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1, Introduction. This expository note was prompted by 
some questions asked by Professor P. Hilton during his lectures 
"Catégories non-abétiennes f f at the University of Montréal, 
July 1964. 

The descript ions of set functions as one to one and as onto 
can be character ized in t e r m s of set function composition. A 
set function is one to one iff it has the left cancellation property, 
that i s , f • g = f • h implies g = h. A set function is onto iff 
it has the right cancellation property, that i s , g • f = h • f 
implies g = h. The cancellation proper t ies can be expressed 
in any category so we make the 

DEFINITION 1- In a category Ç a map f is mono iff 
it has the left cancellation property; and, f is called epi iff 
it has the right cancellation property. 

The purpose of this note i s to character ize mono and epi 
in some specific categor ies . In what follows, a full subcategory 
S of IS is a subcategory of jf such that Horn (A, B) = H o m j A , B ) 

for a l l A ,B € &* A concrete category is one whose objects a re 
sets and whose maps a re a subclass of the c lass of set functions. 

Conversations with Professors W. Kuyk, J. Lambek and 
B. Rattray have been most helpful. 

2. Mono. A sufficient condition for maps in concrete 
categories to be mono is t r ivial . 
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PROPOSITION 2. In every concrete category one to one 
implies mono. 

Proof. Let £:A-*B be one to one and g,h:C-*A be such 
that f • g = f • h. If g(x) 4 h(x) for some x* C then 
(f . g)(x) =f(g(x)) 4 f(h(x)) = (f *h)(x) by definition of one to one. 
Q.E . D. 

THEOREM 3- In the following concrete categories mono 
is equivalent to one to one: 

(1) any full subcategory of the category of topological 
spaces (maps are continuous functions); 

(2) the category of based topological spaces (an object is 
a topological space with distinguished point and maps a r e 
continuous functions which map base point onto base point), 
and any full subcategory which contains a two point space with 
the d i sc re te topology; 

(3) any full subcategory of the category of groups (with 
group homomorphisms as maps) which contains with any group 
all i t s no rmal subgroups; 

(4) any full subcategory of the category of r ings (with ring 
homomorphisms as maps) which contains with any ring all its 
ideals ; 

(5) the category of infinite groups as a full subcategory 
of the category of groups. 

Proof. In each case we show that if a map is not one to 
one it is not mono. For (1), a ssume f:S -*S is such that 

f(s) =f(s l ) and s 4 s* . Let T be any topological space from 
the category and let g,h:T-*S be the constant maps onto s 

1 
and sx respect ively. 

(2) If f:(X,xQ) - ( Y , y Q ) and f (x)=f(x ' ) f x 4 x' let 

(T , t ) = { t , t } with the d iscre te topology and then define 

g,h:(T,t f t) - ( X , x ) by g(t ) = x, h(t ) = x' . 
0 0 1 1 
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(3) If f:G.-KIL is not one to one, { 1} 4 ker f = K is an 
1 2 

object of the category. Let g,h:K-*G be the inclusion map 

and the t r ivial map of K into G respectively. Similarly 
1 

for (4). 

(5) This part is included because the technique used here 
can be readily generalized. Let f:G -*G be not one to one and 

let C denote the infinite cyclic group on the generator c, then 
define g, h:C-K3i by g(c) = k, 1 # k € ker f, and h(c) = 1. 

1 
Q. E. D. 

We now proceed with the generalization mentioned above. 
An algebraic system is called equationally defined if its s t ructure 
is defined by a family of finite operations and a family of 
identities involving these operations. For example, a group 
is a set with two operations (multiplication and inverse) which 
satisfy certain identities. Consider a part icular equationally 
defined class of algebraic systems called cr-systems, which 
a re defined by the operations f , f , . . . (not necessar i ly 

1 2 
countable) such that f is an n((3)-ary operation, n((3) finite, 

P 
and some set of identities involving these operations. 

Given a set of symbols { x , x , . . . } a free <r ~ system 
1 2 

may be constructed with these symbols as generators (see, for 
example [1]). Intuitively speaking, the process is to consider 
all express ions built from the generators and the operations 
and then make only the identifications suggested by the given 
set of identities. The resulting set of equivalence c lasses can 
then be considered as a or- system. 

THEOREM 4. Let £ be the category of al l cr-systems 
with cr -homomorphisms as maps (set functions which preserve 
all the operations) then mono is equivalent to one to one. 

Proof. Let A, B be or-systems and f:A-*B a 
o* -hornomorphism then if f(a) = f(a! ) and a ^ a' we can proceed 
as follows. Denote by F the free cr-system on one generator x. 
Define g,h:F-*A by g (x)=a , h ( x ) = a ' . Since g and h a re 
defined on the generator of F they can be extended, uniquely, 
to <r-homomorphisms. Q. E. D. 
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Examples of equationalty defined sys tems a r e groups, r ings and 
R-modules , R a fixed ring. In the case of R-modules , each 
element from R "is considered as a unary operation in the 
module. Examples of algebraic sys tems which a re not 
equationally defined a re fields and tors ion-f ree Abelian groups. 

The c lass of small categories (categories whose c lass of 
objects is a set) is known to form a category with functors as 
maps. 

THEOREM 5. In the category of smal l ca tegor ies , a map 
(functor) is mono iff it is one to one a s a function on objects and 
on maps . 

Proof. The sufficiency of the condition is c lear . In what 
follows A, S » ]*»• • • a r e ca tegor ies ; A , B , C , . . . objects 
in the ca tegor ies ; a , b , c , . . . maps of the ca tegor ies ; and, 
the le t te rs f, g, and h a re r e se rved for functors. Let 
i'A -+8 ke such that A 1 A1 but f(A) = f(A! ) then let $ be 
any small category and g,h: £?~*v^ be defined by g(C) = A for 
each C in ^ and g(c) = 1 , the identity map on A, for each 

JrL 

c in ^ . Similarly, h (C)=A ! and h(c) = 1 . Thus, 

f - g = f • h and g ^ h implying that f i s not mono. 

If f is assumed to be mono and if f(a) = f(al ) then a 
and a1 have the same range and domain since we have shown 
that f is one to one on the objects, Let a, a' :A->Af and let 
)f be a category with two objects C and Cf and only one 
non-identity inap c:C-*C! . Define g, h: )£-**/§ by g(C) = h(C) = A, 
g(C ) = h ( C ) = A1 , g ( c )=a and h(c)=a ! - . It is c lear that 
g and h a re functors and this contradicts the assumption 
that f is mono unless a = a' . Q. E. D. 

Let À be an Abelian category ([2]) and 0 a small 
category, then the c lass of functors from £ to 4 is a category 
with natural t ransformat ions as maps . Moreover , this category, 

a category with kerne l s . If cr : F~**G is a map in 
then (r(B):F(B)-*G(B) *S a map in À for each B in £. Let 
K(B) be the domain of k(B) = ker cr (B). Then for any 
b:B ~*B in j3 we have the d iagram 
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K f B ^ 

k ( B l ) 

- F ( B l ) 

' ( B 4 ) 

G(B4) 

K(b) F(b) 

I 
k(B2) 

G(b) 

cr(B2) 

K(B2) - F(B2) - G(B2)-

and the square on 
the right commutes. 
We wish to complete 
the diagram at 
K(b). Since 
cr(B 2 ) -F(b)-k(B l )=0, 

there is unique 
completion by the 
definition of a 
kernel in >*J . 

By the uniqueness, K is a functor, and since the diagram 
commutes, k is a natural transformation. It is easy to see 
that k i s a kernel of er . 

Now, in a category with kernels a map has zero kernel 
if it is mono since if f is mono, f • ker f = f • 0 = 0 and so 
ker f = 0. If the category is Abelian, the converse is true 
since ker f = 0 implies that if f • g = f • h then f • (g-h) = 0 
so h - g = 0 and h = g . 

PROPOSITION 6. If y^ is Abelian and B is small then 

a map cr in s\ i s mono iff cr (B) is mono for each B in jQ . 

Proof. Clearly <r(B) mono for each B in ^ implies 
cr is mono. Conversely, if cr is mono then ker cr = 0 so 
kercr(B) = 0 for each B. Q. E. D. 

The following artif icial example shows that there exist 
concrete categories where the notions of mono and one to one 
do not coincide. Let p be the category with objects 
S = { x i , x , x } and S_ = { y j , y ^ } and maps cr :S |->SJ where 

1 1 Z 3 Z 1 2 1 1 1 

•V^v vsrs2 w h e r e °2 (xi )= , r2 (x2 ,=yi and 

cr (x ) =y^, cr - cr , and the two identity maps. Both cr and 
2 3 Z 2 1 2 

cr • cr a r e mono but not one to one. 

3. Epi. The problem of interpreting epi in concrete 
categories is somewhat more difficult. In fact there a r e 
familiar ca tegor ies , such as the category of r ings where the 
answer is apparently not known. Trivially, we have 
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PROPOSITION 7. In a c o n c r e t e c a t e g o r y a m a p i s ep i if 
it i s onto . 

To d e s c r i b e ep i in c a t e g o r i e s of t o p o l o g i c a l s p a c e s the 
fol lowing c o n s t r u c t i o n i s usefu l . Le t U be a t o p o l o g i c a l s p a c e 
and A C U a s u b s e t . F o r m the d i s jo in t union U* = U U U_ 

1 2 

w h e r e U. is a copy of U. Th roughou t , the s u b s c r i p t 1 ind i 

c a t e s a point or se t f r o m the f i r s t copy of U and the s u b s c r i p t 
2 the s a m e f r o m the second copy. T h u s , a and a or S 

1 2 1 
and S a r e c o p i e s of the s a m e point a e U or se t S GZ U. 
Define an e q u i v a l e n c e r e l a t i o n on U* by a = a for e v e r y 

a € A and ca l l the s p a c e of e q u i v a l e n c e c l a s s e s wi th the quo t i en t 
topology U . 

The following two f ac t s about t h i s c o n s t r u c t i o n a r e easy 
to s e e . If U i s Hausdorf f and A i s c l o s e d t hen U i s 

A 
Hausdorff ; and , if U i s T and A is open then U i s T . 

1 A 1 

In the s eque l the m a p s of a c a t e g o r y wi l l not be spec i f i ed 
if they a r e the obvious o n e s . 

PROPOSITION 8. Le t ^ be a full s u b c a t e g o r y of the 
c a t e g o r y of Hausdor f f s p a c e s s u c h tha t if U i s in If and 
A d U i s c l o s e d t h e n U i s in )f . T h e n , a m a p in fê i s 

epi iff i t s i m a g e i s d e n s e in i t s r a n g e . 

Proof. A s s u m e f:S-*U i s such tha t f(S) i s d e n s e in U 
and le t g,h:U-*U ! be d i s t i n c t m a p s such tha t g • f = h • f ; bu t 
t h i s c o n t r a d i c t s the w e l l known fact t ha t a m a p wi th r a n g e 
a Hausdorf f space i s d e t e r m i n e d by i t s a c t i o n on any d e n s e 
subse t . 

If f(S) i s not dense in U, A = f(S) 4 U and , s o , U i s 

not A. Le t g,h:U~*U be given by g(x) ~ x and h(x) = x , 
A 1 2 

w h e r e x i s the e q u i v a l e n c e c l a s s of U wi th r e p r e s e n t a t i v e 
i A 

x . The two m a p s a r e d i s t i nc t but co inc ide on A. Q. E. D* 
i 
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Proposition 8 does not hold in al l full subcategories of 
the category of Hausdorff spaces , a s the following example 
shows. Consider the space R* which is the r ea l line with the 
topology generated by the subbase consisting of the usual open 
sets plus the set of ra t ionals . The space R* is Hausdorff; 
the i r ra t iona ls I a r e closed and, so, not dense; the rat ionals 
Q a re open and dense. Let ^ be the full subcategory with 
objects R* and I, as a subspace. Note that I has the usual 
topology. We wish to show that the inclusion map of I into R* 
is epi, or that any two maps from R* to either R* or I which 
coincide on I must be equal. Assume g, h: R*-*R* (or I) 
coincide on I. If g(r) 4 h(r) , r € Q, there is a neighbourhood 
N = (a,b) H Q of r such that g(N) 0 h(N) = 0, and since c losures 
a re smal ler in R* than in the usual topology we may assume 
g(N) 0 k(N) = 0* Now let i € I, a < i < b and { r } a sequence 

i 
from N converging to i. A contradiction is apparent. 

This is a convenient place to note that the notion of onto 
in the category of Hausdorff spaces can be expressed in 
categorical t e r m s . The referee has pointed out that this was 
a lso noted in [5]. 

DEFINITION 9. ([3]) p. 32) An epi map f is called pure 
iff f = g • h, g mono, implies that h is epi. 

THEOREM 10. In the category of Hausdorff spaces, a 
map is onto iff it is pure epi. 

Proof. Let f:A-*B, g:C-*B and h:A-<;. If f is onto 
and f = g • h, g mono, then g is one to one. Hence, g • h 
onto implies h onto and so epi. 

If f is not onto, let C =B as se t s , and let C have the 
topology generated by the open sets of B and the sets { x} for 
al l XJÉ f(A). Let g be the set identity map which is mono and 
continuous since C has a finer topology than B. Let h(a) be 
the point f(a) considered in C. The function h is continuous 
since any open set G of C can be expressed in the form 
G U G where G is open in B and G H f(A) = jB. 

-1 -1 -1 
Then h (G) =h (G ) =f (G ) which is open in A. The 
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map h is not epi since i ts image is a proper closed subset of 
C and i s , therefore , not dense. Q. E. D. 

PROPOSITION 11. In the category (1) of a l l topological 
spaces and (2) the category of al l T - s p a c e s , epi means onto. 

1 

Proof. If f:S-*U is not onto, let U' = { a , b } with the 
t r iv ia l topology. Let g,h:U-*Ul be given by g(t) =a for all 
t « U and h ( t ) = a if t € f(S) and h ( t ) = b if t ^ f ( S ) . 

(2) If f:S-*U is not onto the re i s a point x^ f(S). Let A 
be the complement of {x} , then A is open. Fo rm U and 

let g,h:U-*U be defined by g(t) =T and h(t) = t . Q. E. D. 

THEOREM 12. In the category (1) of Abelian groups and 
(2) of finite groups, epi means onto. 

Proof» (1) Let f:G -K3- be not onto, then f(G ) is a 
—- 1 2 1 

proper subgroup of G . Let g,h:G -KJ /f(G ) be the canonical 
2 . 2 2 1 

and zero maps respect ively. 

(2) Let f:A°*-B be not onto. Let H = f(A) and we have 
B = x H U x H U . - . U x H U H for some x , . . . , x e B 

1 2 m - 1 1 m - i 
where m = [B:H]. Left multiplication of these cosets by 
e lements of B gives a permutation of the cosets : 

x.H \ 
I. Corresponding to x.H the number i and to H 

the number m , we have a representa t ion of B by a group of 
permutat ions 

where bx.H = x. H. Also, if we correspond to x.H the number 
J X J 

i and to H the number m+l f we get another, equivalent, 
representa t ion 
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P(b> =[? 2 •• f1-1 m + M . 
Vl V Jm-iW 

The two groups of permutations may be embedded in S 
m+1 

(permutation group on m+1 symbols) as follows: 

u iu\ M 2 . . . m m + l \ 

b - « ( b ) - f j = g(b) 
\ 1 2 m / 

._ . / l 2 . . . m m+1 \ 
b - p ( b ) - ) = h(b » 

\31 V" m J m + l / 

Since b H = H iff b € H, b € H implies g(b)=h(b). Thus 
g • f = h • f but g 4 h. Q. E. D. 

THEOREM 13. In the categories (1) of all groups and (2) 
of al l torsion free groups epi means onto. 

Proof. (1) Assume f:H-*G is not onto and form the free 
product of G with itself with the subgroup f(H) amalgamated 
([6]), K = G* G. Define g,h:G-*K by g mapping G onto 

f(H) 
the f irs t copy of G in K and h mapping G onto the second: 
copy of G in K. By construction of the amalgamated product, 
these maps coincide on f(H). 

(2) The same proof holds in this case since the amalgamated 
free product of tors ion-free groups is tor sion-free. Q. E. D. 

It is not always the case , in categories of algebraic 
sys tems , that epi means onto. We give two examples. 

PROPOSITION 14. In the category of tor sion-free Abelian 
groups f:G -*G_ is epi iff G_/f(G ) is a torsion group. 

1 2 2 1 

Proof. Let G! =G^/f(G ) and assume G1 is not torsion, 2 1 
then if T is the torsion subgroup of G' , G1 /T is a non-tr ivial 
tors ion-f ree group. Let k:G^-*-G' be the canonical homomorphism 

and k :Gf -+QX /T the canonical homomorphism, k :G! -K}1 /T 
1 à 
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the zero hornomorphism. Let g = k • k, h = k • k and then 
~ . 1 Z 

g i h and g • f = h • f = 0 . 

If Gf is tors ion , a s sume g,h:G -*G a r e such that 

g • f =h • f and g 4- h, then for some a € G , a i f(G ), 

g(a) 4 h(a). But G! is tors ion so for some n, na e f(G ) 

and g(na) ~h(na) =ng(a) = nh(a) and since G is to r s ion- f ree , 

g(a) =h(a) — a contradiction. Q. E. D. 

Consider, now, the category of fields. This category is 
unusual since all maps a r e mono. If f:K -*K , this means 

1 Z 
that K may be considered as a subfield of K . The statement 

1 Z 
that g • f = h • f is equivalent to saying that g and h a r e i so
morph i sms of K_ over K (that i s , they leave K pointwise 

Z 1 1 
invariant). Hence, res ta t ing the definition of epi in t e r m s of 
fields we have 

i s PROPOSITION 15. The embedding of K into K 

epi iff K has no non- t r iv ia l i somorphisms over K . 

Proof. If f is not epi c lear ly there a re non- t r iv ia l 
i somorphisms . If g and h a r e non- t r iv ia l i somorph i sms 
over K , g(K_) and h(K ) a r e extensions of K and letting 

I Z Z 1 
L, be an extension of K containing both g(K_) and h ( K ) 

1 Z Z 
we may consider g and h as having the same range and so 
g • f =h • f. Q. E . D . 

As an example, consider Z/(p) , p p r ime , and let 
K=[Z / (p ) ] ( t ) where t is t ranscendenta l over Z/(p) . The 

1 P r p r 

embedding of K into K (vt) is epi since \[t has no conjugates 
over K and so K (v"t) admits no non- t r iv ia l i somorph i sms . 

I I * 

In conclusion, using the notation of Proposit ion 6, we 
have its dual. 
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PROPOSITION 16. If 4 is Abelian and $ is small , 

then a map cr in A is epi iff <r(B) is epi for each B in S , 
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