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POINTWISE CONVERGENCE OF ALTERNATING 
SEQUENCES 

M. A. AKCOGLU AND L. SUCHESTON 

1. Introduction. Let 1 < p < oo and let L be the usual Banach Space of 
complex valued functions on a a-finite measure space. Let (Tn), n i^ 1, be 
a sequence of positive linear contractions on L . Hence TnL* c L* and 
\\Tn\\ ^ 1, where LÏ is the part of Lp that consists of non-negative Lp 

functions. The adjoint of Tn is denoted by T*9 which is a positive linear 
contraction of Ln with q = p/(p — 1). 

Our purpose in this paper is to show that the alternating sequences 
associated with (Tn), as introduced in [2], converge almost everywhere. 
Complete definitions will be given later. When applied to a non negative 
function, however, this result is reduced to the following theorem. 

(1.1) THEOREM. If (Tn) is a sequence of positive contractions of L then 

(1.2) limn Tl*...Tn*(Tn...Tlfy-1 

exists a.e. for all f e L . 

This is related to the following theorems due to Stein [9] and Rota [7]; 
see also [3], [4], [8], and [5] and [10]. 

(1.3) THEOREM (Stein). If T is a self adjoint positive contraction on L2 

then 

lim„ T2"f 

exists a.e. for each f e L2. 

(1.4) THEOREM (Rota). If each Tn is a positive contraction of all 
L -Spaces, 1 = p = oo, simultaneously, and if Tn\ = T*l = 1, then 

(1.5) \imn T?...Tn*Tn...Tj 

exists a.e. for each f G L 1 < p. 

Theorem (1.1) generalizes Stein's Theorem. It also implies a part of 
Rota's Theorem, namely the existence of (1.5) first f o r / e L2, then, by an 
easy argument, for / e L 2 ^ p (even if the measure is not finite). If 
/ ^ L 1 < p < 2, then the existence of (1.5) does not seem to follow 
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ALTERNATING SEQUENCES 611 

from the existence of (1.2) in a direct way. It may be noticed, however, 
that, under the additional hypotheses of Rota's theorem, our proof can be 
modified in a trivial way to obtain (1.4). We omit this as the proof so 
obtained will not be very different from the existing proofs of (1.4). 

The arguments of the present paper depend, beyond the basic Measure 
Theory, only on Doob's maximal theorems for martingales (as given in, 
e.g., [10], pp. 89-94) and on a result in [1], Our main result, in fact, will be 
obtained by adapting the arguments of [1] to the present case. Also, in 
Lemma (2.3) we seem to need the uniform convexity of L (see [2] ). If one 
is interested only in p = 2 then this becomes, however, very simple. 

In Section 2 we list a number of elementary results and observations 
that we will need later. In this section some of the simple proofs are 
omitted. In Section 3 we formulate our main result, Theorem (3.2), and 
reduce its proof to the proof of two maximal inequalities. We also notice 
that it will be enough to prove these inequalities only in the finite 
dimensional case. Finally in Section 4, which contains our main 
arguments, we give the proofs in the finite dimensional case. 

2. Preliminaries. In this section we are dealing with a fixed (complex) 
Lp Space, 1 < p < oo, over a a-finite measure space (X, ^ /x). The adjoint 
of L is identified with L , q = p/(p — 1). The application of the 
functional g e Lq on / e L is given by 

</,*) = ffgdp-
Any statement made about L and/or L is also valid and will be used 
when the indices p and q are switched. The norm in L is denoted by 
|ML or simply by | | | | . Finally, all our statements are correct only up to 
sets of measure zero, where applicable. 

Lp - > Lq i s The duality mapping \pp:Lp —» L is defined by 

p (O otherwise. 

We also write / * for \ppf. Note that / * e Lq and 

(/,/*) = \\f\\p
P = II/II,II/% = ii/ii?. 

In fact, these equations define / * uniquely. Also note that 

is the inverse of i// We also write t//g = g*, g e L , when the distinction 
between \p and \p is clear from the context. 

By a linear operator we always mean a linear bounded operator. A 
linear operator V:L —> Lp is called a contraction if \\Vf\\ = | | / | | for all 
/ G Lp and is called positive if VLp c L*9 i.e., if Vf ^ 0 whenever 
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f = 0 and / G L . If F:L -> L is a linear operator then the adjoint 
operator V*:L —> L is defined by the requirement that 

(Vf, g) = (/, V*g) for all / e L r g G L,. 

If F is a positive linear contraction on L then F* is a positive linear 
contraction on L 

(2.1) LEMMA. IfV:Lp—> Lp is a positive linear operator then 

\Vf\£ V\f\, f^Lp. 

Proof. If 4> e Lp then let P(4>) be the class of functions h e L^ such 
that 

| J 4>gJju| â J Ag<//i for all g e L+. 

Then \<t>\ â /i whenever /z <= P(4>). But if g e L+ then 

I /* 1 1 / * I 
/ P / - gdfx = / /V*gdW 

I •/ | I J | 

^ j \fW*gdii= fvifl-gdp, 

which shows that V\f\ G P(P^). Hence |py| ^ K|/ | . 

(2.2) LEMMA. Z.^/^ ^ Lp, \ ^ k ^ n, and let V:Lp —> Lp Z?e a positive 
linear operator. Then 

ms*\Vfk\ =i V(max\fk\), 

and, consequently, 

HmaxlFAMI =i IIFII- Uniaxial ||. 

(2.3) LEMMA. For each e > 0 there is a 8 > 0 such that if E:L —* L is a 
conditional expectation operator, f e L , and if 

ll/H - ||£/|| < 5II/H 

then 

\\f - Ef\\ < e\\f\\. 

Proof We will use the uniform convexity of L , as stated in Lemma (2.2) 
of [2]: For each e > 0 there is an 17 > 0 such that \\g — h\\ < e whenever 
g, h e Lp, \\g\\ ^ 1, \\h\\ ^ 1 and \\g + A|| > 2 - 77. We choose a 5 > 0 
such that 

2(1 - 8 ) ' > 2 - ij. 

L e t / e Z^, | | / | | = 1 and let 

ll/ll " Itëfll < *• 
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Then 1 - 8 < \\Ef\\ â 1. Also, 
(f + Ef, (Ef)*) = (2Ef, (Ef)*) 

= 2| | W > 2(1 - 8Y, 

where the first equality follows from a basic property of E. Since 
\\(Ef)*\\q â 1, we see that 

\\f+Ef\\>2(\ - g y > 2 - i , . 

Hence \\f - Ef\\ < e. If / e Lp and 0 < | | / | | # 1 then we apply the above 
argument t o / ' = / / | | / | | . 

(2.4) LEMMA. Letfk, fc = 0, be a sequence in L such that 

F = (suplAI ) e L,. 

7/̂ A^ w « sequence of complex numbers such that |1 — ÀJ < e /? r e#c/z 
& ^ 0 f/raw 

|| (suplA - / o l ) - (sup|A,A " V o l ) H ̂  4c||F||. 

(2.5) LEMMA. Z^* (Am)» 1 = & = «, 1 ^ m, be n sequences in Lp such 
that \imm\\fkm - fk\\ = 0 /or «icA fc 7fa?/i 

l i m j | max | / t e | - max | / J || = 0. 
X^k^n X^k^n 

Proof. See Lemma (3.2) in [1]. 

(2.6) LEMMA (Uniform continuity of \pp). Given e > 0 and M > 0 f/zere /s 
a 5 > Osuch that | | /* - g*|| < c whenever \\f - g\\ < 5 , / e L g e L 
and 11/11̂  ^M,\\g\\p =§M. 

This lemma has been stated in [2]. As mentioned there, its proof follows 
directly from a result of Mazur [6]. It should be noted, however, it is also 
quite routine to give a direct elementary proof. 

(2.7) LEMMA. Given an e > 0 and an M > 0 there is a 8 > 0 with the 
following property. Iffk is a sequence in L such that 

\\sup\fk\\\p^M and ||sup|/* - / 0 | ||„ < « 

then 

l l s u p | / * - / c f | | | ? < e . 

Proof Choose S from the previous lemma corresponding to (l/2)c and 
M. Given any n ^ 1 there is a partition of X into n sets Ab 1 ^ / ^ «, 
such that 

max | / ^ - / ^ | = 2/Ltf-.tflX4, 

where x denotes the characteristic function of a set. Hence 
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max \ft-f$\ = \f* -fS\ 
XSk^n 

with 

/ = 2///X4,-
B u t H / I I ^ M a n d l l / o l l ^ M a n d 

| | / - / 0 l l , = i | | s u p | / * - / o l l l . 

Hence if this last norm is less than 8 then 

which completes the proof. 

(2.8) LEMMA. Let fn be a sequence of functions in Lp such that 

(supl/J ) e Lp. 

Then fn converges a.e. / / and only if 

lim„||sup^a„|/A - / J H = 0 . 

Proof. Let 

en = SUPk^Jfk ~fn\-

First assume that fn's are real valued. Let 

<?>« = i n 4 a » / i a n d 4>„ = SUPkZnfk 

fn-6n^ <*>„ ïkfk â *„ =S/„ + 6n, k^ n, 

shows that 

o =i e„ ë *„ - <t>„ § 20„. 

Hence ||0J| —» 0 if and only if \\\pn — <j>n\\ —> 0. But /„ converges a.e. if 
and only if \pn — <t>n converges a.e. to zero, which happens if and only 
if \\\pn — <t>n\\ converges to zero. 

For the complex valued case, let 

J n J n ' v / i » 

where /^ and / ^ are real valued. Let 6n be as before and let 0'n, 6„ be the 
similar functions associated with the sequences f'n and f%9 respectively. 
Then we see that 6'n â 6n, ^ ^ 6n, and 0n ^ 0'n + ^ . Hence ||0J| —> 0 if 
and only if | |^ | | + | | ^ | | -> 0, which happens if and only if bo\hfn andfi 
converge a.e. 

(2.9) COROLLARY. Let fn be a sequence in Lp such that (sup|/J ) <E Lp. 
Let V be a positive linear operator. If fn converges a.e. then Vfn also 
converges a.e. 
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(2.10) Definition. A point transformation r:X —» X will be called an 
automorphism if it is invertible and if both T and T~ are measurable and 
non singular. An automorphism induces two measures / I T - 1 and /AT, both 
absolutely continuous with respect to ju. If p is the Radon-Nikodym 
derivative of JUT with respect to JU then the operator Q:L —» L de­
fined by 

Qf=pVpfr-\ f^Lp 

(or, more explicitly, by 

(Qf)(x) = p{x)yPf(r-xx), fe Lp) 

is a positive invertible isometry of L We will call g the L -isometry 
induced by T. 

(2.11) LEMMA. IfQ is the L -isometry induced by an automorphism r then 
Q~ is the L -isometry induced by r~ and Q* is the L -isometry induced by 
T 

Proof. This follows directly from the definitions, if it is observed that the 
Radon-Nikodym derivative p' of JUT with respect to fi is given by 

p'(x) = l/p(rx). 

(2.12) LEMMA. If Q is the L -isometry induced by an automorphism r and 
iff e Lp then 

Q*f* = ( Ô - 1 / ) * . 

Proof This, again, follows directly from the definitions and from 
Lemma (2.11). 

3. The main result. If T is a linear operator in L then we let, as 
in [2], 

(3.1) M(T)f= [T*(Tf)*]*, 

w h e r e / e L Note that M(T) maps L into L but in general it is a non 
linear operator. The main result of this paper is the following theorem. 

(3.2) THEOREM. If Tn is a sequence of positive linear contractions on L_, 
1 < p, then 

lim M(Tn . .. Tx)f 

exists a.e. for each f G L . 

(3.3) Remarks. The pointwise convergence of 

M(T„ .. . Tx)f = [Tf... Tn*(Tn ... TJTY 

is equivalent to the pointwise convergence of 
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r,*...r„*(r„...r,/)*. 
If / e L^ then this last sequence simplifies to 

T?...TZ(Tn...TxfY-\ 

Hence Theorem (3.2) contains Theorem (1.1) stated in the introduction. 
Also, if p = 2 then M(Tn . . . Tx)f becomes T?. . . T*Tn . . . Tj. Hence 
Theorem (3.2) implies that if Tn is a sequence of positive linear 
contractions in L2 then 

lim Tl*...TfTn...Tj 

exists a.e. for each / e L2. 

(3.4) Notation. If Th k i^ 1, is a sequence of linear operators on L and if 
f ^ Lp then we let V0 = 1 be the identity on Lp, 

r„ = r„... r,, n*\, 
and 

/„ = M(FJ/ = [VRVJ)*]*, 

Note that fn is a sequence in Lp and g„ is a sequence in L^ and that fn 

converges a.e. if and only if gn converges a.e. Also, f0 = f = gg. 

(3.5) Definition. Let Tn be a sequence of linear operators on L . We say 
that Estimate A holds for Tn if 

||sup|/„| || ^ q\\f\\ 

for all / e L , with the notations of (3.4). 

(3.6) Definition. Let rw be a sequence of linear contractions on Lp. We 
say that Estimate B holds for Tn if for each € > 0 there is a 8 > 0 
depending only upon e and /?, such that 

l lsup| /„- / 0 | | |<É 

whenever 

11/11 - limJWJW < 8H/II 

and 

i i / i i ^ i , 

with the notations of (3.4). 

These two estimates can also be given in terms of the sequence gn. We 
state this in the following two lemmas. 
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(3.7) LEMMA. Estimate A holds for Tn if and only if 

l l s u p l g J H ^ y i / i p " - 1 , forallf^Lp. 

Proof We see that 

suplgj = sup|/*| = (sup|/J )*. 

Hence 

HsuplgJ \\«q = Hsupl/J \\Pp. 

Then the proof follows. 

(3.8) LEMMA. Estimate B holds for Tn if and only if for each £ > 0 there 
exists an 7] > 0 such that 

llsup|g„ - g0\ \\q < £ 

whenever 

\\f\\p - KmllKjni, < V\\f\\p 

and 

ii/iiP ^ i. 

Proof Assume that Estimate B holds. First find 8X > 0 such that 

l l s u p | / B - / o l l | < l 

whenever 

(3.9) Il/H - l i m | | F „ / | | < 5,11/H, 

and 

(3.10) ll/H â 1. 

Then 

(3.11) ||sup|/„| || =i ||sup|/„ - / 0 | || + | |/0 | | 

< 2 , 

whenever (3.9) and (3.10) hold, since \\f0\\ = | | / | | . Given £ > 0 we use 
Lemma (2.7) with € = £ and M = 2 to find a 60 > 0 such that 

(3.12) ||sup|g„ - g0l II, < è 

whenever 

(3.13) | | s u p | / „ - / 0 | | | / , < 5 2 

and 

(3.14) ||sup|/„| || â 2. 
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Then find 77, 0 < 17 < S1? using the Estimate B with e = 52. Then we see 
that (3.12) holds whenever 

H/ll - l i m l l ^ l K i, | | / | | ^7,. 

The proof in the other direction is similar. 

(3.15) LEMMA. Given a sequence of linear operators Tk, k = 1, a function 
f e L and an integer n = 1, define a new sequence Tk = Tn+k, a 
new function 

r=Vj=Tn...Tj 

and then define Vk, fh gk as in (3.4). Then 

gn+k = V*gh k^O. 

Proof 

gn+k = K*+k(vn+kfy 

= K*mw„fr 
= v:vk\vkT) = v*gk. 

The following lemma reduces the proof of the main result to the proof 
of Estimates A and B for a sequence of positive linear contractions. 

(3.16) LEMMA. Let Tn be a sequence of positive linear contractions on Lp. 
If Estimates A and B hold for Tn thenfn converges a.e. for eachf e L• , with 
the notations of (3.4). 

Proof It is enough to consider/ e L with | | / | | ^ 1. We will prove the 
convergence of gn. First, since Estimate A holds, 

sup|gj e Lq. 

Hence we will show 

limjlsuplg^+fc - gn\ || = 0 

to complete the proof. 
Let ft = lim||P£/||. Distinguish two cases. 
Case 1. ft = 0. Given e > 0 find «0 = 1 such that 

11 VU <€-
Choose and fix an n ^ n0 and define gk and J as in Lemma (3.15). 
Then 

I M p l W - gn\ Il = \\suç\V*gk - J/*g0| II 
k^O k^O 

^ llsupfe - loi II 
km 
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^ 2IISUP&I || 

^2(q\\f\\y-' <Hgèf-\ 

where the first inequality follows from Lemma (2.2) and the second 
inequality from Estimate A. Note that Estimate B is not needed in this 
first case. 

Case 2. /? > 0. Given £ > 0 choose 17 > 0 from Lemma (3.8). Choose 
n0 â 1 such that 

11V" < <! + *>£ 
Then choose and fix an n ^ n0 and define gk and J as before. Then we see 
that, as in the first case, 

||sup|g„+£ - gn\ || ^ ||sup|g^ - g0\ H < £ 

since 

H/ll - l i m j | ^ / | | = | |F„/| | - / ? 

< (l + n)p - fi = vp ^ 7,11/H ^ T]. 

(3.17) LEMMA. If Estimate A holds for any sequence of positive linear 
contractions on a finite dimensional L Space then it also holds for a sequence 
of positive linear contractions on a general L Space. 

Proof Assume the hypothesis of the theorem. Let Tn be a sequence of 
positive linear contractions on a general L Space. If Estimate A does not 
hold for Tn then there is an / e Lp such that 

HsuplAI II > «Il/Il-
Then there is an n ^ 1 such that 

II max \fk\ || > <7||/||. 
O^k^n 

Then we see that there is a finite partition 0 of the measure space X 
such that if E is the conditional expectation with respect to 0 and if 
Tk = ETkE, f = Ef and if fk = M(V{ )f with Vk = Tk . . . T[ then 

(3.18) || max \fk\ || > q\\f% 

This essentially follows from Lemma (2.5). We recall that the conditional 
expectation is defined as zero on the atoms of 0 with infinite measures. 

Now Tk = ETkE can be considered as a positive linear contraction on a 
finite dimensional Lp Space. Hence (3.18) contradicts our hypothesis. 
Therefore Estimate A must be satisfied for Tk. 
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(3.19) LEMMA. Assume that for each £ > 0 there is an rj > 0, depending 
only on £ and p, such that 

(3.20) H max \gk - g>0\ \\ < £ 

whenever n ^ I is an integer, T[, . . . , Yn are n positive linear contractions of 
a finite dimensional L Space I and f e / such that 

(3.21) H/'H - \\\rf\\ < 7,11/H g n, 

where, as before, 

Vk =Tk...TXi% = 1. 

Then Estimate B holds for any sequence of positive linear contractions on a 
general Lp Space. 

Proof. Let £ > 0 be given. Find TJ > 0 from the hypothesis. Let Tk be 
any sequence of positive linear contractions on an L Space. We would 
like to show that 

l i s a i s * " Sol H < X 

whenever 

(3.22) | l / l | - l i m | | r ç / | | < 7,11/H ^ i , . 

In fact, otherwise there is an / e L satisfying (3.22) for which 

WsuPk\gk ~ So\ II > £ 

Then there is an n ^ 1 such that 

ll/ll - \WJ\\ < 1,11/H ^ i , 
and 

II m*x Ig* - g0\ || > £. 

Then, as before, we find a conditional expectation E with respect to a 
finite partition such that if Tk = ETj^E, \ ^ k ^ n and / = Ef then 
(3.21) is satisfied but (3.20) is violated. 

Finally we will show that if the hypotheses of the Lemmas (3.17) and 
(3.18) are satisfied for a special type of positive linear contractions on a 
finite dimensional Z, -Space then they are also satisfied for all positive 
linear contractions on finite dimensional L -Spaces. For convenience, we 
will call these special contractions the admissible contractions. 

(3.23) Definition. Let T be a positive linear contraction on a finite 
dimensional Z^-Space lp. Then T is called an admissible contraction if 
| | r | | = 1 and if Tf > 0 at each point whenever/ G lp a n d / ¥= 0. 
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(3.24) LEMMA. Let T be any positive linear contraction of I Let 
1/X = 11711 > 0. Then for each e > 0 there is an admissible contraction 
T of lp such that 

\\\T - T'\\ < €. 

Proof Let T0 be an arbitrary admissible contraction. Find an admissible 
V of the form 

T = rXT + sT0 

where r < 1, 0 < s, and s and \ — r are sufficiently small. 

(3.24) LEMMA. Assume that Estimate A is satisfied for any sequence of 
admissible contractions. Then it is also satisfied for any sequence of positive 
linear contractions on a finite dimensional L -Space. 

Proof If the conclusion is not correct then there are finitely many 
positive linear contractions 7 J , . . . , Tn on / and / G lp such that 

f = H3XII > 0 and 

II max | / J || > q\\f\\. 

Let T'k = \kTk and / ' = / and 

fk =M(V£)f. 

Then we see that 

fk=(Xk...Xx)%. 

Hence 

II max \fk\ || > q\\f\\. 

Then one can replace each Tk by an admissible Tk such that one would 
still have 

|| max l/TI II > WW 
OëÀrSn 

with/" =f,f£ = MW)f". 

(3.25) LEMMA. Suppose that for each £' > 0 there exists an TJ' > 0, 
depending only on % and p such that 

|| max \gk - g0\ || < Ç 
O^k^n 

whenever n ^ 1 is an integer, T{, . . . , Tn are n admissible contractions of lp 

andf G / such that 
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Il/Il " \WJ\\ < r,'\\f\\ grf. 
Also assume that Estimate A is satisfied for any sequence of admissible 
contractions on I Then the hypothesis of Lemma (3.19) is satisifed. 

Proof Let £ > 0. Using the hypothesis choose an TJ' > 0 corresponding 
to £' = (1/10)£. Then choose TJ" > 0 such that 

(1 4- 2x)q < 1 + — iqx~p 

whenever 0 ^ x < TJ". Let 

7] = min^ ' , TJ", - j . 

Then let 7 ] , . . . , Tn be linear positive lp contractions. Let / ' e lp be 
such that 

II/II - i i^/i i <ÎJII /II ^% 
Then, since Estimate A holds for Tk, 

(3.26) ||max|g£| || ^ (q\\f\\ ) " " ' Si ^ - ' , 

by Lemma (3.7). 
We would like to show that 

(3.27) ||max|g^ - g>0\ || > I f 

leads to a contradiction. 
If 7X = 0 for some k, I ^ k ^ n, then V;f = 0 and we have 

H/'ll < 1,11/H ^| | / ' | | 
4 

which is impossible. Hence 

0 < 1172II = — ^ 1 for all k. 

Also, since TJ 1 = 1/4, and since 

(i - ij) Il/Il ^ WKf'W = IIT;' . 

II f \ \ 

(i - ij) Il/Il 

\ „ . . . A 1 1 / II» 
l 

we see that 

i ^ A , . . . A, <_L_ 
? — -. 

^ 1 4-

7T/I 

i -n 

https://doi.org/10.4153/CJM-1988-026-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1988-026-4


ALTERNATING SEQUENCES 623 

Hence,if i^k = \x .. .Xk then 

1 ^ nk ^ 1 + 2T] ^ 1 + 277" for all /c, 1 g fc ^ w. 

Now let 7£ = \kTt. and / " = / ' and define g£ in terms of / " and 7£' as 
before. Then 

g'k = M 

and 

1 ^ ^ ^ 1 + — ^ 1 _ / ? 

by the choice of rj". 
Then, by Lemma (2.4) and by (3.26) 

HmaxIsZ - $\ || ^ | |max|^ - &\ \\ - ±£ 

Also 

11/11 - HC/"II ^ 11/11 - WKf'U 

< TJII/II = vWf'W 
Now we can find admissible Tk such that if / = f = / " then we still 
have 

4 
llmaxlg* - g0\ || > — £ > Ç 

and 

ii/ii - ii^/u < VU/H ^ ii/ii. 
This contradicts the choice of 77'. Hence we see that 

| |max|^ - g>0\ || < f 

whenever 

II/II -11 F„/H<7,11/11 ^11/11. 

This completes the proof. 

Hence to prove the main theorem, Theorem (3.2), it will be enough to 
prove the hypotheses of Lemmas (3.24) and (3.25). This will be done in the 
next section. 
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624 M. A. AKCOGLU AND L. SUCHESTON 

4. Admissible contractions of / Let / be a ^-dimensional Z^-Space. 
Hence the associated measure space consists of d points with non zero 
measures mi > 0, 1 ^ / â d. Let T be an admissible contraction of lp. A 
result in [1] shows that there is a finite measure space (Z, J^ JU) of a very 
special type, a partition 3P of Z into d atoms of measure mi and an 
automorphism T of Z, again of a very special type, such that if Q is the 
Z^-isometry induced by r and if E is the conditional expectation with 
respect to the partition <P then T can be represented by (or isomorphic 
to) 

EQE 

in the obvious sense. We will use the properties of Z, T, Q and E to obtain 
the estimates on admissible contraction from the corresponding estimates 
on martingales. We will first describe Z and r. Again, for convenience, we 
will call the particular type of automorphisms of Z we are going to define 
the admissible automorphisms of Z and the induced isometries the 
admissible isometries of Lp. In this section Lp will always denote Lp(Z) 
and lp the finite dimensional L -Space associated with the finite partition 
0>. (Hence lp = ELp.) 

(4.1) Definition of Z. Let d be an arbitrary integer, d ^ 1. The indices i 
and j will range through the integers {1 , . . . , d}. Let mi be also fixed 
numbers, mi > 0. Let It be disjoint intervals on the x-axis such that the 
length of /• is mt. Let Jt be disjoint intervals on the >>-axis, each of unit 
length. Let Pt = It X Jt and let Z = UPt. Hence Z be a subset of the xy 
plane. The measure /x will be the two dimensional Lebesgue measure on Z. 
The partition of Z into Pt will be denoted by £P. The points of Z are 
denoted by (JC, y), as usual. 

(4.2) Admissible automorphisms of Z. An automorphism r of Z will be 
called an admissible automorphism if it is of the following type. Each / is 
partitioned into d intervals (Iij)i of non zero length and each Jt 

is partitioned into d intervals {Jtj)j of non zero length. If Rtj = It X Jtj and 
Stj = Itj X Jj then T maps each Ry onto Sy and the restriction of T to each 
RtJ is of the form 

T(X, y) = {ax -h b, cy + d), 

where a, Z>, c, d are four constants depending on Ry. The L -isometry Q 
induced by an admissible automorphism will be called an admissible 
isometry of L . 

(4.3) Admissible contractions of L A result in [1] shows that if T is an 
admissible contraction of lp then there is an admissible isometry Q of Lp 

such that T = EQE, where E is the conditional expectation with respect to 
&. Here we identified, in an obvious way, the finite dimensional space / 
by ELp. The converse is not true. If Q is an admissible isometry of L then 
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EQE may not be an admissible contraction of / , in the sense of the 
previous section (the reason is that ||2s(XE|l < 1 is possible). This is not 
important, however, as we are going to prove our estimates for any 
sequence of operators of the type EQE, with Q being an admissible 
isometry of L . 

(4.4) Further notations and definitions. We have already denoted the 
conditional expectation operator with respect to & by E. In general, if 
^ i s a finite partition then E(- \&) will denote the conditional expectation 
with respect to ^. Hence E = E(- \0>\ 

Let G be a set in the xy-plane. A subset F of G will be called a vertical 
subset of G if 

F = (F X R) n G 

for some subset F' of the x-axis. Similarly, if 

H = (R X H') n G 

then H will be called a horizontal subset of G. Let <f> be a function defined 
on a subset of the xy-plane. We will say that <#> is constant on vertical lines if 
<j>(x, y) depends only on the x-coordinate. Similarly, if <p(x, y) depends 
only on the ^-coordinate then we will say that <j> is constant on horizontal 
lines. 

(4.5) LEMMA. Let & be a finite partition ofZ such that each atom of & is a 
vertical subset of one of Pt. Let f be an L function which is constant on 
vertical lines. Let r be an admissible automorphism and let Q be the induced 
L isometry. Then 

(4.6) QE(f\9) = E(Qf\? V T9). 

Proof. If G is a subset of Z then let A (f G) be the average value of / on 
G; i.e., let 

,4.7, ^ O - f * * 0 » " ' ^ ' " ( G ) > 0 

V 0 otherwise. 

If G is an atom of ^ then it is of the form G = G' X Ji9 for some /, where G' 
is a subset of It. Let Gy = G Pi Rtj with this particular /, where R^s are 
associated with T as in (4.2). Then Gy = G X J-. Since / is constant on 
vertical lines, 

A(f Gj) = A(f G) 

for each j . Hence, 

(4.8) A(f,GyXG = ^A(f,GiyXc/ 

We now notice that r maps R(j onto Stj and that T transports the measure ju 
on Rtj to a constant multiple of ju on Sti (i.e., 
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d\x 

is a constant ptj on Stj). Hence, if F is a subset of Ry, then 

A(fF) =A(fr-\rF). 

We then have that, since each G is contained in a single Rtp 

(4.9) QA a Gj)xG = A a GJ)QXG 
J J J J 

= A(fr-\rGj)p\;"xTGj 

= A{^fr-\rGj)XTGj 

= A(Qf, T G , ) X T G / 

We now observe that 

TGJ = (TG) n s&. = (TG) n ^ , 

which means that TGJS are exactly the atoms of & V rG that are contained 
in TG. Hence we conclude the proof first by applying Q to the both sides of 
(4.8), then by transforming the second side by means of (4.9) and finally 
by summing the resulting equations over the atoms G of the partition ^. 

(4.10) LEMMA. Letf,f be two functions in L that are constant on vertical 
lines. If Ef = Ef then also EQf = EQf\ where Q is any admissible Lp 

isometry. 

Proof This was already proved in [1]. But it also follows directly from 
the previous lemma, which shows that 

E(Qf\&> V T0>) = E(Qf'\0> V r ^ ) , 

as these two sides are equal to QEf and to QEf respectively. 

These results have obvious analogues for the inverse of an admissible 
isometry. We state only the following result and omit the proof. 

(4.11) LEMMA. Let f and f be two functions in L that are constant on 
horizontal lines. IfEf= Ef then also 

EQ-xf=EQTxf, 

where Q is any admissible isometry. 

(4.12) LEMMA. Iff e L is constant on vertical lines and if Q is an 
admissible isometry then Qj is also constant on vertical lines. Similarly, if 
g G L is constant on horizontal lines then Q~lg is also constant on 
horizontal lines. 
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Proof. This follows directly from the definitions, if one observes that the 
image of a vertical line in Z under an admissible T consists of d vertical 
lines and that 

dfir 
p = ~ ^ -

is constant on vertical lines. 

(4.13) Notation. Let n be a fixed integer, n ^ 1. The index k will range 
through the integers {0, ! , . . . , « } . If 1 ^ k ^ n then let Qk be an 
admissible Lp isometry induced by an admissible automorphism rk. Let Q0 

be the identity operator on L and T0 the identity automorphism on Z. 
Then let 

Tk = £ & £ , ^ = 7i . . . To, Wk = Qk... Ôo-

For a fixed / e L we let, as before, 

and also 

^ = ^ E W f c E / , 0 ^ fc ^ n. 

Note that 

/o =.*o = Ef-

(4.14) LEMMA. P£/ = EWkEf. 

Proof. First observe that WkEf is constant on vertical lines. Hence, 

Wk+xEf= Qk+xWkEf= Qk+xEWkEf 

where the second equality follows from Lemma (4.10). Then an obvious 
induction argument completes the proof. 

(4.15) LEMMA. Vk*(Vkf)* = E(W^XEW,fif)*. 

Proof Let (Vkf)* = g, which is equal to 

g = (EWkEfr 
by Lemma (4.14). Hence Eg = g. Since T£ = EQ%E, and since g* is the 
L isometry induced by Tk , an obvious analogue of Lemma (4.14) shows 
that 

Vfe = EWpEg = EWfe. 

Then Lemma (2.12) gives that 

wk*g = (wk
x

g*r 
= {Wk

xEWkEf)\ 
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which completes the proof. 

(4.16) LEMMA. There exists a monotone sequence of finite partitions 
@n < . . . < %, each as in Lemma (4.5), such that, with the notations of 
(4.13), 

** = nÇxE{WnEf\%). 

Proof First we can take <Sn = £P, since 

<t>n = W^xEWnEf= nÇlE(WnEf\&). 

To obtain ^ n _ , we use Lemma (3.8). 

*„_, = W;lxE<Wn-XEf&) 

= W-n±xQrxE{QnWn_xEf\?\lrj?) 

= w;'E(wnEf\^yT^>). 

Hence we can take @„-X = @ V r^. Continuing in this way we see that 

^ = ^ V T / V . . . V T „ . . . V H I ^ 1 = S * S / I . 

For a more formal proof one can apply an induction over n. Since 
@k depends on n we write, for the purpose of this proof, &k to show 
this dependence. Then an application of Lemma (3.8) shows that 

V(ÇxE(W„Ef\n) = WnQ;lxE(.Qn+xW„Ef\&V Tn+X$n
k) 

= W;lxE(Wn+lEf\n+\ 

i.e., that 

Since <Sk = &, we obtain &k as before. Since n is fixed we will now again 
write <&k instead of <3k. 

(4.17) Notation. Let 

uk = E(WnEf\%\ O^k^n, 

where ^. 's are the partitions obtained in Lemma (3.17). Hence 

H = WnX"k-

(4.18) THEOREM. The sequence (w0,. . . 9un) is a martingale in L and 

Uniaxial || â q\\u0\\ â q\\Ef\\, 

||max|t/£ - un\ || ^ q\\u0 - un\\. 

Proof. Since the partitions &k form a monotone sequence, the sequence 
(w0,. . . , un) is a martingale in Lp with 

uk = E(uo\9k). 
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Hence the martingale inequality (see, e.g. [10], p. 91, where we can take 
Ap = q = p/(p — 1) ) shows that 

Uniaxial || â q\\u0\\. 

For the second inequality, we observe that 

hk = Uk - Un> ° = k = n> 

is also a martingale, since 

hk = E(u0 - un\%) = E(h0Wk). 

Then we use the same martingale inequality for hk. 

(4.19) LEMMA. 

| |max |<y || ^ q\\<t>0\\ and 

| |max |<^ - 4>J || ^ q\\<}>0 - <j>n\\. 

Proof. Note that W~l is a positive invertible isometry of Lp and it is 
induced by an automorphism of Z. Since <f>k = W~ uk we see that 

1**1 = W~l\uk\ and 

Hence 

max|0j = W~l(mdix\uk\) and 

m a x | ^ - <j>n\ = VfÇ\max\uk - un\). 

Then the proof follows from Theorem (4.18). 

(4.20) C O R O L L A R Y . | |max |<^ - <f>0| || ^ 2q\\$n - «foil-

(4.21) LEMMA. Given e > 0 f/zere is a 8 > 0, depending only on e and p, 
such that 

ll/oll - ll^oll<*ll/oll 
/mp to /Aa/ | | ^ - «foil < cll^oll. 

Proof. Recall that f0 = <j>0 = Ef Given c > 0 pick a 8 > 0 as given by 
Lemma (2.3). Let 

ll/oll -\WM\< «H/oll-
Then 

ll^/0H - iijjwjyi = ||/0|| - IIF„/0H 

< «ll/oll =SUWO)ll, 
where we have used Lemma (4.14) and the fact that Wn is an L isometry. 
Hence Lemma (2.3) shows that 
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WWJo ~ EWJ0\\ < e\\Wj0\\, 

which implies that 

l l / 0 - nçlEwnf0\\<t\\f0\\, 
or that 

114) - *„|| < dl^H. 
This completes the proof. 

We are now ready to prove the main estimates. 

(4.21) THEOREM. With the notations of (4.13), 

|| max | / J || ^q\\U\ (= \\Ef\\ ^ \\f\\). 

Proof. By Lemma (4.15) we see that 

Hence 

Hmaxlgj ||? s Uniaxial \\q 

=i || (max |^ | y\\q 

= Uniaxial \\p
p
/q 

S (qU0\\ ) p l \ 

where the last inequality follows from Lemma (4.19). We then have that 

Uniaxial H, = Uniaxial II, 

= | | ( m a x | g / t | ) % 

= Hmaxlgj | | f 

^ 9114,11 = ?ll/oll. 

(4.22) THEOREM. Given £ > 0 there exists an t] > 0, depending only on £ 
and p, such that with the notations of (4.13), 

llmaxl^ - g0\ || < £ 

whenever 

WfoW - \WJoW < v\\M ^ v. 

Proof Use Lemma (2.7) with € = £ and M = q to find a X > 0 such that, 
for any sequence hk in Lp, 

\\sup\h*k - h$\ \\q < £ 

whenever 
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\\sup\hk\ ||, â q 

and 

| | sup |^ - h0\ \\p<\. 

Then use Lemma (4.21) with e = X/4q to find an r\ > -0 such that 

Aq 

whenever 

(4.23) | |/0 | | - | | F „ / 0 | | < 7 , | | / 0 | | . 

Now assume that (4.23) is satisfied with a n / 0 e EL such that | |/0 | | ^ 1. 
Then 

ll*« - *oll < ; p 

4# 

This implies, by Corollary (4.20), 

||max|<^ - <j>0\ || < \ , 

and also, by Lemma (4.19), 

||max|<y || < q. 

Hence the choice of X implies that 

HmaxIflÊ - <t>$\ \\q < £. 

Then 

Hmaxlg^ - g0\ \\q = Hmaxl^l - E4$\ \\q 

^ ||max|*£ - 0o*| II, 

< t 
This completes the proof of the present theorem. Hence the proof of the 
main theorem, Theorem (3.2), is also completed. 
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