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Abstract.

—Apvv = |ul7 'y, ©.1)

{ —Apvu = [P,
in the whole Hyperbolic space HY. We establish decay estimates and symmetry
properties of positive solutions. Unlike the corresponding problem in Euclidean space
RN, we prove that there is a positive solution pair (i, v) € H/(HY) x H'(HY) of
problem (0.1), moreover a ground state solution is obtained. Furthermore, we also
prove that the above problem has a radial positive solution.

2010 Mathematics Subject Classification. 58J05, 35J60.

1. Introduction and main result. In this paper, we will study decay, symmetry and
existence of positive solutions of the following semi-linear elliptic systems

(1.1)

—Apvu = [P,
{ —Apvv = |u|7
on Hyperbolic space HY, where Ay~ denotes the Laplace-Beltrami operator on
HY, N > 3, and p and ¢ satisfy a suitable condition.
When posed in the Euclidean space R", problem (1.1) has two features. First, it is
the Emden—Fowler equation,

—Au=ufluinR". (1.2)

Such a problem has been extensively studied, see for instance [9, 10, 13-15] and
references therein. There is a host of later important contributions to the subject,
among them we must mention the famous paper [15], where the Liouville-type theorem
of problem (1.2) was obtained. They proved that the only non-negative solution of
(1.2)isu=0when 1 <p < JAV'—“:% N > 3. A simple generalization of (1.2) to the case
of systems is the following model,

_ _ p—1 . N
{ Au= PP v, inRY, (13)

—Av = |ul" u, inRY.
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Using a blow-up technique, Qing [17] and Souto [26] had established a priori estimates
for the solutions of problem (1.3). In [11], De Figueiredo and Felmer proved that if

p > 0,q > 0 are such that p, g < %—f%, but not both are equal to %—3, then the only
non-negative solution of (1.3) is the trivial one u = 0, v = 0. Second, it is the following
problem,

—Au+u=uf luinR". (1.4)

There are many results about the existence of non-trivial or positive solutions of (1.4).
A typical method is to use the radially symmetric Sobolev space or concentration—
compactness technique by Lions [19]. However, for system such as (1.4) in R", there
are fewer results. De Figueiredo and Yang [12] showed the existence of a strong radial
pair solution, but the uniqueness result is not known. For more general nonlinear
elliptic equations in the Euclidean space RV, we refer to [7, 8, 23, 24] and references
therein.

It is also of interest to study problems (1.2) and (1.3) with respect to different
ambient geometries in particular to see how curvature properties affect the existence
and nature of solutions. A recent paper by Mancini and Sandeep [22] has studied the
existence/non-existence and uniqueness of positive solution of the following elliptic
equation,

—Apvu = |ul’ " 'u+ ru, (1.5)
in the subcritical case for every A < (%)2 and in critical exponent case for
N—1

A< (T)2 with N > 4 on Hyperbolic space H". Moreover, they proved that if A = 0
and1 <p < %—3, then problem (1.5) has a positive solution. This result is contrasted
with the result in Euclidean space due to [15]. Afterwards, Bhakta and Sandeep [5]
have investigated a priori estimates, existence/non-existence of radial sign changing
solutions of problem (1.5). In [6], the classification of radial solutions of problem (1.5)
is done by Bonforte et al. [6].

Thanks to the Poincaré inequality

N(N—1)
T <

(N -1y

/ | Vigvul*> dVigy >
W 4

f lul> dViv, Yu € H'(HY),
HN
we can study the decay, symmetry properties of the positive solutions of problem (1.1).
We also prove that problem (1.1) possesses at least a positive solution, which should be
contrasted with the result due to Figueiredo and Felmer [11]. The difficulties in treating
system (1.1) originate in at least three facts. First, there is a lack of compactness due
to the fact that we are working in H”, which is a non-compact manifold. Second, due
to the type of growth of the nonlinear term, we cannot work with the usual space
H'(H"), and then we need inhomogeneous Sobolev space. Third, although problem
(1.1) has a variational structure, the functional associated to it is strongly indefinite.
Now we are ready to state our main result. In Section 2, we discuss the symmetry
property of positive solutions of problem (1.1).

THEOREM 1.1. For p, q satisfying

| _N+2
<
Pa=N_2

(1.6)
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then all positive solutions (u, v) € H' (HY) x H'(HY) of problem (1.1) are hyperbolic
symmetry, i.e. there is xo € HN such that (u, v) is constant on hyperbolic spheres centered
at xo.

In Section 3, we prove a result on the decay of positive solutions of problem (1.1)
as |x| — oo and, in fact, exponential decay. The results of Section 3 are the following.

THEOREM 1.2. Suppose that p, q satisfy (1.6), and (u, v) € H'(HY) x H'(H") be a
positive radial solution of (1.1). Then u/(r) < 0,0'(r) < 0 for r > 0 and

lim u(r) = lim v(r) = lim «/(r) = lim v'(r) = 0.

Moreover,
1 2 1 2 1 2 1 72
lim 2% jim 2% _ gim 8% i 22V v 1),
r—00 r r—00 r r—00 r r— 00

In Section 4, we prove the existence of radial symmetric positive solutions of
problem (1.1). We also obtain the existence of a radial ground state positive solution
for system (1.1). That is,

THEOREM 1.3. Suppose that (p, q) satisfies

1 1 N-2
+ >
p+1 qg+1 N

)

then problem (1.1) has at least one radial positive solution (u, v).

N+2

THEOREM 1.4. Suppose that 1 < p, q < 375,

ground state solution.

then problem (1.1) has a radial positive

Finally, in Section 5, using the concentration function, we study the existence of
solutions of problem (1.1), which belongs to H'(HY) x H'(H"). Moreover, a ground
state solution for system (1.1) is also obtained.

THEOREM 1.5. Suppose that 1 < p,q < ]':,’—“j then problem (1.1) has a positive
solution that belongs to H' (HY) x H'(HY). Moreover, there is a ground state solution

for system (1.1).

2. Proof of Theorem 1.1. The main purpose of this section is to prove hyperbolic
symmetry properties of positive solutions of (1.1). The way of proving this symmetry is
by the move plane method, as originally introduced by Alexandroff[1, 16], later used by
Serrin [25], and extensively used in recent times after the work of Gidas—Ni—Nirenberg
[13]. The case on non-compact manifold was studied in [2, 3].

Proof of Theorem 1.1. This proof is in the spirit of [2]. Let 4, be a one-parameter
group of isometries of HY, which is C'(R x H", H"), and I be a reflection (i.e. I is an
isometry and I*>=Identity) satisfying the invariance condition

AJA, =1, VteR.
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We translate the reflection / using 4, to define a one-parameter family of reflections,
1[ = AtIAft.

Let U, be the hyper-surface of H", which is fixed by I,. We also assume that | J, _,_, U,
isopen forall 71, t, e Rand J,.g U = HY. For ¢ € R, define

o= J u o= u.

—oo<s<t I<§<00

then we have I,(Q;) C Q',and I,(Q") C Q,forallt € R. Fort € Rand x € Q,, we define
x; = I(x), and

u(x) = u(i(x)), vi(x) = v(L(x)).
Define
A={teR:Vt>t,u>u;,,and v>v,, in Q.},

the first step of proof is to show that set A is non-empty, the second step is to prove that
A is bounded from below. Finally we will show that if A = inf A, then u = uz, v = v}

in Qj3.
Step 1. A is non-empty.

Since (u, v) € H'(HY) x H'(H"), we can take (u, —u)™ or (v, —v)* as test
function. Then we obtain

[Vigy (i, — u)T)> d Vi
Ox

= | (vl "on = P o) —wt dVyy
[0

1 = 1 7 1 i
=< [0, P d Vg [(v;, — V)" 1P dVyw [t — )P d Vi
Ox Ox Ox

=< C( v, 7+ dV[H]N)
O

and

p=1 1 1

P+

I 2 2
( |V[H]N(U)L — U)+|2 dV[H]N) ( |V[H]N(1/l)L — u)+|2 dV[H]N) .
Ox [

|V[H]N (l))L — U)Jrl2 dV[H]N
Os

gq-—1 1 1

q+1 2 2
<c ( |U;»|q+l dV[H]N> ( |V[|-|]N(Ll)L — M)+|2 dV[H]N) < |V[}.|]N(7J)V — U)+|2 dVHN>
O [ i

It implies that

p=l 1

P
( [V (. — u)+|2 dVIH]N> =< C( |UA|erl dV[H]N)p ( [Vigy (v — U)+|2 dV[H]N) s
Oy [0 Ox
and

([, Vi (vs = 0" P d Vi) < o[, I+ dVHN)Z%(fQ.A |Vigr (1, — u)* 2 dViaw)?.
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Thus,

[1—(:(/ |uk|qr+1dI/|H]N>q+ </ o, P+ dVHmv)”}(/ |VHN(uA—u)+|2dVHN>
507

and

[1—c</ |uk|‘f“dVHN>" (/ v, 7+ dVHN)” }(f |VH~(vx—v>+|2dVH~)
< 0.

Since we can choose A € R, such that

c(/ |uA|q+1dVHN) (/ |UA|P+1dVHN> <1,
Qk A

for any A > A, we have

f |Vigy (5, — u) 1> dVigy <0,

A

and

/ [Vigv (vy, — v) > d Vv < 0.

A

Therefore, (uy —u)™ = 0,and (v;, —v)™ =0in Q,, and (A1, +00) C A.
Step 2. A is bounded from below.
By (1, v) € H'(HY) x H'(H"), we have

lim supu= lim supv =0,
A——00 0. A——00 0

and we may choose X, such that

supu sup v
HN HN

supu < , supv <

0, 2 0,

This implies that all A € (—o0, A,) do not belong to A. Therefore, A is bounded from
below, and we let A = inf A.

Step 3. u=ug, v=vj,in Q3.
In fact, it is clear that by the continuity of the foliation of (u, v), we have

u>uz, v=>vg,in Q3.
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Now observing that if u = uj3, it follows from

-1 -1
{—AHN(M—HA)=|I)I” v— vz’ vz,

—Apv(v — vz) = [l — |uz | g, @1

we can get v = vy. So if we assume by contradiction that step 3 is not true, we conclude

that
u>uz,v>v; forxe Qjf,
{u¢u;\, U # Ug. 2.2)
The strong maximum principle and connectedness of QO imply that
u>uz, forxe Qj,
(2.3)
v > vz, forxe Qf,
and
X(w)(x) >0, forxe Uz,
(2.4)

X()(x) >0, forxe Uz,

where X is the vector field associated to the transformation group 4,, we shall see that
this is impossible.

Choose x| € U, and Ry > 0. By the continuity of foliation, there would exist gy >
0 such that for 0 < ¢ < &9, I3_.(B(x1, Ro)) C B(x1, 2Ry). Moreover, by the definition
of A, we could construct an increasing sequence A, < A such that A, > A — g, and
3y, € 0, such that

u(yn) < ully,(yn)) = t,(yn),

or

v(yn) < v, (V) = va, ()

We claim that y, € B(x1, 2Ry). If it is not true, we can take (u;, — u)* or (v;, — v)*™
as a test function (as in the first step). We would have that u;, < u, or v, < v, in Q;,.
This proves our claim.
Modulo a subsequence. There would exist y € Qz, such that y, — y. By continuity
we have
uy)= lim u(y,) < lim wu,, (ys) = uz(y),
n——+00

n——+00

or
v) = Im v() = lim v, () = vi0).

It implies that y € Uz. On the other hand, there exist points &, in the line segment
between y, and I, (y,) such that X (u)(&,) < 0, passing to the limit we should have
X(u)(y) < 0. This is impossible, since X(u)(x) > 0 for all x € Uz. Hence, u = ujz, and
v =v3,in Q3. O
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3. Decay estimates. The hyperbolic N-space HY, N > 2 is a complete simple
connected Riemannian manifold having constant sectional curvature equal to —1, and
for a given dimensional number, any two such spaces are isometric [28]. There are
several models for HV, the most important being the half-space model, the ball model
and the hyperboloid or Lorentz model.

Let BY = {x € RY : |x| < 1} denote the unit disc in R". The space H" endowed
with the Riemannian metric g given by g; = (p(x))*; is called the ball model of
the hyperbolic space, where p(x) = ﬁ . The hyperbolic gradient and the Laplace—
Beltrami operator are:

2\ 2 Y
Mg = (1 I ) A+ WV =P ) = () Vi () V),

where V and div denote the Euclidean gradient and divergence in RY respectively.
Let H'(H") denote the Sobolev space on H" with the above metric g, then we have
H'(HY) — LP(H") for 2 < p < 2% when N > 3 and p > 2 when N = 2. From the
Poincaré inequality

N —1)?
/ [Vigvul®> dVigy > %/ lu* dViv, Yu € H'(HY),
HY HY

we know that [,y [Vivul> d Vg is a norm equivalent to H'(HY).

In this section, the proof of these decay estimates closely follow the proof of the
decay estimates proved in [22]. Let (&, v) be a positive symmetric solution of problem
(1.1), and u = u(|&]), v = v(|&]), |€] < 1, then

_1E12\ 2 g2
(1 '5') Aut V-2 B e vy =0,
2 2 3.1)

g2\ 2 e
(1 f') Av+ (N —2)) f' (€, Vo) +uf = 0.

Setting |§| = tanh £, u(r) = u(tanh §), v(f) = v(tanh %), k(1) = (sinh )1, it is easy to
see that

o0
/ [T dViy = wy_y / k(t)|u|" dt,
HY 0
/ Pt dVigy = wy_ / k(n)|vlP+dr,
HY 0

o0
/ |VHNu|2dVHN:wN,1/ k()| |2 dt,
HN 0

o0
/ [Vigvv|?> d Vigy =wN_1f k(6)|v')dt,
HN; 0

where wy_; denotes the surface area of SV—1.
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In addition, (3.1) is rewritten as

N-—-1
W+ ——u +v" =0,
tanh ¢

N=1, W s 3.2)
tanh ¢ ’

1 (0) = v'(0) = 0,

U// +

as well as

(k'Y + k(D) =0,
(k(v') + k(Hu! = 0, (3.3)
' (0) = v'(0) = 0,

and if (u, v) € H'(HY) x H'(H") solves (3.1), then

/ k(ouv'dt = / k(ou™di = / k(o * 1.
0 0 0

Now, note that (u, v) solves (3.2), and
|U|p+1 |u|q+1

Joun@®) =uv + 4+ —
wo(0) p+1 q+1

then

d
EJ(M’U)(I) =u" vV + v+ +du! = W+ P+ d (V4 u?)
N-1, N-1,
= u

= — - <0. vt > 0.
tanhtv tanht -

LEMMA 3.1. Let (u,v) € HY(HY) x HY(HY) be a positive solution of (3.2), then
u'(t) <0, V() <O, for every t > 0, and

Jim (0= i o0 = lim ()= i v =0

Proof. By equation (3.3), we have (k(t)u/'(2)) < 0, and (k(t)v'(¢)) < 0, and from
#'(0) = v'(0) =0, then u/(r) < 0, v'(¥) < 0, V¢ > 0.

In particular, by u(¢) > 0, v(¢) > 0, it exists

u(oo) = ,_lggrnoo u(t), v(oo) = l_l)linoo v(2).

Since Ji,,.) is decreasing, ,ligrn u/'()v'(r) exists.

Since (u, v) € H'(HY) x H'(HY), we have

lim +inf kO[W*(t) + u*(1)] = 0,

and

lim inf k(H)[v™(t) + v ()] = 0.
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Thus, we have that
. T 1 £ — 15 "(4) —
Jim 0 = Jim v()= lim ()= tim /0 =0.

O

LEMMA 3.2. Let (u, v) be a positive solution of problem (1.1), and (u, v) € H'(HV) x
H'(HN). Then

1 2 1 2 1 2 1 72
lim oW _ lim oV _ lim ogu” _ lim o8V _ —2(N —1).
t—+400 t t—+00 t t——+00 t t—+400 t

Proof. By Lemma 3.1, we obtain

flfgloo o) = z—lg-noo v()) =0.

Then it exists that ¢, > 0, such that
cotht < 1+4¢, V(1) < ev(t), ui(t) < eu(t), Vt=>t,.
Since u/(f) < 0, v'(¢) < 0, we have for ¢ > ¢,,

W'+ (N —-DA+e <u’ + (N —1)cotht/ + v =0,

'+ (N —Du' +ev>u"4+ (N —1)cotht' + v/ =0, G4

and

V+ (N =D+ <v”"+ (N —1)cothr' +uf =0,

V'+ N -1 +eu>v"+(N—1)cothn/ +u? =0. 3.3)

Then we get
w+v) "+ (N -1 +&)u+v) <@+v)'+ (N —1cotht(u+v) +u? +2" =0,
w+v) "+ (N —Dw+v) +em+v) > @+ v)'+(N — 1) cotht(u + v)+u? + v’ = 0.
It implies that
w+v)"+(N=D(A+e)u+v) <@+v) +(N—Du+v) +e(u+v). (3.6)
—(N—1)—/(N—17—4¢
5 ,

Let u(e)=—(N—-1(1+¢), ut(e)=0, and v (¢) =
pH(e) = W=DE 2(N—l)2—4s

be the characteristic roots of the differential Polinamials

on the LHS and RHS of (3.6) respectively. We choose ¢ < & ;1)2 , then v¥(¢g) is real and
distinct. As in [22], we get

{ u(?) + v(t) > (u(t,) + v(t)e ™™ ©tet @ V> g, 3.7)
u(t) + v(t) < ([u(te) + vit)e™ @ e’ O Vi > ¢, '

{ W (t)+0'(t) = p(e)u(r) +v(r)), V=1, (3.8)
u'(t)+v' (1) v (e)u(r) +v(r)), VT =>t,. )
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We see from (3.7) that

1 2 Io 2
20 () < liminf &Y i cup M <20(e), Ve =0,
=+ ! t—~400
and hence,
1 2
zh? M ~2(N - 1). (3.9)

From (3.7) and (3.8), we also get

lim 08V ) (3.10)

t——400 t

Since u/(¢) < 0, v'(r) < 0, we conclude from (3.10) that

1 72
lim 2% _ N -1y,
1—>+00
and
l 72
lim Y — N —1)
t—+00

From u(?) > 0, v(¢) > 0, and (3.9), we also have that

logu? log v?
lim 2% _ im 22— v -1,
1—+00 t —+00
0
Proof of Theorem 1.2. By Lemmas 3.1 and 3.2, the proof is completed. O

4. Existence of radial solutions of (1.1). Now we denote the functional
1
](Z) = I(u, U) = / Vuvu - Vv v qu—nN i / (U+)p+l dVHN
HY P+ 1 Juy

g [t v,
which is the functional of problem (1.1), where z = (1, v), u; = max{u, 0}, v, =
max{v, 0}.

Observe that the quadratic part of 1 is well defined if u, v € H'(H"). But if we
take such u and v, then nonlinear part is well defined if p and ¢ are less or equal to
%—3, for N > 3. However, we would like to consider pairs (p, ¢) that do not satisfy this
restriction. The basic requirement would be that (p, ¢) is below the critical hyperbola,
one of them could be larger than % N +2 . So we need inhomogeneous Sobolev spaces on
hyperbolic space.

Now we define the inhomogeneous Sobolev space on HY. Let L2(HY) be the space
of L?>-functions in HY which are radially symmetric, and 7' = — Ay with the domain
D(T) = H*(H") which is the space of radial symmetric functions that are in L? and
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have second derivatives in L?. For 0 < s < 2, the space E*, which is the domain D(T'2),
is precisely the space obtained by interpolation between H>(HY) and L*(H"),

[H(HY), LZHY)] -

In this case, the space E* is the usual Sobolev space H:(H"). So denoting by 4 =
(—AHN)%, we have forall 0 <5 < 2,

D(A%) = HS(HY).
Moreover, we have HS < H! for s > ¢ (see [27]), and the Sobolev embedding theorem

N N
Hl— L1 if2<q< o0, ands_E__
q
holds.
Now we have the following imbedding theorem. The case s = 1 was proved by [5].

LEMMA 4.1. Let s > 0, then the restriction to HS(H) of the Sobolev imbedding of
H*(HY) into LI(HN) is continuous if 2 < q < % and it is compact if 2 < q <

Proof.
Case 1. When s > 1.
By the definition of H*(H"), we have

N
N-2s"

HHY) — H)HY).

So, if ue HA'(I]-[IN) we have that u e LY(HY),2<q< 7 and ue L= (HY). For
N

v <q< N +25-, by an interpolation inequality, we have

0
el Loavy < Null” on || || ZN
LN-2( = (IH]\)

where 1 N 2 4 = 9) N 2) This shows that the map i : HS(HY) — LI(H") for all
2<qg=< 5518 contlnuous
Now we w111 show that the map i: HS(HY) — LI(H") for all 2 < g < 2% is

compact. From [5], we have that H}(H") < L’(H"), 2 < p < 725 is compact. By the
definition of H*(H"), we also have

H)(HY) — H}(HY).

Hence,

2N
H)HY) — LIHY), 2 < g < ¥

is compact.
) p

If % <g< NZTN we can deduce this lemma by using Sobolev inequalities and Holder

2s°
inequalities. Indeed, fora € (0, 1) and 2 < p < ;Nz, we get

f lu|? d Vi =/ |t TP \ulP? d Vigy
[H]N [H]N

a 1—a
5(/ |u|1’dVHN) </ |u|"1”a"dVHN> .
[H]N
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Now we only need to check that

q—pa 2N
< . 4.1
l—a = N-2s @1
It is easy to check that (4.1) holds if and only if
q(N —25) <2N(1 — a) + pa(N — 2s) 4.2)

holds. Thus, for a fixed ¢ < ﬂ (4.2) may easily be achieved by choosing ‘@’ as
sufficiently small.

Case 2. When 0 < s < 1.

From [27], we have that

[LX(HY), H'(HY)), = HHY),
and
[L2HY), H (HY)), = HHY).

From Section 2, setting |£| = tanh % 5, u(t) = u(tanh 5), k(f) = (sinh £)¥=1, we have

f ! dVis = wy -, f k(0)lul*dt,
HY 0

o0
/ [Vigvul*> dVigy = wy—_y / k(1) |2 dt.
HY 0

Now we claim that:
. N-1
I(sinh )= w() | 1100y < Cllull vy, Yu € HN(HY).

To do this, let v(¢) = (sinh £)"T u(f), we have

dv
EH

(smh t) (cosh Hu(t) + (sinh t)* U (1)

(smh t)

vo1 | du
tanh Jul + (sinh t) ‘ dt ‘

It implies that

o0 v |2 00 2
/ ‘d ‘ t=C / (Sillh I)N luz(t)dt +/ (Sinh I)N_] ‘_du‘ dt
1 dt o A :

< Cllull g1 @y

For
* 12 1
/0 (sinh )N LA (0)dt = wy_y lull 2@y,
and by interpolation, we get

ll(sinh £)*+ u(t)”H‘(l o) < Cllull ms vy
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2N)
b

Thus, we can easily deduce this lemma by Vg € (2, 7—;

el Loy < Cllull sy, Vu € HI(HY),

. N-1
[(sinh #) =" u()|| a(1,00) < Cllutll zrsamy-
Indeed, we have

1
V= (§-1)

/ (sinh )N |u(0)|%dr < / (sinh t)w lu()|9dt
R R

eRie R
2

= ((ZN (4 1)|
<6R+FR> -Di-

el s vy -

2

It implies that if R is large enough,
(o]
Wy_1 / (sinh YN Nu(n)|9dt < e, Yu e H)HY).
R

O
Now, let 5,7 > 0 with s+ ¢=2, we define the Hilbert space E = HS(HY) x
H!(H"), and the bilinear form: B : E x E —> R is defined by

Bl(u, v). (o, )] = /H AuAY + A A,

and the corresponding quadratic form associated with the bilinear form B is
0(z) = f A*udv, (u,v) € E.
HY

Asin[12],wehave E=E- @ Et and B[z",z" ] =0forz" € E*,z~ € E, where
E™ ={(u,—A""Au):ue HHMHY)}, E"={u, A"A°) :uec HHY)).

We also have Q(z) = 3Blz, z] and 1|z} = Q(z*) — Q(z7), where z = (u, v) € E and
z=zV 4z ,zt e Et,z- e E.

Now we consider the existence of solutions for problem (1.1). We choose s, t > 0,
and s + ¢t = 2 such that

2N 2N

2 1 2 1 .
DA v T A T R

By the assumptions in Theorem 1.3, we know that such an ‘s’ exists.
We consider the functional I : E — R, defined by

1 1
I(z) = / Audv dVygy — —— f o P dvgy — —— / (uy)? d Vi
HN p + l HN q + 1 HN
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for z = (u,v) € E. I is a C' functional and

U@ae= [ auaysaoav- [ @rv- [ o
HN HN HN
for z = (u,v) € E and n = (¢, ¥) € E. So the critical points of [ satisfy the equations

/ AuAdy —/ )y =0, forall y € H(HY)
HN [H]N

and
/ A'pA'v — / (uy)lop =0, for all p € H(HY).
HN HN

We shall use a linking theorem in [18] to find critical points of /. To apply
the theorem, we introduce finite dimensional spaces in E. Let {¢;},j=1,2,..., be
a complete orthogonal systems in H:(H"). Let H, denote the finite dimensional
subspaces of HS(HY) generated by {¢;},j=1,2,...,n. As A°: HS(H") — L}(HY)
and A" : H(HY) — L2(H") are isomorphisms, we see that {&;},j =1,2,..., where
¢ = A™'A%¢; is a complete orthogonal system in H!(HV). Let H, denote the finite
dimensional subspaces of H!(H") generated by {¢;},j =1,2,...,n. For eachn € N,
we introduce the following subspaces of E* and E~ respectively:

Ef =span{(¢;, &) € E*}, j=1,2,...,n,

E,; =span{(¢ej, —¢)) e E7}, j=1,2,...,n

n

Let E, = E} @ E, . We say that the functional / satisfies the (PS)* condition if any
sequence {z,}, z, € E, such that

[I(zy)| <const, [(VuvI(z,), )| < eullnlle, & = 0,1 € E,

possesses a subsequence converging to a critical point of 7. The functional of 7 is said
to have a local linking at 0 if for some r > 0, one has

I(z) =0, forze E*,|z| <r
and
I(z) <0, forze E-,|z| <r

Now the result in [20] can be stated as follows.

THEOREM 4.1. Suppose that I € C'(E, R) satisfies the following assumptions:
(B1) I has a local linking at 0,
(B2) I satisfies (PS)*,
(B3) I maps bounded sets into bounded sets,
(B4) for everyn e N, I(z) > —oo as |z| - coandz € Ef @ E™.
Then I has a non-trivial critical point.

Proof of Theorem 1.3. We shall verify that I satisfies the conditions in Theorem
4.1. Condition (B3) is an immediate consequence of the continuity of the bilinear form
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B and the assumption of p, ¢. Next, we will check (B1). For z = (u, v) € E*, we have

2 +1 —+1
1) = (1. v) = eollzl} = Cllullfy iaw) — Cllollpgn,

for some ¢y > 0. And since p, ¢ > 1, we conclude that I(z) > 0 for z € ET with ||z||
small. A similar argument prove that I(z) = I(u, v) < 0 for z € E~ with ||z|| small.

Now we verify (B4). Letn € N be fixed and z € Ef @ E~, with | z|| — oo, we claim
that I(z) — —oo. Indeed, with z = (4, v) and z = z* + z~, we have

@) =P =171 = C / (Ve = C / () dVigy
HY HY
s—Mf%+QWﬁ—C/gmwﬂww—C/ymﬁwmm
HY HY
Letzt = (ut,vT)andz~ = (u~,v"), we have u= = yu' + i, where # is orthogonal to
ut in L2, Also, we have v~ = puv* + 9, where d is orthogonal to v~ in L?>. We may

verify that either y or u is positive.
Suppose y > 0, then we have

(I+ V)/ u* P dVige = / [(1+ )’ +alu’ dVigs < lull ot [0Tl] g
HN HN L7

As the norms in E; are equivalent, we obtain
(I + Pl < Cllull o,
where constant C is independent of u. So we obtain
1(2) < —collz” IP + Cllz* |17 = Cllu® |4+,

which implies that /(z) - —o0 as ||z|| — oo.
Finally, we verify the (PS)* condition. Suppose {z,} C E, is a sequence satisfying

[(zn)| = C, (Vv (zn), M| =< ealinlle, for n € E,, (4.3)

where ¢, — 0 as n — oco. We need only to show that ||z,| = ||(u,, v,)| is bounded
uniformly. Indeed, if |z,| is uniformly bounded, by using Lemma 4.1, we see that
u, and v, converge strongly up to a subsequence in L7*! and L¢*! respectively, the
conclusion here doesn’t follow in a standard way but can be proved as in [12]. Taking
n = z,, we have

1
CH+eullzall = I(Zn) - E(I (Zn)s Zn)

_(r__1 Vav s+ (L - L L d Vi
B (5 - m)/w[“")”’” Wi+ (2 q+ 1)/[%[(””)*]['+ Vi
4.4)

Now we estimate ||u,| z; and ||v,| z:. From (4.3), we have

[ o) <|[ 1wy

= |:</ [(un)+]q+1 dVHN) " + Sn:| ”QD”H,‘» _fOl’ all ¢ € Hy,
HY

=

+ enlloll a:
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which implies that

fl

unll < ( [(umq“de) e

Similarly, we prove that

il < ( / ()1 dVHA>” e

Thus, we conclude that

q

nunnH\+nvnnHr<</ ()4 dVH») (/ [G0,) 417! dVW)"“+zgn.

4.5)
Using this estimate in (4.4), we get

1
||(Hn)+||Lq+1 + ”(Un)-&-”gﬂ < Cln) 1+ 17 g1 + 1) 4 15,00) + C.

Hence, both |(u,)+llzenn and ||(v,)4llz»+1 are bounded, and consequently
lunllzs and [lv, |l are also bounded in view of (4.5). The proof of Theorem 1.3 is
completed. O

Now we consider the existence of a radial positive ground state for problem (1.1).

For p, q < w » then —= 1 + q+1 % By Theorem 1.3, we know that the set

A = {(u,v) € H{HY) x H}HY) : I'(u, v) = 0, (u, v) # (0, 0)},
is a non-empty set. We defined a minimization problem
= inf{I(u, v)|(u, v) € A}. (4.6)
We recall that if a critical point of I achieved I°° in (4.6), it is called a ground state for

problem (1.1), see [4].
The proof of Theorem 1.4 will be completed by the following proposition.

ProrosITION4.1. If 1 < p, g < M then I is attained and I*° > Q.

Proof. If p, ¢ < 22, then m + m > N¥=2 By Theorem 1.3, there exists a non-

trivial radial solutlon pair (U, V) € H! (H—I]N) X Hr1 (HV) of (1.1). So the set A # ¢ and
I°° are finite. If z = (u, v) is a solution of (1.1), then

2/ VHNM . VHNU dVHN = / (U+)q+1 + (U+)p+1 dVﬂ-[]N,
HN HN
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and hence,
1(z) = I(u, v)
1
= /HN Vynu - Vipnv d Vg — —/ (U+)p+l dVyy — 1 /N(u+)q+1 dVyw
1
= - — p+1 N o q+1 N
( p+1>f (e Vi +<2 q+1>/ () Vs
> 0.

Now, we show that /°° is obtained and positive. We show that the set of non-trivial
solutions is bounded from below. In fact, we have

”(u)—&-”i[l(HN) = / (U+)pu+ dVHN
HN

< ( / (0, dVHN)"“ ( / (m)f’“dmw)"“ @)
HN HN

< Cllve Gy gy et e g
It implies that

oy < CIO g

Now, using the two equations, we obtain

/ (P dvgy = / Vit - Voo dVigy = / (u)? d V. (4.8)
HN HN HN

From (4.7) and (4.8), it follows that

plg+1)

p+1
Cluts 3 o

it gy < et sy < Cllosll oy, <

Thus, we get

plg+1)

1
||u+ ”LT{H(HN) =< C”u+ ”L[,:;l(HN),

p(q+1)
which implies ||z || Ly = C,since B2 o+

C.
Finally, we observe that 7°° is obtained. Indeed, suppose now that z, = (u,, v,) is
a minimizing sequence of /°°, that is

> 1. Similarly, we prove that ||v. || iy =

I(z,)) — I®, I'(z,) =0, z, #0.

Clearly, {z,} is a (PS)~ sequence for I, therefore it follows from the last part of the
proof of Theorem 1.3 that (u,, v,) converges strongly to (u, v), which is a solution of

(1.1).

https://doi.org/10.1017/5S0017089514000457 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089514000457

536 HAIYANG HE

To show that I*° > 0, we note that if z = (u, v) # (0, 0) with I'(z) # 0, then

11 11
)= (~—- —— Vi ___/ Vs > 0.
© (2 p+1)/HN(U+)p : +<2 q+1) M e

Then we know that there exists a non-trivial solution z = (u, v) of problem (1.1) with
I(z) = I*°. Moreover, we have z = (u, v) > (0, 0). Otherwise, we may assume that u
changes sign, u = uy —u_,uy # 0, u_ # 0, I'(z) = 0 satisfying

—/ |Vivu_|* dVigy =/ (v Yu_ dVyy > 0.
HY HY

So we have that u_ = 0, that is u > 0. Similarly, we have v > 0. Using the maximum
principle, we obtain that (u, v) > (0, 0). O

5. Existence of solutions in H'(H") x H'(H"). Let E = H'(H") x H'(H") and
the natural inner product on E is given by

((, v), (9, ¥))e = / Vv uVyy g + Vv v Vv d Vi,
WY

then FE is a separable Hilbert space with dual E*.
Following [21], we have the direct decomposition E = E* @ E~, where both
E+, E~ are infinite dimensional, and

Et ={w,u),uec H'MHY)), E = {u,—u),uc HH ).

We also see that forz = (u, v), z = z+ + z~ withz+ = (”*T“, ‘“’T“ 27 = ("5, —%)and
| —2
VigvuVvv dViy = (12717 = lz7[19),
- 2

where [|25[1% = 2 [y [Viv (5212 d V.

LEMMA 5.1. Let N. = {z € E*, |z|| = r}. Then there exists r > 0 such that

b= 1}V1’f1(z) > 0.

Proof. For z € N,, thereis a u € H'(HV) with z = (u, u). If | z|| is small, we have
1 1
I(z) = / |V[H]Nl/l|2 dVyy — —— (U+)p+1 dViyn — —/ (u+)‘1+1 d Vv
HN P =+ 1 HN q + 1 HN
1
> Szl = ez = ez = 5> 0

for some b > 0. U

Let Mp={z=1z" +sz0:2z" € E7, |zl < R, s > 0} for some z, € E* \ {0} with
lzoll = 1.

LEMMA 5.2. There exists R > r such that (i) IBnA?XI =0; (ii)) S:=supl < oo.
R MR
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Proof 1If z € 9Mg, thenz = z= 4 szy witheither ||z| = R, s > 0,0r ||z|]| < R, s = 0.
Ifs=0,wehavez € £,z = (u, —u) and

1
I~ =~ 17 ——/ - u>+]P“dVHv——/ ()™ dVis < 0.

Suppose now that s > 0, ||z|| = R. We fix zg = (ug, up), z~ = (u, —u), then z =z~ +
szo = (u + sug, —u + sup) and

1 1
10 = 37— I - — / (50 — ), P dVigy — —— [ (st + 1), 1" Vi
1 1
532—5||Z I? - Cs”“.

It follows that
I(z) = 1(z” + sz9) > —00

as ||zt + szo|| = R — o0. Since 1(0) = 0, (i) is satisfied for sufficiently large R > r.
(ii) The boundedness of Mk implies that S := sup/ < oo. ]
My
A sequence {z,} C Eis called the Palais—Smale sequence ((PS). sequence for short)
of a C! functional I in E at level ¢ if I(z,) — ¢ and I'(z,) — 0 in E* as n — oo. In
order to give the proof of Theorem 1.5, let us define the following.

DEFINITION 5.1. For r > 0, define S, = {x e RY : [x|> =1+ +?} and for a € S,
define

A(a, r) = B(a,r) "N HY,
where B(a, r) is the open ball in the Euclidean space with centre @ and radius r > 0.
Moreover, for the choice of @ and r, dB(a, r) is orthogonal to S¥~!.
Similarly as [5], we have the following.

LEMMA 5.3. Let r; > 0,7, > 0 and A(a;, r;),i = 1, 2 be as in the above definition,
then there exists T € Z(HY) such that t(A(ay, 1)) = A(as, r2), where T(HN) is the
isometry group of HV.

The proof of the next lemma closely follows the proof of Theorem 3.3 in [5].

LEMMA 5.4. Problem (1.1) possesses at least one positive solution pair that belongs
to H'(HY) x H'(HY).

Proof. By Lemma 5.1, there exist r > 0 and b > 0 such that |y, > b, where N, =
{z€ ET :|z| = r}. By Lemma 5.2, for such an r, there exist R > r and suitable zy €
E*\ {0} such that Iy, < 0, where Mg was given before LemmaS52. AsE=E"® E~
and for z = (u, v) € E, we have

1
1) = —||z+||2— | / (W P dVigy — —— / (W) dVin.
We also see that

. / (v+)ﬂ+'dVHA—— / ()" dVH~+— / () dVigy
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is C!, and ¥ >0 is weakly sequentially lower semi-continuous by the fact that
HI(IH]N) x H'(HY) ¢ Lloc([H]N) x Ll (HV) and Fatou’s Lemma, and ' is weakly
sequentially continuous in the dual space of H'(HY) x H'(H"). Thus, there is a (PS).
sequence z, for I, where I(z,) — ¢ > b. Let z, = (u,, v,), we know that thereis C < +o00
such that ||z,|| < C for any n. We may assume that

zy, —~zinE, asn — oo.

We claim that there exists § > 0,
l1m 1nf/ () P dVyy = hmmf/ [(p)4 ] dViy > 8 > 0.
Since {z,} is a PS sequence, we have
o)+ [ 1P Vi = [ Ve Vi = [ (a3 Vi +o(0)

If lim fHN [(vn)+}p+l dVHN = lim fHN [(un)+]q+l dV[H]N - 0, then we have

/ Vst - Vinv, dVgy — 0 as n — oo.
HN

Thus, I(z,) - 0 as n — oo. This contradicts I(z,) - ¢ > b > 0 as n — oo. The claim

follows.
P+l g+l

Letusfixé; > 0,8, > Osuchthat0 < §; <8 < SNF ,0<8, <8< SN"I,l , where
Sy p satisfies that

T N+2
S p / ! dVigy ) 5/ |Vigvul? d Vv, Yu € H'(HY), 1<p< + ,N > 3.
HN HN N-2
Let us define the concentration function: Q, : (0, c0) —> R as follows:

01 =sup [ [ Ve

x€S,

Now lim0 0,(r) =0, and lim Q,(r) > §, for large r. A(x,r) approximates the
r—> Fr—>00

intersection of HY with a half space {y € R" : (y, x) > 0}. Therefore, we can choose a
sequence R, > 0 and x, € Sg, such that

sup / [(un)+]q+l dVHN = / [(un)+]q+l dVHN = .
A(x,Ry) A(xn, Ry)

XESRn
For xo € S s, and using Lemma 5.3, choosing T, € I(HY) such that
A(xn, Ry) = To(A(xo, v/3).

Now define z), (un, v)) = (uy o Ty(x), vy 0 T,(x)). Since T, is an isometry, one
can easily see that {(u v/)}is a (PS). sequence of I at the same level /*° as (u,, v,), and

n’ n

[ 62 Wi = [ @07 dVi + o1,
HN HN
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We also have

[ eyt aves [ Vs sw [ [t avie =,
A(x0,+/3) A(x,4/3)

A(x,. Ry) xeS 5
[(U}/q)+]p+l dVﬂ-ﬂNZ/ |[(Un)+]p+1 dVyy < sup [(U;,)Jr]pﬂ d V=4,
A(x0,v/3) A(xy, Ry) xeS, J A(x,+/3)
(5.1
and ||z,|| = ||z, |l. Therefore, up to a subsequence, we may assume

2= =, ), in H'HY) x H'(HY),
+2
N-2

2 — =W, ), in Lﬁ;l([H]N) X Llpotl([H]N), 2<p,q<

Moreover, z' = (u/, v') solves equation (1.1).
Now we want to prove that z' # 0. Ifitis not true, then we have 2/ = («/, v’) = (0, 0).
We claim that: Forany 1 > r > 2 — /3,

[ avie = o), () P+ dViaw = o(1).
HY N(Ix1=r} HY N(Ix1=r}

To do this, let us fix a pointa € S 3. Let ® € C5°(A(a, V3))such that 0 < @ < 1,

where A(a, v/3) = B(a, ~/3) (\H", where B(a, +/3) is the Euclidean ball with centre a
and radius +/3 and

/ Vi, Vv W d Vigy = f (V)P dVigy 4+ o(1)|W]|, for ¥ e H'(HY).
HN HN
Now putting ¥ = ®>(u,), in the above identity, we get

[ VT4 Vi = [ [P0 Vi + o1,
HN HJV

A simple computation gives
fH V@) P Vi = fH 1) P ®2) dViay + (1) (5.2)

Now using (5.2), the Holder inequality and the Poincaré-Sobolev inequality, we
get
-1

2
“ (D(u;,)Jr ”HI([H]N)

< (_/sz[q}(v'/’ﬁ]pﬂ dV[H]N>”+l (/HN[q)(u;)Jr]ﬂH dVHN>"“ (/;(m/lg)[(v;’)Jr]pH dVHN>r’+1

e
=< S;/i,”‘b(vﬁ,ﬁ||H1(HN)||‘D(U:,)+||H1([H]N) </ 7 [(U;)+]p+1 dVHN) .
A(a3)

Similarly,

2
” q)(v;/z)Jr ”Hl([]-I]N)
q-—1

g1
< SNP4I R4 vy </ A (1) 17! qu—uN) .
)

Ala,
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Now, if |®(v))4 | g1 vy 7 0 and | @)1 || g vy 7~ 0 as n —> oo, we get

g1

% g+1
S?V,p = (/ [(v;)Jr]p-H dVH*") (/ [(M:l)+]q+] dVHN>
A(a,/3) A@,3)

=l gl
p+1 Qg+l
<874,

4
< SN_p,

which is a contradiction. This implies that fHN[d>(v:1)+]lﬂrl dVyv — 0 and
Jun[ ()19 dVyy — 0. Since a € S 3 is arbitrary, the claim follows.

If 1 < p, g < §£3, this together with the fact that

N+2

2 =@, v) —> (0,0), in L'WYy x 2HHY), 2<p.g< 5"

loc loc

immediately gives a contradiction to (5.1). It implies that z/ = («/, v") # (0, 0). It is easy
to see that I'(z') = 0 by the fact that {z]} is a (PS).-sequence and I'(z,) — 0 in E* as
n — oo. Thus, Z' is a positive solution of (1.1). O

By Lemma 5.4, we know that the set
A= {u,v) e E=H'MH") x H'MH"): I'(u,v) = 0, (u, v) £ (0, 0)}

is a non-empty set. We also defined that a ground state is a minimizer of the variational
problem

I = inf{I(u, v)|(u, v) € A}.

Proof of Theorem 1.5. Proving as in Proposition 4.1, and taking (u, v) € H'(HY) x
H'(HV) and I'(u, v) = 0, we also have ||ull zs+igvy > C > 0 and ||v]|+1ggvy = C > 0.

Suppose now that z, = (u,, v,) € H/(HY) x H'(HY) is a minimizing sequence of
I*°, that is

I(z)) — I, I'(z,) =0, z, #£0.

Clearly, {z,} is a (PS);~ sequence for I, and by Lemma 5.4, we see that {z,,} is uniformly
bounded in H'(H"Y) x H'(H") and there is a critical point (u;, v;) of I with least
critical value, which is a ground state solution of problem (1.1). Moreover, we have
I(uy, v1) > 0 and (uy, v1) > (0, 0). O
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