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The paper studies some classes of dense *-subalgebras B of C*-algebras A whose properties are close to the
properties of the algebras of differentiable functions. In terms of a set of norms {||||,}f=1 on B it defines
(DJ)-subalgebras of A and establishes that they are locally normal Q*-subalgebras. If x = x*eB and /(() is a
function on Sp(x), some sufficient conditions are given for f(x) to belong to B. For p=\, in particular, it is
shown that (D*)-subalgebras are closed under C"-calculus. If S is a closed derivation of A, the algebras D(5P)
are (DJ)-subalgebras of A. In the case when 6 is a generator of a one-parameter semigroup of automorphisms
of A, it is proved that, in fact, D(5P) are (Df)-subalgebras. The paper also characterizes those Banach
'-algebras which are isomorphic to (D*)-subalgebras of C*-algebras.

1991 Mathematics subject classification: 46H20, 46L57.

1. Introduction

It is well-known that C*-algebras are noncommutative analogies of the algebras of
continuous functions. This paper studies some classes of dense *-subalgebras of C*-
algebras whose properties are "close" to the properties of the algebras of differentiable
functions.

In [8] the authors investigated dense locally normal Q*-subalgebras B of C*-algebras
A. These subalgebras retain many properties of the enveloping C*algebras: SpA(x) =
SpB(x), xeB, every finite-dimensional semisimple representation of B is automatically
continuous and extends to A and, for every injective *-homomorphism <p of B into a
Banach *-algebra, ||jc||^||<p(x)||, xeB. All closed (in the topology of A) two-sided ideals
of B are obtained by the mapping / -> / n B of the set of all closed two-sided ideals / in
A, this mapping is one-to-one and it maps the set of all maximal ideals in A onto the
set of all maximal ideals in B. From Longo's result [9] it also follows that everywhere
defined derivations from B into A are automatically bounded.

Let B be a dense *-subalgebra of a C*-algebra (A, || ||0) and a Banach *-algebra with
respect to a norm || ||. The main motivation of this paper is to describe in terms of the
norm || || different classes of locally normal Q*-subalgebras of A. If, for example, || || is
such that B is closed under CMunctional calculus of selfadjoint elements, then B is a
locally normal Q*subalgebra of A. Thus if S is a closed *-derivation of A, if

•The authors are grateful to the University of North London for inviting Victor Shulman to Britain for a
three months research visit.
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400 E. KISSIN AND V. S. SHULMAN

x = x*eD(5p) and a function f(t) has p + 1 continuous derivatives, it follows from the
result of Bratteli, Elliott and Jorgensen [3] that f(x) e D(d"), so that D(S") is a locally
normal Q*-subalgebra of A.

Blackadar and Cuntz [1] started the study of smooth *-subalgebras of C*-algebras.
The basic concept in their approach is the one of differential seminorms which
generalize the seminorms associated with the powers of derivations. They showed that
any subalgebra which is complete with respect to a differential seminorm of total order
k is closed under Ck+ '-functional calculus.

In this paper we consider (Dp)-subalgebras B of Banach algebras (A, ||||0): dense
subalgebras of A for which there exist norms {||||1}f=0

 a nd positive constants {£>,}f=i
such that (B,\\ ||p) is a Banach algebra and

and

The differential subalgebras of order p studied by Blackadar and Cuntz are
(Dp)-subalgebras and, for p = 1, these classes coincide. But for p^2 , the growth of || ||p on
products and exponentials in (Dp)-subalgebras, which determines the properties of the
subalgebra, is much faster than in the differential subalgebras. Because of this, even for
p = 2, it is not clear whether (Dp)-subalgebras are closed under C"-functional calculus.

In Theorem 5 we show that if A contains an identity 1, then leB and B is a Q-
subalgebra of A, i.e., SpB(x) = SpA{x), for all xeB. For the case when A is a C*-algebra,
x — x*eB and f(i) is a function on Sp(x), Theorem 12 gives some sufficient conditions
for f(x) to belong to B. Although this condition is much stronger than the condition of
Bratteli, Elliott and Jorgensen [3] for the algebras D(d") and than the condition of
Blackadar and Cuntz [1] for differential algebras, nevertheless, as a corollary of this
result, we obtain that (Dp)-subalgebras of C*-algebras are locally normal Q*-subalgebras
(similarly, the Fourier-Wiener algebra is a locally normal Q*-subalgebra, but it is not
closed under C^-functional calculus).

Blackadar and Cuntz [1] studied a special class of flat differential seminorms. They
showed that a differential seminorm T = {||,}f=0 on B is flat if and only if there exist a
seminormed algebra D and a derivation S of D such that B^D(dp) and that
|x|, = ||5I(x)||D/i!, xeB and O^i^p. In Section 3 we show that if S is a generator of a
one-parameter semigroup of automorphisms of A, then the flat differential seminorm
T = {||5'(x) o/'!}f=o of order p > l on D(5P) is equivalent to the differential seminorm
T' = {||||0, | |p} of order 1, where ||x||p = ̂ f=0||^'(x)||0/i!. Thus, in this case, the algebras
D(dp) are, in fact, (DJ-subalgebras of A.

(Dj)-subalgebras of C*-algebras constitute probably the most interesting subclass of
subalgebras of C*-algebras. Section 5 characterizes those Banach ""-algebras which are
isomorphic to (Dj)-subalgebras of C*-algebras.

The first version of the article was written before we heard about the paper by
Blackadar an Cuntz; several changes were made after we received a preprint of their
paper kindly sent to us by Professor Cuntz. We would also like to thank Professor V. I.
Burenkov for useful information about the norms of the derivations of functions used in
Theorem 8.
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DIFFERENTIAL PROPERTIES OF SOME DENSE SUBALGEBRAS 401

2. (Dp)-Subalgebras of Banach algebras

Let

Mk-j)l, if j^k,
, if j>k.

By induction one can prove the following formula:

), j^m. (1)

Set

j=o\J

Making use of (1), we obtain that

tn fn p ~ 1 / j,\ p — 1 fl

p+l)—1. (2)

Lemma 1. Let B be an algebra and let {/i}f=0 be a set of non-negative functions on B
such that for all i = 0,...,p, /•(xn+m)^/;(xn)y;(xm), xeB and m,n>0. If there exist
positive numbers {Cj}?=l such that

and i= 1 p,

then, for all k,

parriai/ar, /l(x2k)^Ct
1[/oW]2<<-1/1(x).

Proof. We have that

2 k 2 k 1 2 k 1 ^ i _ 1 ( x 2 " " ) f i - 1 ( x 2 - 2 ) . . . f i . 1 ( x 2 ) f i - 1 ( x ) f i ( x ) . (3)

Since /oix"1) ̂ /0(x)m, we obtain that / i(x2 k)gCi[/oW]2"" ' / iW and the lemma holds
for i= 1. Suppose that the lemma holds for i^n. Let i = n+ 1. By (3),
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m=0

m = 0 j=0

By (2), YX~=o(2m-S(m,n)) = 2k-l-S(k,n+ 1) + 1=2*-S(M + 1). By (1),
a(kj+ 1). Therefore

=/oW2k-S('-+1) fl f.^-txr^cs-w. n
j = o

Corollary 2. Let 2 m ^n<2 m + 1 and set /C(x)=max1g,gp{CI,/(x), 1}. TTien /or m>2p,

S(m,p)<m"-1 and / p (x" )P (x ) 2 ( » + 1 " " [ /oW]" - ' w ,

w/iere S(m,p)gd(n)gS(wi + l ,p+ 1).

Proof. By Lemma 1, fp(x
2') gKCxJ^C/oC^)]2'"50'"1, where

Set /p(x°) = 1. Let n = £r=<>ai2', where a, are either 1 or 0 and am= 1. Then

i = 0 i = 0

where b = £r=oaA a n d ^(") = Zr=oaiS(»,p). Since am=l, we obtain from (2) that
b^2S(m+l,p + 2) and

For m>2p, we have that S(m,p)<p( m \<mp~l. Since l^K(x), then
\PlJ
( m \
\P-lJ

Definition. Let {|| ||i}f=0 be algebraic seminorms on an algebra B, i.e.,

(i) We say that B has property (Dp) with respect to {||||,}f=o if there exist numbers
{°.}f=i, 0 ,^0 , such that for all xeB,
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(ii) Let ||||0 and ||||p be norms on B and let A be the completion of B with respect to
||||0. If B is a Banach algebra with respect to ||||p, then we say that B is a
(Dp)-subalgebra of A. If, in addition, B is a *-algebra and ||x*H, = |lxll'' 0 = '=P> t n e n w e

say that B is a (D*)-su&a/ge£>ra of the Banach *-algebra A.

Remark. Let B have property (Dp). Set R = maxlsi^p(l,Dt) and x|, = i?||x||I. Then
R^l, all 11; are algebraic seminorms on B equivalent to [[||,- and |x_y|,^|x i\y\i-i +|x|i_1|y|,.
Hence B has property (Dp) with respect to {| |,}f=0-

Let B be a (Dp)-subalgebra of A and £ be a (D,)-subalgebra of B. If £ is dense in A,
then £ is a (Dp+,)-subalgebra of A. In particular, if the norm is continuous on B
with respect to the norm ||||p, then E is dense in A with respect to

Since ||x"+m||g||x'I||||x'n]| for any seminorm ||||, Lemma 1 and Corollary 2 hold if B
has property (Dp) with C, = 2£>,.

Lemma 3. Let B be a *-algebra and let ||x*||I = ||x||i, O^i^p. Then property (Dp) is
equivalent to the following property (DJ): there exist numbers {D|}f=1, D',^0, such that
forallxeB,

Proof. Let x = a + ibeB. Then ||a||, = ||(x + x*)/2||,g||x||, and ||b|| = ||(x-x*)/2/||^||x||,.
Property (D_) clearly implies property (DJ). Let B have property (D*). Fix i and set
|| H I IU | =111|,-, and D = D', We have that

x2 = fl2 + i(ab + ba)-b2=(1 -i)a2 - (1 + i)b2 + i{a + b)\ x*x = a2 + i(ab-ba) + b2.

Then

For £>0,

Therefore

Using the inequality 2(>i/i)1/2gA+/i, we obtain that
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Therefore ||a6 + foi||^2£>(||a|||fc| + |a|||fc||), so that \\ab + ba |^4D||x|||x|. Hence we obtain
t h a t | | f l 6 | | = | | ( f l 6 + fcfl) + ( a * - f e f l ) | | / 2 ^ 3 . 5 D | | x | | | x | . S i n c e | | x | | | | | | | | | | | | | | |

||
£||a|| + ||fr|| and |x|g|a|

Let now x = al + ia2 and y = bt + ib2. For every j and k,

\\ajbk\\Z 3.5D(\\aj\\ + \\bk\\)(\°j\ + M ) ^ 3.5D(||x|| + |M|)(|x| + \y\).

Then

\\xy\\* I \\ajbk\\Zl4D{\\x\\

Set t = \x\, s = \y\, u = x/t and v = y/s. Then |«| = 1, |w| = l and

||xy|| = ts\\uv\\<*2StsD(\\u\\ + \\v\\) = 28D(||x|| \y\ + |x|

Thus B has property (Dp). D

Recall that a normed algebra B with identity is a Q-algebra if the group of all
invertible elements in B is open in B. If, in addition, B is a *-normed algebra, then B is
a Q*-algebra. Let SpB(x) be the spectrum and rB(x) be the spectral radius of x in B.

Lemma 4. ([8,11]). The following conditions are equivalent:

(i) B is a Q-algebra;
(ii) rB(x)^\\x\\for all xeB;
(iii) SpA(x) = SpB(x) for all xeB, where A is the completion of B.

Bratteli and Robinson [4] (cf. [5]) proved that if 8 is a closed ""-derivation of a
C*-algebra with an identity 1, then 1 belongs automatically to the domain D(<5) of 5. In
[8] this result was extended to the case when S is a densely defined closed derivation of
a Banach algebra A. The following theorem shows that (Dp)-subalgebras of Banach
algebras are Q-algebras and that 1 automatically belongs to them.

Theorem 5. Let B be a (Dp)-subalgebra of A and let A contain an identity 1. Then
XeB and B is a Q-algebra with respect to || ||0.

Proof. Let y be an element in B such that ||l — _y||0 = e<l . Set

https://doi.org/10.1017/S0013091500018873 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500018873


DIFFERENTIAL PROPERTIES OF SOME DENSE SUBALGEBRAS 405

Then an+l-an=(\-y)ny. Let K = K(l-y) = maxl^p{2Di,\\l-y\\i, 1}. From Corollary
2 we obtain that

lk+1-fl4£||(i-joi|p||3fl,^

where m^lg2n^m+\. The series ££=i K2('92"+1 ''"e"-('92<1+ 1)p converges. Therefore its
partial sums S, converge.

For any q>0,

n + q-l

Since B is a Banach algebra with respect to || ||p, the sequence {an} converges to an
element x in B. Hence {any} converges to xy in B.

On the other hand,

Since

any=y-{i-y)"y=y-(an+l-an).

\an+i — an||p->0, {any} converges to y with respect to ||||p. Thus xy = y. Since
1 — y\ 0 < 1, y is invertible in A. Therefore x = 1 e B.
Since (B, || ||p) is a Banach algebra, it follows from Corollary 2 that

rB(x)= lim (llx"!! )1 / n^ lim
i t - * oo

where X(x) = max1g,gp{2Z)i,||x||i, 1} and where ( )^d(n)^(m+ \)p-1 and
\P~lJ

m^lg2n<m+l. Hence rB(x)^||x||0 and, by Lemma 4, B is a Q-algebra with respect

* II Ho-
D

Example 1. Let (A, || -1|) be a Banach algebra. A two-sided ideal I of A is
symmetrically normable (see [11]) if / is a Banach algebra with respect to a norm | |s and

|xjtt|Jg||x|||)>|J||z||, for ye I and x,zeA.

The symmetric Segal algebras of locally compact groups G are symmetrically
normable ideals of Ll(G) [13]. Shatten classes of operators give another example of
symmetrically normable ideals [6].

If / is a dense symmetrically normable ideal in A, then it is a (Dj)-subalgebra of A
with respect to || || and | |s. By Theorem 5, A does not have an identity. The algebras A
and / can be canonically embedded in larger Banach algebras A = A + C1 and / = / + Cl
with the norms
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406 E. KISSIN AND V. S. SHULMAN

||tl + x|| = |t| + ||x|| and Htl+yll^ltl + H,, teC,xeA,yeI

respectively. The algebra / is a (Di)-subalgebra of A .

Example 2. Let 5l,...,dp be closed derivations of a Banach algebra (^, | | | | ) (some of
them may be the same). Fo r every subset S = {ku...,km} of {p,..., 1}, kl>k2... >km, set

8s(x) = 6kl(...(8kJx))...) and 30(x) = x

where 0 is the empty set. Let D(5S) be the domain of 8S and let D(5p... 5t) = f]s D(8S)
where S ranges over all subsets of {p,..., 1}.

For xeD(8p...5i), set ||x||o = |lxll anc*' ^or ^ = ' = P» s e t

where S ranges over all subsets of {/,..., 1}. For example,

For every subset S of {p,.. . ,l}, the derivation property implies the identity Ss(xy) =
E ^ ) » where Q ranges over all subsets of S. Therefore

S Q

where S ranges over all subsets of {i,...,l} and Q ranges over all subsets of S. From
this we can deduce that

and l-l/i'

Therefore D(8p...di) has property (Dp) with respect to the norms {||||,-}f=o- The
closedness of all the derivations 8^...,^ implies that D(dp...81) is a Banach algebra
with respect to || ||p. If D(8p...dt) is dense in A, then it is a (Dp)-subalgebra of A.

Example 3. Let (A, || ||) be a Banach algebra, let F be a linear closed mapping from a
dense subalgebra D(F) of A into a normed space (//,||||H) and let there exist D^O such
that

\\F(ab)\\H ^ D(||F(fl)||H||fc|| + ||c<|| \\F(b)\\H), a, b e D(F).

For example, H is a Banach ,4-bimodule and F is a closed derivation from A into H.
Set ||a||o = ||a|| a nd |jflj|i = ||a|| + ||^(a)||H- Then D(F) is a (DJ-subalgebra of A with
respect to the norms 11L and II j .
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Example 4. Let (stf, 11) and
(DJ-subalgebra of s/ with respect to

,) be Banach algebras and let f be a
I and I L By C(s/) and C(3S) we denote the

Banach algebras of all converging sequences a = {an), anes/, and b = {bn}, bne&B with
the norms ||a||0 = sup|an| and ||fe||i = sup|6n|1 respectively. Then C(8T) is a
(D,)-subalgebra of C($f). Let H = LX(@)) be the linear manifold in C(3S) which consists
of all b = {bn} such that

n = l

Then L^SS) is a Banach C(^)-bimodule. Let

be a mapping from C{38) into L^SS). Then Lj(^)£Z)(F) and D(F) contains every
constant sequence fr = {6n}e$?, bn = bm, for all n and m. Hence £>(F) is dense in C(8S), so
that F is a closed derivation from C(38) into Lx{8$). Thus D(F) is a (DJ-subalgebra of
C{SS) with respect to the norms \\b\\i and ||&||2 = ll^lli + | |^C') | |H-

 I I i s easy to check that
D(F) is also dense in C(s4\ sp that D(F) is a (D2)-subalgebra of C(s/).

3. Differential subalgebras of Banach algebras

In this section we consider a special subclass of (Dp)-subalgebras of Banach
algebras—differential subalgebras studied by Blackadar and Cuntz [1]. A set of
seminorms T={|-|,)f=0 (not necessarily algebraic on an algebra B is called a differential
seminorm of order p if

M i = Z Kj.i-j\x\j\y\i-j> x,yeB andO^igp,

where Kjm are nonnegative constants and K00=l. Differential seminorms T={| | , ) f= 0

and 7" = {|-|'()r=o a r e equivalent if the seminorms Zf=o||i a n ^ Si"=o||i a r e equivalent on
B. Every differential seminorm T is equivalent to a differential seminorm T" = {|||)|"=0

such that M;sB=oMM-,-
For O^i^p, set K, =

Lemma 6. ||jc||i=^,Xn=o|-!C|n' 0 ^ ' ^ P . ore algebraic seminorms on B and B has
property (Dp) with respect to {\\ - ||,-}f=0

 an& witn constants D{r = /?,//?,_ x.

Proof. We have

IMII=*I I N ^ « , I Z K ^ - H M . - ^ * ? Z Z Î LbU-ŷ ll̂ ll.llyll,-. (4)
m=0 m=0j=0 m=0j=0
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408 E. KISSIN AND V. S. SHULMAN

so that || ||; are algebraic seminorms on B. From (4) it follows that

i
m = O j=0

a

Definition. Let T={ | | , } f = 0 be a differential seminorm on B, let | | 0 = ||||0 and ||||p be
norms on B and let (B, \\ \\p) be a Banach algebra. By A we denote the completion of B
with respect to ||||0. Then (B, T) is called a differential subalgebra of A of order p. If, in
addition, B is a *-algebra and |x*|, = |x|,-, O^i^p, then (B,T) is a differential
•-subalgebra of the Banach *-algebra A.

Lemma 1 establishes the growth of ||x2lc||p, as fc-^oo, in the case when B has property
| | k | |2k|| as(Dp). Lemma 7 below is similar to Lemma 1 and estimates the growth of | | x | | p

k->co, when B has a differential seminorm T = {||,}f=0 (cf. [1]). Set Cj = KitO + KOtl and
Ni = maxCJlCj2... Cjn, i=l,...,p, where maximum is taken over all the sets of integers
(Ji»• • •»A) s u c n t n a t Ji + ---+jn

 = i- Changing slightly, if necessary, the constants Ch we
can assume that Ct^NJN^J for l < i and l^j<i. Let N = ma.x1^i&pNi be the total
order of T (cf. [1]).

Lemma 7. Let xeB and | x | 0 = l . Then there are constants K,(x), i = l , . . . , p ,
continuous with respect to \\ \\p such that, for all k,

t and \\x2"\\p^K(x)Nk, where K(x) = Rp ^ /C,(x).

Proof. Let {uk}™=0, a, {6,}r=i and {c,}™=i be positive numbers such that
^ i! ̂  p, and

Let d = and A = uo + YJ?=iCi/\bi-a\. Then

^ aku0 + - a) ^ (5)

Set Ljti.j = KJi_j + Ki_jj. Then, for l ^ i ^ p ,

i

\X \i^ L KJ.i-j\X \j\X \ i ^ ^ \ x |

[1/2]
/ IY \\X \\i-J-
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DIFFERENTIAL PROPERTIES OF SOME DENSE SUBALGEBRAS 409

For i= l , |x2"|1SC1|x2k"1|1=/V1|x21"1|1. By (5), {x^^K^x)^. where K1(x) = |x|1 is
continuous with respect to ||||p. Assume that the lemma holds for i^m—l. Since

j , for i = m,

Im/2]

Ix21 <C Ix2""1! + V L
\x \m = ^m\x |m+ /, l-fi.m-j

Ix

I-n/2]

Since Nm = maxjiCm,NjNm.j), it follows from (5) that \x2*-'\miZKm(x)Nk
m, where Km(

is continuous with respect to || ||p.
We also have that

II*21IP = KP t \x2"\i^Rp t K,{x)N^K(x)Nk. •
i = i i=i

Let a graded algebra @ = B0+....+BP be the direct sum of subspaces B,, let
BfBj^Bj+j (we assume that Bn = {0} if p<n) and let P, be the projections onto B,. Then
Bo is a subalgebra of 36 and all B, are B0-bimodules. Suppose that every B, has a space
seminorm s,(x) and that there are constants K{ t such that Ko 0= 1, and

S^SjO), xeB,- and

For xeB, set S,(x) = s,(P,(x)), 0^ /^p . Then S, are seminorms on @, x = ̂ f=0P,(^) and

£ P;(x)P,._,(>-))g t s.
j=0 / j=0

^ £ K;.1._A.(P>(x))s1../Pi_JO))= £ Kj^jS^S^y).
j=0 j=0

Therefore S = {S,)f=0 is a differential seminorm on ^ . If all s, are norms on Bh then, by
(4), Si is a graded normed algebra with respect to the norm ||x||p = /iP5]f=0Sj(x).

As an example, we can consider a nest algebra Si = AlgN = {VeB(H): VLk^Lk},
where TV is a nest of subspaces {Lk}£to, { 0 } = L o c L , c . . . c L p + 1 = W, of a Hilbert
space H. Let Qk be the projections on Lk and let Rk = Qk — Qk-i, k=l,...,p + l. For
i = 0,...,p, set

Bl = {Ve&:VRk = Rk.lVRk, for all fe= l , . . . , p + l }

and s,(K) = ||K||, VeBh where |||| is the usual norm of the operator V on H. Let P, be
the projections onto B;. Then ^ = B 0 + ... + Bp is a graded algebra and S = {S,}f=0,
where S,(x) = s^P^ V)), is a differential seminorm on Alg N of order p.
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A differential seminorm T={||,}f=0 on an algebra B is called flat ([1, Def. 4.3]) if
there is a homomorphism 4> from B into a graded algebra && with a differential
seminorm S = {S,}f=0 such that |jc|, = S,(<p(x)).

Let, in particular, all Bt = B0, 1 ^ i g p , and 5 be a derivation of Bo. Set (pi(x) = Si(x)/i\,
xeD(dp). Since, for every i,

= 6'(xy)/tt = £ f ^ W ^ ) / I
j=o\J/ j=o

the mapping 0(x) = (x, (p,(x), ...,<pp(;c)) is a homomorphism from D(5p) into ^ . Let 110

be an algebraic seminorm on Bo. Set |x|1=|<p,(x)|0 for xeD(dp). Then T={||,)f=0 is a
flat differential seminorm on D(5P). If (Bo, | |0) is a Banach algebra, <5 is a closed
derivation and D(8") is dense in Bo, then D(5P) is a differential subalgebra of Bo of
order p.

Blackadar and Cuntz ([1, Th. 4.4]) proved that T={||f}f=0 is flat if and only if there
exist a seminormed algebra D and a derivation 3 of D such that BzD(5p) and
|x|, = ||<5'(;c)||D/i!, xeB and O^i^p . We shall now show that, under some conditions on
8, T is equivalent to the differential seminorm T' = {|-|0,||

-||p} of order 1 where
II*IIP=I?=OI4-

Let ST = \J"=! [a,-,bj, n<oo, be the union of disjoint segments and C{?T) be the
C*-algebra of all continuous functions on 5" with the norm | | / | | = sup,e^-|/(t)|. Let
b = d/dt. For any p, D(SP) = Dp(&~) is a dense *-subalgebra of C(^) which consists of all
functions f(t) such that / " " ( t ) e C ( n Set | / | t = ||/<*>||/fc!. Then T={|-|t)f=0 is a
differential seminorm on C(<̂ ~) of order p. For O^m^p,

k = O

are norms on Dp(&~) and Dp{3~) is a Banach *-algebra with respect to || ||p.

Theorem 8. 7V = {|| "||o>||'||p} 's a differential seminorm of order 1 on Dp{9~) equivalent
to T, i.e., there exists £>i(p)>0 such that

and (Dp(y~), T) is a differential *-subalgebra ofC(&~) of order 1.

Proof. First assume that ff = [a, b~\ and set h = b — a. In [7] it is proved that, for all
k and m, k^m,

where C(k,m)=4e2k(m/k)k and Mm(/) = rnax{||/||m!/T'n,||/(m>||}. Let G(h,m) =
(m!)max{l,m!/rm}. Then
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Mm(f) Z G(h, m)(\\f\\ + ||/(m)||/m!) ^ G(h, m)\\f\\m.

Thus ||/(*)||^il(Jk,in,fc)||/||«"-*w"||/||j;" where R(k,m,h) = C(k,m)G(h,m)klm. Hence

Using the inequality txxpl~x^ax + p(\ -x), a,/?i=0, O g x g l , we obtain that

||| |g||), (6)

where L(k,m,h,) = R(k,m,h,)R(m — k,m,h). Therefore

m\\\r»\\\\p-*\\\
l J J

Since | | / |U^| | / | | P , for m^p,

where D(p, h) = £>m.0 1/m! [£?•-0 f ™V(i, m, *)]•

Assume now that ^" = U"=i [a,-,fc,], n<oo, and let /i, = fc( — a,. For /eDp(5") and
1 ^ / ̂  n, set

'= sup |/(t)| and ,„ |lp ^

Then

| | / | |o= max (ll/llo1) a nd max (II/IIP1)^!!/!!,

Set D,(p)=£7=i D,(p,/!,). Then, by (7), for f,geDp(^),

lslU D
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We shall now extend the result of Theorem 8 to generators <5 of strongly continuous
one-parameter semigroups of bounded automorphisms a, of Banach algebras A. There
exists a dense subalgebra D(5) in A such that <5(x) = lim,_0(a,(;c) — x)/t, xeD(5), is a
closed derivation on A. For every p,

D(8") = {xe D(S): 5k(x) e D{3), 1 ̂  k ^ p - 1 }

is a subalgebra of A. It is a Banach algebra with respect to the norm ||x||p =
l£=o||<5(ll)(x)||/fc! and T={||,}f=0, |x|HI*(0M||/ ' ! i s a flat differential seminorm on
D(8P). Since D(8P) is dense in A, it is a differential subalgebra of A of order p.

Theorem 9. There exists a constant Dl{p)>0 such that

UH| + |W||HU x,yeD(8"),

so that T' = {\\ ||, || ||p} is a differential seminorm of order 1 on D(5P) equivalent to T. Thus
D(8P) is a differential subalgebra of A of order 1.

Proof. We have (see [6, v. I]) that, for t^O, oc,(x)eD(8) and dott(x)/dt = S(oit(x)) =
a,(S(x)), xeD(S). Therefore if xeD(dk), then

a((x)eD(<5*) and

Hence dk(oc,(x))=x,(dk(x)).
Let / be a bounded functional on A such that | | / | | = 1. For xeA, the function

F(x, t)=f(ix,(x)) is continuous with respect to t. If xeD(<5p), then F(x,t) has p
continuous derivatives with respect to t and

Flp\x, t) =f{dpMx)))=f(<x,(Sp(x))) = F(d"(x), t).

Let C(^") be the C*-algebra of all continuous functions on ^" = [0,1]. If xeD(6"),
F{x,t)eDp{$~). By Lemma VIII.1.3 [6, v. I], there is C<oo such that supOg,sl ||ar|| = C.
Therefore

sup |/(a,(x))|^ sup ||«,(x)||g||x|| sup |
O S i g l OSrS l OSrg l

and, for k^p,

||F»>||= sup |/(«,(a*(x)))|g sup ||«,(

Then

II^I|P= I l|f(k)||/fc!^ I
t=0 *=0
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Let now / and g be bounded functionals on A such that | | / | | = ||g||= 1, let x,yeD(d")
and let F(x,t)=/(a,(x)) and G{y,t)=g(<x,(y)). By (6), for every k<?m, there exists a
constant L(k,m, 1) such that

Therefore

sup \f(*,(6k(x)))\ sup

Set r = 0. Then |/(5*(x))||^--*(y))|^CL(fc,in,l)(||x||111|H| + | |x| | | |y| | j . Since this inequa-
lity holds for all f,geA*, such that | | / | | = ||g||= 1,

From this it follows that

l
m = O

Since ||x||m^||x||p, for m^p, H I p ^ D ^ p K H x y ^ l + ||x|| \\y\\p), where

Let (A,||||0) be a C*-algebra and let x = x*eA. We call {a,b}, a^b, endpoints in Sp(x)
if a,beSp(x) and there is e>0 such that

(a - E, a) n Sp(x) = (6, fc + e) n Sp(x) = 0 .

If Po.fc(0 is a continuous function such that pa,b(t) = l, te\_a,b~], and pflii(t)=O.
t$(a — e,b + e), then Po fc(x)e/l is a projection and ||pa,6(x)||0= 1.

Corollary 10. Let 5 be a closed "-derivation of a commutative C*-algebra (A,
let D(52) be a differential subalgebra of order 1 with respect to the norms I

o)
and

||o/2. Let y=y*eD(52) and let there be endpoints {a,-,&,-}," 0

in Sp(y) such that b\ — a,—>0, as /->oo. Then \\pai,bi(y)^(y)\\o~*^- ln particular,

Proof. Let g,(t) be functions which have two continuous derivatives and such that
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gi(t) = t — ai, te[ahbi'], and g,(t) = O, if t is outside (af - e,-, ft, + e,). Then g,iy)eD(82) and
||fi(3')||o = ^i — ai- Since g'i{i) = pai,bl{i) and since A is commutative,

Hgi(y))=g'i(y)6(y)=PaiAy)Hy) and Pahbt(y)eD(S).

For any projection p in D(5), 8(p) — 8(p2) = 2p8(p), so that p8(p) = 2p8(p). Therefore
<5(p) = 0. Hence 5(p.,.4|(y)) = 0 and

Thus

Set *I(>0 = te,()'))2. Then

and

Since D(^2) is a differential subalgebra of ,4 of order 1, there is D>0 such that
-Therefore

as i-»oo. Hence ||p0,.,*,.(.y)(5(>')||o->0- •

If we put n = oo and min1g1-<0O(/ii) = 0 in Theorem 8, we obtain an example which
shows that T" = {|| | |0,|| ||p} is not necessarily a differential seminorm on D(8P).

Example 5. Let

i —

let /l = C(Jr
1) and let 8 = (d/dt). The function y = y(t) = t, t&2Tx, belongs to D{82) and

8(y) = l. The points a, = (2/2') and b,=(3/2') are endpoints of y and b{ — a,->0 as i-»oo.
By Corollary 10, T' = {||||o»||||2} ' s n o t a differential seminorm on I>(^2).

4. Functional calculus on (D*)-subaIgebras of C*-algebras

Powers [12] (cf. [5] and [10]) proved that if 8 is a closed *-derivation of a
C*-algebra A, if x = x*eD(8) and a function f(t) has two continuous derivatives on
SpA(x), then /(x)eD(<5). Bratteli, Elliott and Jorgensen [3] generalized this result and
showed
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that f(x)eD(5p) if f(t) has p+l continuous derivatives and x = x*eD(dp). Blackadar
and Cuntz [1] extended this result to differential subalgebras of C*-algebras.
(Df)-subalgebras are differential subalgebras of order 1, so that Blackadar's and Cuntz's
result holds for them. (Dp)-subalgebras, p^2, however, are not, generally speaking,
differential subalgebras. This section considers some sufficient conditions for f(x) to
belong to B if x* = xeB and B is a (DJ)-subalgebra of A. This will allows us to show
that (DJ)-subalgebras of C*-algebras are locally normal.

Lemma 11. If B is a (D\)-subalgebra of a unital C*-algebra A, then ||l||, = l and
Z>! > 1/2.

Proof. By Theorem 5, leB. Therefore ||l| |1 = ||l2||1^2D1||l| |1| |l| |0, so that
Let Di = 1/2. By Lemma 1, for x* = xeB and for all k,

as /c->oo, since ||exp(ijc/2k)||o = 1. Therefore

so that ||l| |i = l and ||exp(/x)||1 = 1. Since (B,||Ijj) is a Banach *-algebra, it follows from
Theorem 38.14 [2] that B is a C*-algebra. Since B is dense in A, B = A. Thus D2 > 1/2.

Theorem 12. Let B be a dense *-subalgebra of a C*-algebra (A, ||||0) with identity, let
x = x*eB and let [a,fe] contain SpA(x). Let f(t) be a continuous function on ( — 00,00)
such that /(t) = 0 outside [a, 6] and let f(s) be its Fourier transform.

(i) Let B be a (D*)-subalgebra of A and M = max1gJgp{2DJ-,exp(||x||J)}. If
^00\2s\iM2^-""Mli"-l)'\f(s)\ds<oo, for pZ2, or f? j2s|1+'92<Bl)]/(s)|ds<oo, for p=l,
then f(x) e B.

(ii) Let B be a (D^)-subalgebra of A. If f{t) has q^.2 + lg2(Di) continuous derivatives,
then f(x)eB.

(iii) (c/ [1)]. Let B be a differential subalgebra of A with respect to a differential
seminorm T = {\|,}f=0, where \\o = \\||o» and let N be the total order of T {see Lemma 7). / /
J"oo|2s|'*2(JV)|/(s)|ds<oo or if f(t) has q^l+lg2{N) continuous derivatives on [a,6], then
f(x)sB.

Proof. By Theorem 5, leB, so that exp(isx)eB for real s. Let k be the integer such
that 2*~1<|s |^2\ so that fc-1 <lg2|s|^/c. Set y = isx/2k. Then ||exp(^)||0 = 1 and
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for l?S,/^p. For every zeB, ||z2||1^2DI||z||,||z||1_,. Making use of Lemma 1 and
replacing there C, by 2Dh we obtain

7=O

jYik'J+1)^Mb (8)

where a(k,J) = (k\ and 6 = ̂ - 0 \a(k, j) +a(k,j+ 1)]. For

Since 1 ̂  M,

\ \ \ \ k ] l + i l M l ) i ( l ) i \\^ ( 9 )

where ^(s) = (/^2|2s|)p-1/g2M/(p-l)!.
The rest of the proof of (i) follows the proof of Proposition 3.3.6 [14] with

insignificant changes. Since / is continuous on (— 00, 00) and vanishes at infinity and
since lg2M^0, J?^ |2s|lHs)|/(s)|ds<oo implies }"„ \?(s)\ds<oo. Since / is continuous
and

= 1 / ( 2 T C ) 1 / 2 J
- 00

is continuous and since / = / almost everywhere, / = / . Therefore

/(x(A)) = l/(27r)1/2 J exP(ix(X)s)f(s)ds, for
— 00

It follows from (9) that

J \\cxp(ixs)\\p\T(s)\ds^ J Af|2sH/(s)|
— 00 — ao

Therefore J"0Oexp(/xs)/(s)ds is absolutely convergent in ||||p. Hence

y=\/(2n)112 J exp(ixs)f(s)dseB and
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for AeSpA(x). Thus y=/ (x)eB.

For p = 1, it follows from (8) that

Repeating the above argument, we obtain that f(x)eB if f.?00|s|1+'92(Dl)|/(s)|ds<oo.
Part (i) is proved.

Part (ii) follows from (i) and from the proof of Theorem 3.3.7 [14].
It follows from Lemma 7 that

\\cxp(isx)\\p = \\(cxp(itx))2k\\p^K((exp(itx))Nk

where t = s/2k, so that l / 2^ | t | ^ l . Since K(exp(itx)) is continuous with respect to | | | |p,
there exists M(x) = sup1/2g,g1 K(exp(itx))<co. Hence

and this case is similar to the case of (Df)-subalgebra of A where \ + lg2(Di) is
substituted by lg2(N). •

Recall that a family F of functions on a topological space X is said to be normal (see,
for example, [11, §15]) if for any disjoint closed subsets S and T in X, there exists a
function feF such that

/(x) = 0 on T and f(x) = 1 on S.

Definition. Let B be a dense subalgebra of a Banach algebra A with an identity 1
and let 1 e B.

(1) Let A be commutative. The algebra B is said to be normal if the algebra of functions
{x(s): xeB} on the space of all maximal ideals of A is normal.

(2) Let A and B be *-algebras. Then B is said to be locally normal if for every
selfadjoint xeB, there is a commutative Banach *-subalgebra A(x) in A such that 1 and
x belong to A(x) and such that B(x) = Bn A(x) is a dense normal subalgebra of A(x).

Theorem 13. Let (A, || )|0) be a C*-algebra with identity and let B be a (D*)-subalgebra
of A. Then

(i) B is a locally normal Q*-subalgebra of A;

(ii) everywhere defined derivations from B into A are bounded;

(iii) the mapping I-+Ir\B is a one-to-one mapping of the set of all closed two-sided
ideals in A onto the set of all closed (in the topology of A) two-sided ideals in B and
of the set of all maximal ideals of A onto the set of all maximal ideals of B.
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Proof. By Theorem 5, \eB. It was shown in (9) that, for x = x*eB, ||exp(isx)|| <
M|2s|*w, where i/f(s) = (lg2\2s\y-llg2M/{p-1)! and M = maxlsJSp{2Dj,exp(\\x\[l)}.
Therefore

J ln||exp(isx)||,
- oo

—-i
IT*

It follows from the Shilov's condition of regularity ([11, §15, 6]) that B is locally
normal. Part (ii) follows from (i) and from [9] and part (iii) follows from (i) and
from [8].

5. Banach "-algebras isomorphic to (D?)-subalgebras of C*-algebra

(DJ")-subalgebras of C*-algebras constitute the simplest and the most interesting
subclass of C*-algebras. In Section 3 we showed that even some differential subalgebras
of order p ^ 2 are, in fact, (D?)-subalgebras. In this section we characterize those Banach
*-algebras which are isomorphic to (Df)-subalgebras of C*-algebras.

Definition. Let (B,|| ||) be a *-Banach algebra and rB be the spectral radius on B. We
say that B has property (D*,r) if there exists D^O such that

||xy||^D(||x||rB(y) + |M|rB(x)), for x = x*eB and y = y*eB.

Example 6. Let 8$ be a C*-algebra with a norm 11.

(1) Let

{ K ) 4 C £)a n d iifcn=ix|+w
Then B is a Banach ""-algebra and the radical

0

We have that Spa(x) = SpB(b), so that raa(x) = rB(b). If b = b*, then x = x*, so that
rB(/j) = |x|. If 6*=bi eB and b2' = b2eB, then
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Hence B has property (D*, r).

(2) Let S be a closed *-derivation of & Then D(d) is a (Df )-subalgebra of ^ with
respect to the norms |x| and ||x|| = |x| + |<5(x)|. Therefore

IMÎ INIM+NIWI. W,
and, by Theorem 5, D(S) is a Q-subalgebra of ffl Hence, by Lemma 4, for x = x* e D(8),

\\ that

||x||rB(y) + ||j>||rB(x), x = x*eB and y = y*eB.

Therefore B has property (D*, r).
Let B be a Banach *-algebra and let 0>(B) be the set of all positive functionals on B.

Then (see [11, §18, 2])

/(B) = {xeB:/(x*x) = 0 for all fe0>(B)}

is a closed symmetric two-sided ideal of B and the radical /?(B)£/(B). A Banach
•-algebra is called reduced if /(B) = {0}.

Theorem 14. Let (B, ||||) fte a Banach *-algebra with identity. The following conditions
are equivalent:

(i) B is a reduced algebra with property (Df, r);
(ii) B is a (Pf)-subalgebra of a C*-algebra;

(iii) B is a reduced algebra and there exists D>0 such that ||x*x||^2D||x||rB(x*x)1/2,
for all xeB.

Proof, (ii) => (i). Let (A, || ||0) be a C*-algebra with identity, let B be a dense
*-subalgebra of A and let there exist D,>0 such that ||xy||^D1(||x||||j;||o + ||x||o||>'||),
x,ysB. If rA is the spectral radius on A, then, for selfadjoint x, ||x||0 = ry4(x), so that

I M I ^ D . O I X I M J H M M * ) ) , for x = x*eB and y = y*eB.

By Theorem 5, B is a (?*-subalgebra of A. Therefore it follows from Lemma 4 that
rA{x) = rB(x) and we obtain that

IMM*)), for x = x*eB and y = y*eB.

Thus B has property (D*, r).
Since A is reduced, B is also reduced, so that B is a reduced algebra with property

(DV).
(ii) => (iii). Since B is a (Df)-subalgebra of A,
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Since A is a C*-algebra, ||.x||o = ||x*x||o = rj4(x*x). Since B is a Q*-subalgebra of A, it
follows from Lemma 4 that rB(x*x) = rA(x*x). Hence ||x*x||g2D1||x||rB(x*x)1/2. Since A
is reduced, B is also reduced,

(i) =>(ii). Let B be a reduced algebra with property (D*,r). Then

/ \ l /2
= sup /(x*x) , xeB,

\/e.4«(B) /

is a norm on B such that the completion A of B with respect to || ||0 is the enveloping
C*-algebra (see [11, §18, 3]).

Let x = x*eB and let M be a maximal commutative *-subalgebra of B which contains
x. Then SpB(z) = SpM(z) for all zeM. If z = z* belongs to the radical of M, rB(z) = rM(z) =
0 and ||z2||g2D1||z||rB(z) = 0. Hence z2=0 and zel(B). Since, by assumption, I(B) = {0},
M is semisimple.

Let T be the space of all maximal ideals of the algebra M and let C(T) be the C -
algebra of all continuous functions on T with the norm | / | = sup,er |/(t)|, fsC(T).
Then M is a dense *-subalgebra of C(T) and

rB(z) = rM(z) = sup |z(t)| = |z|, for all zsM.

Therefore, for z = z* e M and u = u* e M,

and, by Theorem 13, M is a locally normal Q*-subalgebra of C(T).
In Theorem 8 [8] it was proved that if F is a dense locally normal Q*-subalgebra of a

C*-aIgebra !F and TI is an injective *-homomorphism of F into a C*-algebra J2/, then
^(.vOlUHMU ^or a " y^F- Hence, since M is injectively imbedded in A, we obtain that
z||0 = |z|, for all zeM. Therefore rB(x) = |x| = ||x||0. From this it follows that for
= x*eB and y=y*eB,

+ ||*||o|H|). (10)

Now let z = x + iyeB. Then x = (z + z*)/2 and y = (z-z*)/2i are selfadjoint, ||x||7-g
and |Hb^||z|U 7 = 0,1. Hence, by (10),

| x 2 ^

It follows from Lemma 3 that B has property (DJ.
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(iii) => (ii). Let, as above, A be the enveloping C*-algebra of B, let x = x* e B and M
be a maximal commutative *-subalgebra of B which contains x. Then, as in (i) => (ii), we
obtain that M is semisimple and that rB(z) = rM(z) = |z| for all zeM. Therefore

From Lemma 3 it follows that M is a (Df)-subalgebra of C(T). Hence, by Theorem
13, M is a locally normal (?*-subalgebra of C(T). Then, as in (i)=>(ii), ||z||0 = |z|. for
zeM. Therefore rB(x) = |x| = ||x||0. Therefore, for every yeB,

It follows from Lemma 3 that B is a (Df )-subalgebra of A. •

Recall that a Banach *-algebra B is called symmetric if l+x*x is invertible for all
xeB. For a symmetric algebra B, R(B) = I(B) (see [11, §23, 3]). The following lemma
shows that the condition R(B) = I(B) is sufficient for an algebra with property (D*, r) to
be symmetric.

Lemma 15. Let B be a Banach *-algebra with identity and let B have property (D*,r).

(i) For every zeR(B), z2 = 0 and the semisimple Banach *-algebra B/R(B) also has
property (D*, r).

(ii) If R(B) = I(B), then the algebra B is symmetric.

Proof. If z = z*eR{E), then ||z2||g2L>||z||rB(z)=0, so that z2 = 0. If z = y + iueR(B),
y = y*eR(B) and u = u*eR(B), then y2 = u2 = 0 and z2 = y2 + i(yu + uy) - u2 =

Let x-*x be the canonical mapping of B onto the quotient Banach *-algebra B =
B/R{B). If zeR(B), then 1 + z is invertible. If xeB is invertible, then x + z = x(l + x- 1z) is
also invertible. Therefore SpB(x) = SpB(x + z) and r^x) = rB(x + z). From this it follows
that

SpB(x) = SpB(x) and rB(x) = rB(x). (11)

Hence, for selfadjoint x and y,

\= inf \\xy + z\\Z inf ||(x + z)(y + z)| |g inf
zeR(B) zeR{B) z = z'eR{

inf

inf ||x + z|| + rB(x) inf \\y+z\\).
= z'eR(B) r = 2*eK(B)

For all selfadjoint u and z, x + z = [(x + z + iu) + (x + z — iu)]/2, so that

||x + z||g(||x + z + /u|| + ||x + z-iu||)/2 = ||

Therefore infr=r.eR(B)||x + z|| = infZEfi(B)||x + z|| = ||x||. Hence
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x* = xeB and

and B has property (D*, r). Part (i) is proved.
If I(B) = R(B), the algebra B is reduced and has property (D*,r). Let A be the

enveloping C*-algebra of B. By (i) and by Theorem 14, B is a (DfJ-subalgebra of A. It
then follows from Theorem 5 that B is a Q*-subalgebra of /4. From this and from (11)
we obtain that

SpB( 1 + x*x) = Spe(l + x*x) = SpA{\ + x*x) for all xeB.

Since l+x*x is invertible in A, l + x*x is invertible in B. Thus B is a symmetric
algebra. •
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