p,
12l <ol el + 1 1 el 0

where D(p,h)=Y2_o 1/m! [YTq (’T’)L(i, m, b)),
i
Assume now that 9'=U;'=l[a,-,b,-], n<oo, and let h;=b;—a;. For feD,(J) and
1<i<n, set

||f||["— SUP |f(t)| and ||f||l'1— k'”f(k)”m'
Then
Ill= max (L71) and ~ ma (L7 s 3 10
Set D,(p)=Y7-, D,(p,h;). Then, by (7), for f,geD(T),

I7ello= X [17l15"= DuCo) Sl llello + 1/ Tlollel,) O
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We shall now extend the result of Theorem 8 to generators & of strongly continuous
one-parameter semigroups of bounded automorphisms a, of Banach algebras A. There
exists a dense subalgebra D(d) in A such that d(x)=lim,_q(x,(x)—x)/t, xe D(J), is a
closed derivation on A. For every p,

D(6%)={x e D(): 6*(x)e D(d),1 £k<p—1}
is a subalgebra of A. It is a Banach algebra with respect to the norm |x||,=
YE-0||6®(x)|I/k! and T={||:}’=0, |x|:i=]|0P)||/i! is a flat differential seminorm on
D(6%). Since D(6”) is dense in A, it is a differential subalgebra of 4 of order p.

Theorem 9. There exists a constant D,(p)>0 such that

leylly = Do p)Ix{[oll I+ lIxl ¥l % ye D(&?),

so that T'={|||,|||,} is a differential seminorm of order 1 on D(8”) equivalent to T. Thus
D(6%) is a differential subalgebra of A of order 1.

Proof. We have (see [6, v. I]) that, for t=0, a,(x)e D(J) and da,(x)/dt=(x,(x))=
o (8(x)), x € D(8). Therefore if x € D(5*), then

a(x)€D(6*) and  da (6" (x))/dt= (e (0* ™ (x))) = o (6*(x)).
Hence 6*(a,(x)) =a,(6%(x)).
Let f be a bounded functional on A such that ||f||=1. For xe A, the function

F(x,t)=f(o(x)) is continuous with respect to t. If xeD(6?), then F(x,t) has p
continuous derivatives with respect to t and

FP(x,t) = f(8%(a(x))) = f (a7(x))) = F(6”(x), ).
Let C(J) be the C*-algebra of all continuous functions on Z =[0,1]. If xe D(6"),
F(x,t)eD,(7). By Lemma VIIL1.3 [6, v. I], there is C< oo such that sup, g, <, ||o||=C.
Therefore

IFll= sup |fla(x)|= sup [lax)l|<(lx]| sup [lol|<C]x]]
0sist osis1 0sts1

and, for k<p,
NFPl= sup |f(a(M|E sup [l x| = Cll6*)|]-
0=t=g1 021
Then

p P
Il = 5, IFeipkis $, clsljesclal,
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Let now f and g be bounded functionals on A such that ||f]|=||g||=1, let x,ye D(5?)
and let F(x,t)=f(a,(x)) and G(y,t)=g(x(y)). By (6), for every k<m, there exists a
constant L(k,m, 1) such that

[F©lllG™ )| Ltk m, DAF|GIl -+ FI 1 Gll-

Therefore

sup |f(@(6*(x))| sup |g(@ (6™ ()| < CLGk,m, D(||xlmll ¥l + | %[||¥]m)

011 0=t£1

Set t=0. Then | f(6*(x))||g(6™“(»)| < CL(k, m, 1)(||x||l|¥l| + || x| [|]|). Since this inequa-
lity holds for all f,ge A*, such that ||f]|=||g]|=1,

155G le™*ll = Ltk m, D(xlall |+ [1[H1l1-

From this it follows that

vl = Z llmCep/mt < Z Z % el
k

<Z — Z ¢ ) CLGm Dx{|llyl]+ (1[Il |-
=0 M:

Since [1x| 5[}l for m<p, [xyll, <D, (el ol + ] ], where

D(p)cz—z()kml) 0

Let (4, ||||o) be a C*-algebra and let x=x*€ A. We call {a,b}, a<b, endpoints in Sp(x)
if a,be Sp(x) and there is £>0 such that

(a—¢,a) N Sp(x)=(b,b+¢) " Sp(x)=(.

If p,s(t) is a continuous function such that p,,(t)=1, te[a,b], and p, ,(t)=0,
t¢(a—e b+e), then P, ,(x)e A is a projection and “pa,,,(x)”o: 1.

Corollary 10. Let & be a closed *-derivation of a commutative C*-algebra (A,||||,) and
let D(6%) be a differential subalgebra of order 1 with respect to the norms | |0 and
||x“2—||x||o+||6(x)||o+||52(x)||0/2 Let y=y*e D(6%) and let there be endpoints {a;, b;}i2o
in Sp(y) such that b,—a;—0, as i—c0. Then ||p,, ,(1)8(»)||o— 0. In particular, 5(y)# 1.

Proof. Let g,(t) be functions which have two continuous derivatives and such that
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g{t)=t—a;, tela;,b;], and g(t)=0, if t is outside (a;—¢; b;+¢;). Then g(y)e D(6?) and
”gi( y)||0=b,.—a,-. Since gi(t) =p,,.»(t) and since 4 is commutative,

o(g(y) =gi(»)0(¥) =Ppa, s(¥)(y) and p,, ,(y) € D(S).

For any projection p in D(8), &(p)=3d(p*)=2pd(p), so that pd(p)=2pd(p). Therefore
5(p) =0. Hence 5(p,, () =0 and

0%(2i(¥)) = 0(Par.5:(M)O(¥) = Pay 5 (1)FX(Y).
Thus

”gi(}’)llz=”gi(}’)”o+||5(gi(,V))||o+“‘Sz(gi()’))”o/zé(bi—ai)+”5(}’)”0+”52()’)”0/2
Set hi(Y)=(gi(Y))2- Then “hi(y)llo=”gi(Y)||(2)=(bi—ai)2’

[[6h:(9D) |0 =1128:(»)8(e ¥l}o < 2(b:—a)||6(1)]|o

and
|62(h(¥))||o =2||2:()8(g:{(»)) + (8 ¥))I*||o = 2||8:(3) Pa 5 )2 (Y) + [ Pas 5 ()] o-

Since D(6?%) is a differential subalgebra of A of order 1, there is D>0 such that
[1(g:(¥)*[|2=2Dllg(»)||-[lg4»)llo- Therefore

l8(3) Pas. 5 (1) (D) + [Pas. s (15D ||0 S 2D[(B: — @) + |60 +|6°(3)|0/2] (i — a;) 0.
as i—o0. Hence ||p,, ».(3)8(3)|[o—0. O

If we put n=c0 and min, ¢;.,(h)=0 in Theorem 8, we obtain an example which
shows that T"={|||o,||||,} is not necessarily a differential seminorm on D(5,,).

(33 2]us

let A=C(J,) and let 6=(d/dt). The function y=y(t)=t, te 7,, belongs to D(6%) and
8(y)=1. The points a;,=(2/2°) and b;=(3/2') are endpoints of y and b;—a;—0 as i— co.
By Corollary 10, T'={||||o,||||.} is not a differential seminorm on D(5?).

Example 5. Let

4. Functional calculus on (D})-subalgebras of C*-algebras

Powers [12] (cf. [S] and [10]) proved that if & is a closed *-derivation of a
C*-algebra A, if x=x*eD(d) and a function f(t) has two continuous derivatives on
Sp.(x), then f(x)e D(6). Bratteli, Elliott and Jorgensen [3] generalized this result and
showed
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that f(x)eD(d”) if f(r) has p+1 continuous derivatives and x=x*e D(6°). Blackadar
and Cuntz [1] extended this result to differential subalgebras of C*-algebras.
(D¥)-subalgebras are differential subalgebras of order 1, so that Blackadar’s and Cuntz’s
result holds for them. (D,)-subalgebras, p=2, however, are not, generally speaking,
differential subalgebras. This section considers some sufficient conditions for f(x) to
belong to B if x*=xe B and B is a (D})-subalgebra of 4. This will allows us to show
that (D7)-subalgebras of C*-algebras are locally normal.

Lemma 11. If B is a (D})-subalgebra of a unital C*-algebra A, then ||1||,=1 and
D,>1/2.

Proof. By Theorem 5, 1€ B. Therefore ||1||,=||1?||, <2D||1]|,||1]|o, so that 1/2<D,.
Let D, =1/2. By Lemma 1, for x*=xe B and for all k,

llexp(ix)||; = [[(exp(ix/2)**||; < (2D, )*lexp (ix/2)||3" ~*[|(exp (ix/2") |,

=[l(exp (ix/24]|, Sexp(||x[l/2") 1,

as k— oo, since ||exp(ix/2*)||o= 1. Therefore

[[1]ls =[lexp(ix) exp(—ix)[|, < [|exp(x)[|: lexp(—ix)[|, <1,

so that ||1]|;=1 and ||exp(ix)||, =1. Since (B,||||,) is a Banach *-algebra, it follows from
Theorem 38.14 [2] that B is a C*-algebra. Since B is dense in A, B=A. Thus D, >1/2.

Theorem 12. Let B be a dense *-subalgebra of a C*-algebra (A,||||o) with identity, let
x=x*eB and let [a,b] contain Sp,(x). Let f(t) be a continuous function on (— o0, )
such that f(t)=0 outside [a,b] and let f(s) be its Fourier transform.

() Let B be a (D})-subalgebra of A and M=max,é,-é,,{2Dj,exp(||x”,-)}. If
§ | 25| ta21280 ™ Ha2Mio = Y ()| ds < 00, for p22, or [©,|2s|' *182P| f(s)|ds< oo, for p=1,
then f(x)e B.

(ii) Let B be a (D¥%)-subalgebra of A. If f(t) has q=2+1g,(D,) continuous derivatives,
then f(x)eB.

(iii) (¢f. [1)]). Let B be a differential subalgebra of A with respect to a differential
seminorm T ={||;}f-o, where ||o=|||lo, and let N be the total order of T (see Lemma 7). If
= o |25]*™| f(s)|ds < o0 or if f(t) has g=1+Ig,(N) continuous derivatives on [a,b], then

f(x)eB.

Proof. By Theorem 5, 1€ B, so that exp(isx) € B for real s. Let k be the integer such
that 2* 7! <|s| £2* so that k—1<Ig,|s|<k. Set y=isx/2*. Then |lexp(y)|[o=1 and

llexp(s)ll;=llexp Gisx/24);< exp((s|[|x[l;/2| < M.
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for 1<j<p. For every zeB, |z*|:<2Dz||:||z|l:-,. Making use of Lemma 1 and
replacing there C; by 2D;, we obtain

llexp (isx)l, = llexp * M, = llexp (),

p—1
<llexpWI8*=5%» TT llexp(M[ls% @D, - yox-s+ 1
j=0

p—1
=1 lexp|ls% (2D, y*I* V< M )
L

where a(k, j)=<k,> and b=Y)"*?24 [a(k, j) +a(k, j+ 1)]. For 2p<k,
J

b=t +2(p—Nalk,p—1)+a(k,p) <1 +2(p—1)k*~(p—1)! + kP/p! < 1 + k?/(p—1)!
Since 1M,

||exp(isx)||p§ M+kPIp— 1)!§ ML tUg2lsl+ 1)Pip~ 1) _ M|2S|¢(S), 9)

where y(s) = (lg,|2s|)* g, M/(p— 1)

The rest of the proof of (i) follows the proof of Proposition 3.3.6 [14] with
insignificant changes. Since f is continuous on (— o0, o) and vanishes at infinity and
since Ig,M 20, [ |2s]*¥|f(s)|ds< oo implies |, |f(s)|ds<oo. Since f is continuous
and

Fo=1/@mn" T exp(its) /(s)ds
is continuous and since f = f almost everywhere, f= f. Therefore
f(x(A)=1/2r)'1? _}o exp(ix(2)s) f(s)ds, for AeSp (x).
It follows from (9) that
_Tw |lexp (ixs)||,| f (s)|ds = j; M|2s|*®)| f(s)|ds < co.
Therefore [®, exp(ixs) f(s)ds is absolutely convergent in ||||,- Hence

y=1/(2m)"/? T exp(ixs) f(s)dse B and  y()=f(x(4)),
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for Ae Sp,(x). Thus y=f(x)e B.
For p=1, it follows from (8) that

llexp(isx)||, < [lexp (M| (2D1)* < M(2D, )52 = M 2s]* 120,

Repeating the above argument, we obtain that f(x)eB if [ |s|'*%*®"|f(s)|ds < co.
Part (i) is proved.

Part (ii) follows from (i) and from the proof of Theorem 3.3.7 [14].

It follows from Lemma 7 that

|lexp (isx)||, = ||(exp(itx))**||, < K ((exp (itx)) N*

where 1=s/2* so that 1/2<|t|< 1. Since K(exp(itx)) is continuous with respect to ||||,,
there exists M(x)=sup,;,<,< K(exp(itx))<co. Hence

exp(isx)||, < M(x) N'9221sh = pM(x)|2s]l92™
14

and this case is similar to the case of (D¥)-subalgebra of 4 where 1+4Ig,(D,) is
substituted by lg,(N). O

Recall that a family F of functions on a topological space X is said to be normal (see,
for example, [11, §15]) if for any disjoint closed subsets S and T in X, there exists a
function f e F such that

f(x)=0onT and f(x)=1o0nS.

Definition. Let B be a dense subalgebra of a Banach algebra 4 with an identity 1
and let 1eB.

(1) Let A be commutative. The algebra B is said to be normal if the algebra of functions
{x(s): x e B} on the space of all maximal ideals of A is normal.

(2) Let A and B be *-algebras. Then B is said to be locally normal if for every
selfadjoint x € B, there is a commutative Banach *-subalgebra A(x) in 4 such that 1 and
x belong to A(x) and such that B{x)= B n A(x) is a dense normal subalgebra of A(x).

Theorem 13. Let (A4,||||o) be a C*-algebra with identity and let B be a (D3})-subalgebra
of A. Then

(i) B is a locally normal Q*-subalgebra of A;
(ii) everywhere defined derivations from B into A are bounded;

(iii) the mapping 1 -1 B is a one-to-one mapping of the set of all closed two-sided
ideals in A onto the set of all closed (in the topology of A) two-sided ideals in B and
of the set of all maximal ideals of A onto the set of all maximal ideals of B.
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Proof. By Theorem 5, 1€ B. It was shown in (9) that, for x=x*€ B, |lexp(isx)||, <

M|2s]*®, where y(s)=(lg,|2s|)?"'lg,M/(p—1)! and M=max,§j§,,{2Dj,exp(||x|C)=}.
Therefore

< . ds
_jw In||exp (1sx)||pl—+—53 <0

It follows from the Shilov’s condition of regularity ([11, §15, 6]) that B is locally
normal. Part (ii) follows from (i) and from [9] and part (iii) follows from (i) and
from [8].

5. Banach *-algebras isomorphic to (D7 )-subalgebras of C*-algebra

(DY)-subalgebras of C*-algebras constitute the simplest and the most interesting
subclass of C*-algebras. In Section 3 we showed that even some differential subalgebras
of order p=2 are, in fact, (D¥)-subalgebras. In this section we characterize those Banach
*.algebras which are isomorphic to (D¥)-subalgebras of C*-algebras.

Definition. Let (B,]|||) be a *-Banach algebra and r, be the spectral radius on B. We
say that B has property (D*,r) if there exists D >0 such that

Ixy|| S D(||x||rs(») +]|¥]Irs(x)), for x=x*eB and y=y*eB.

Example 6. Let # be a C*-algebra with a norm ||.

* *
p={o=( Lpveal o= %) ana ll=ix+byl

Then B is a Banach *-algebra and the radical

k@={(2 ) vea).

We have that Spg(x)=Spg(b), so that rg(x)=rgb). If b=>b* then x=x* so that
rg(b)=|x|. If b¥=b, € B and b% =b, € B, then

(1) Let

||b,b2||=|x,x2]+|x1y2+y1x2|§|x1|r,,(b2)

+ IY2|"B(b1) + |,V1|"B(b2)§ ”bl"rB(bZ) + ”bz”"s(bl)-
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Hence B has property (D*,r).

(2) Let 6 be a closed *-derivation of 4 Then D(d) is a (Df})-subalgebra of & with
respect to the norms |x| and ||x||=|x|+|8(x)|- Therefore

Ixyll=lixli [yl +[=llIyll, ~ x yeB,

and, by Theorem 5, D(5) is a Q-subalgebra of # Hence, by Lemma 4, for x=x*e D(J),
rp(x) =rg(x)=|x|, so that

Ixy|| £ |Ix|lra(») +||¥|Irs(x), x=x*eB and y=y*eB.
Therefore B has property (D*,r).
Let B be a Banach *-algebra and let 2(B) be the set of all positive functionals on B.
Then (see [11, §18, 2])
I(B)={xeB: f(x*x)=0 for all feP(B)}

is a closed symmetric two-sided ideal of B and the radical R(B)<I{B). A Banach
*-algebra is called reduced if 1(B)={0}.

Theorem 14. Let (B,
are equivalent:

|I|) be a Banach *-algebra with identity. The following conditions

(i) B is a reduced algebra with property (D%,r);
(i1) B is a (D%)-subalgebra of a C*-algebra;

(iii) B is a reduced algebra and there exists D>0 such that ||x*x||<2D||x]||rs(x*x)"/?,
for all xeB.

Proof. (i)=(i). Let (4,|||o) be a C*-algebra with identity, let B be a dense
*-subalgebra of A and let there exist D, >0 such that ||xy||<D,(||x||||yllo +/Ixlloll¥I),
x,yeB. If r, is the spectral radius on A, then, for selfadjoint x, |[x|[o =r 4(x), so that

Ixy| S Dy(||x|lra) +|[y)lr a(x)), for x=x*eB and y=y*eB.

By Theorem 5, B is a Q*-subalgebra of A. Therefore it follows from Lemma 4 that
r.(x)=rp(x) and we obtain that

l|xyl| < Dy(|[x][rs(3) +[|y|lra(x)), for x=x*€B and y=y*eB.
Thus B has property (D*,r).
Since A is reduced, B is also reduced, so that B is a reduced algebra with property

(D*,r).
(i) = (iii). Since B is a (D¥)-subalgebra of 4,
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[lx*x[| = D (llx*[{ Ixllo + llx*lollx[l) =2D4|xI} [[x]lo-

Since A is a C*-algebra, ||x||3=||x*x|[o=r(x*x). Since B is a Q*-subalgebra of 4, it
follows from Lemma 4 that rg(x*x) =r ,(x*x). Hence ||x*x||<2D,||x||rs(x*x)"/2. Since 4
is reduced, B is also reduced.

(1)) = (i1). Let B be a reduced algebra with property (D*,r). Then

1/2
||x||o=( sup f(x*x)) , X€B,
JeP(B)

is a norm on B such that the completion 4 of B with respect to || ||0 is the enveloping
C*-algebra (see [11, §18, 37).

Let x=x*e B and let M be a maximal commutative *-subalgebra of B which contains
x. Then Spg(z) =Spy(2) for all ze M. If z=z* belongs to the radical of M, rg(z)=ry(2)=
0 and ||z2||<2D,||z||rs(z) =0. Hence z>=0 and ze I(B). Since, by assumption, I(B)={0},
M is semisimple. ‘

Let T be the space of all maximal ideals of the algebra M and let C(T) be the C*-
algebra of all continuous functions on T with the norm |f|=sup,.r|f(t)], feC(T).
Then M is a dense *-subalgebra of C(T) and

ra(z) =ry(z)=sup|z(t)|=|z|, forall zeM.
teT

Therefore, for z=z*e M and u=u*e M,
||zull <2D(]|z||r5(u) + Jul|r5(2)) = 2D(| 2| |u] + 2| {|u])

and, by Theorem 13, M is a locally normal Q*-subalgebra of C(T).

In Theorem 8 [8] it was proved that if F is a dense locally normal Q*-subalgebra of a
C*-algebra &% and = is an injective *-homomorphism of F into a C*-algebra &/, then
n(y)||l«=||y||5 for all ye F. Hence, since M is injectively imbedded in A, we obtain that
z|lo=|z|, for all ze M. Therefore rg(x)=|x|=|x||o- From this it follows that for
x=x*eB and y=y*eB,

Ixyll = DAIx[|r2(3) +ylIrs() = D[l | llo +[Ix[lol¥1])- (10)

|x[[;=]z]l;

Now let z=x+iye B. Then x=(z +z*)/2 and y=(z—z*)/2i are selfadjoint,
and ||y||;<||z||;, j=0, 1. Hence, by (10),

llz%2[| =[1x*+y2 +iCxy — yx)ll < %2l +[ly*[| + llxyll +llyx[| < 2Dl x[| [} xllo + 2D] |l
+2D([x[}[yllo +[lxlolI¥1l) < 8D]lzH|zHo-

It follows from Lemma 3 that B has property (D,).

https://doi.org/10.1017/50013091500018873 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500018873

DIFFERENTIAL PROPERTIES OF SOME DENSE SUBALGEBRAS 421

(iii) = (i1). Let, as above, 4 be the enveloping C*-algebra of B, let x=x*e B and M
be a maximal commutative *-subalgebra of B which contains x. Then, as in (i) = (ii), we
obtain that M is semisimple and that rp(z) =ry(z)=|z| for all ze M. Therefore

1z*2]| £ 2D|lz]|r5(z*2)""2 = 2D||2]| |2*2|*'* = 2D| ]} ||

From Lemma 3 it follows that M is a (D¥)-subalgebra of C(T). Hence, by Theorem
13, M is a locally normal Q*-subalgebra of C(T). Then, as in (i) = (ii), ||z||o=|z|- for
ze M. Therefore r,,(x)=|x| =||x||o. Therefore, for every ye B,

l[y*yl|<2Dl|ylira(y*y)"'2 =2D||y[[||y*yllo"* =2D|y]| | llo-
It follows from Lemma 3 that B is a (D¥)-subalgebra of A. |

Recall that a Banach *-algebra B is called symmetric if 1+x*x is invertible for all
xeB. For a symmetric algebra B, R(B)=1I(B) (see [11, §23, 3]). The following lemma
shows that the condition R(B)=I(B) is sufficient for an algebra with property (D*,r) to
be symmetric.

Lemma 15. Let B be a Banach *-algebra with identity and let B have property (D*,r).

(i) For every zeR(B), z>=0 and the semisimple Banach *-algebra B/R(B) also has
property (D*,r).

(ii) If R(B)=1I(B), then the algebra B is symmetric.

Proof. If z=z*eR(B), then ||z*||<2D||z||ra(z)=0, so that z2=0. If z=y+iue R(B),
y=y*eR(B) and u=u*eR(B), then y*=u?=0 and z’=y?+i(yu+uy)—u’=
i[(y+u)*~y*—u*]=0.

Let x> % be the canonical mapping of B onto the quotient Banach *-algebra B=
B/R(B). If ze R(B), then 1+z is invertible. If xe B is invertible, then x +z=x(1+x"'2) is
also invertible. Therefore Spg(x)=Spg(x+2) and rg(x)=rg(x+2z). From this it follows
that

Spp(x)=Spg(xX) and rg(x)=rg(X). (11

Hence, for selfadjoint x and y,

|%9]|= inf ||xy+z||< inf ||(x+2)(y+2)||< inf [[(x+2)(y+2)|
zeR(B) €R(B)

z z=z*¢ R(B)

<D inf  (||x+z||rs(y+2)+]||y+z||rs(x +2))
z=z*eR(B)

SD(rg(9) inf |x+z||+rg(x) inf |y+2|).
(B)

z=z%¢ R(B) z=z*e¢R

For all selfadjoint u and z, x +z=[(x + z+ iu) + (x + z—iu)]/2, so that
|x +z2|| S(||x + 2 + ita]| + || x + 2 = iwe|[)/2=||x + z + iu]|.

Therefore inf, _ ¢ peg || + 2| =inf, s || x + 2| = || %||- Hence
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|%7]| < D(||%||rs(3) +]|9||rs(%)), %*=%€B and j*=jeB,

and B has property (D*,r). Part (i) is proved.

If I(B)=R(B), the algebra B is reduced and has property (D*,r). Let A be the
enveloping C*-algebra of B. By (i) and by Theorem 14, B is a (D})-subalgebra of A. It
then follows from Theorem 5 that B is a Q*-subalgebra of A. From this and from (11)
we obtain that

Spa(1 4 x*x)=Sps(1 + %*%)=Sp (1 + X*%) for all xeB.

Since 1+ %*% is invertible in A, 1+ x*x is invertible in B. Thus B is a symmetric
algebra. d
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