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1. Introduction

In this article we shall compare two unified field theories namely,
Einstein’s first presentation of a four dimensional theory (refs. 1, 2) and
Levi-Civita’s reformulation of it (ref. 3). It is well known that the problem
of a unified field theory (of macroscopic world) is to find a suitable entity
within a proposed geometry to represent the electromagnetic field. Gravita-
tion is usually built into the theory since most of theories utilising a four
dimensional space time as a model of the physical world consist in a direct
extension of General Relativity.

Although Einstein himself abandoned later his original choice of an
electromagnetic vector potential, our remarks are prompted by two con-
siderations. First, no unified field theory has ever been ‘disproved’. In view
of the numerous attempts to formulate one it is likely that if one should
eventually be accepted, it will in some sense contain the ideas previously
discussed. Secondly, we wish to consider the assertion that Einstein’s and
Levi Civita’s theories are equivalent. This has been made by the latter
Author and we may find a similar statement in a recent work of Mme
Tonnelat (ref. 4, pp. 280—81).

Two theories may be regarded as equivalent either if they lead to the
same field equations or if the basic geometry of the space time is the same
in both. It is clear of course, that the latter sense does not apply in our
case. Levi Civita’s theory employs an ordinary Riemann geometry while
Einstein’s is, from the outset, non riemannian. We shall show below that
the first equivalence does not hold either. At least the electromagnetic
field is basically distinct in the two theories. Thus, any similarity between
them derives only from the first approximation in which a wave equation
for the field quantities is obtained in both.

2. The n-uplet rotation

We use Greek indices to refer to space-time coordinates and Latin ones
to a lattice of lines which we assume can be constructed at any point of the
manifold. The theory is formulated independently of whether the manifold
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is four-dimensional but if the geometrical space time is #-dimensional there
are # congruences at every point also. Thus both Greek and Latin indices
go from 1 to = (or, tacitly, from 1 to 4). The Greek, coordinate indices are
raised or lowered with the help of a symmetric metric tensor but there is no
corresponding operation for the n-uplet and Latin indices are shifted purely
for notational convenience. Both Einstein and Levi-Civita set up an #-uplet
(tetrad) in their manifold but Einstein uses it to define a nonsymmetric
affine connection I’;},, while Levi-Civita constructs with its help the Ricci
coefficients of rotation y,;.

We shall assume that both theories start with the same Riemannian
manifold V,. The n-uplets cannot then be identical for, with Einstein’s
connection, the y,;’s would vanish identically.

Let us denote Einstein’s #-uplet parameters by h; and Levi-Civita’s by
A;u- The stroke merely separates Greek and Latin indices and we use the
semicolon notation for covariant derivatives. The summation convention
applies to both kinds of indices. Then the metric tensor g,, is defined either
by

g/w — hohe

v . hE LY
V2t 4 g'u _hahat

(1) or by

Bp = Aa/ﬂ)“a/v: g = 15:1';-
There exists a transformation
(2) dx, = htde,, dx, = htdx,,

for which the metric is Cartesian in the ‘n-uplet’ frame. However, (2) must
be non-integrable if the space is to remain curved.
We define, with Einstein, an affine connection, as

(3) Iy, = —huhe, = hohy .,
whence

(4) Buvia = gpv,)\—r//:/\gpv_rf/\g/tp = 0.
Similarly

(5) Viip = ;‘i/,u;v;*;"l;:

so that (4) ensures its skew-symmetry in 7 and §:

(6) Vit Vi = 0.

If we identify the two metric tensors of (1) with each other, it follows that
there exists a (local, that is, applying to the Latin, #-uplet indices) trans-
formation

(7) zf = Aiah‘ﬁ: k; = }'ii/lAiar h{: = )‘fAza
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Clearly (under the assumption of orthogonality of the n-uplets), we have

(8) Aa = Aisuhls.

iip
The transformation coefficients A4,, form a representation of the rotation
group which operates on the elements of the abstract space of local (that is,
n-uplet or ‘Latin’ index) tensors. Indeed

(9) AiaA:ia = 6:‘1 = AuiAai‘

A new form for the Ricci coefficients (5) is obtained if we use Einstein’s
connection (3).

Following Levi-Civita we introduce first invariant differentiation along
the lattice lines. Thus

(10) izga, __a__z ” i
dsy, o, Oz, s,
Then
Vi = )’i/,u;vz;‘l; = (Aia);vAijkch‘l:h,c,hz
(11) = AecAjaAkb % hohy,
daA,,
= “ja —d‘;k— ’

since local quantities are space-time invariants. The fact that the Ricci
coefficients can be expressed exclusively in terms of the A-transformation
coefficients and their lattice-derivatives, plays a large part in our proof of
non-equivalence of Einstein’s and Levi-Civita’s theories.

3. The electromagnetic field tensor
Levi Civita assumes the localised electromagnetic field tensor f;; to be
proportional to the space invariant
12 = YT
( ) :” dsk

The constant of proportionality is a numerical multiple of an elementary
electric charge. On the other hand, Einstein identifies

(13) r,=2r;, =r,—I7, = hh,.—h;,)
with the electromagnetic potential vector. His field tensor, F,; say (in
localised form) is therefore

(14) F,, =220 r,,).

AN
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It is not clear yet whether (12) and (14) can not be reconciled. We prove
first that I', can be defined equivalently from either theory.
Indeed, from the definition (5) of a Ricci coefficient, we have

2FZ» = }‘g(z'i//t,v_li/v,ﬂ— (Yia'k—yz‘ki)}‘j//tlklv);

whence
(15) F,u = }J(}‘i/,u,o'—}*i/d,ﬂ)_?iii}'j/ﬂ-
But, from (3) using the rotation (7), and equation (11)
2I%, = A (s, y—Ripn, p) H 277 s s phoery—Asn Aoy )-
Since
Viii = 0,

a contraction of (16) leads back to (15) and this proves our assertion.
It follows that we can use either definition of I', to calculate Einstein’s,
localised electromagnetic tensor. In fact a simple reduction gives

Fii = "_'(lg}‘;_lslf)(}'Z,v}'k/u',/t_‘_lg,vlk/ﬂ,w

d d
+Aklﬂzz,wr+7klk2'k/,u,v)— d_s, Aot d_s, Yk -

Since
}“k/a', = ykmnlm/vln/p—*_ F;plk/‘r ’
and
}'Z, vy — J}kmn}gn}‘n/v_ F:v )'11; )
we have

}“k/l‘.wr = 7kmn(7mpa)'p//t}'a/o}'n/v+7ﬂpq1p/vlq/alm/ﬂ
+I1,‘: nlv m/p+ n/p)'m/p)
+P;’:v(ykpalp/plqlu**—F;}*klr)+F,uv,¢rlk/

d
+lr/a'z'm/,u n/vd (ykm'n)

Using these expressions we find that

d d d
Fy= &y+ E (Vris—Vrse) — d ?k;k‘i’ kak

+2}~"‘]~’quy~v+2?’kmnpyvlﬂ mi M 5:'1.
mt M Oin— Ay A Oim~-Any A50,,),

where
€ = (0150;a—0:2015) (Vkmn¥ mok+Viom¥ pman

+ YiemnVepm + Y min 7kmm) .
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Furthermore, if we introduce Levi-Civita’s four index symbols

d.,i; a

yiin yiik

Yisne = ds, - ds, F Ve (Voe—7en) TVenVin—Y1inY it

we find that

d d
d ykzk+ Yeik = Vii, it ™ Vri ik = 0,

1

d
(16) éaw‘*‘ (Vku Viis) —

whence finally
(17) %FU dlﬂ aﬂ zr+ m/plg(djnl{" 61712'.';‘) (ykmn"_yknm)'

4. Conclusions

We can deduce now easily that the theories of Einstein and of Levi-
Civita are incompatible. Let us for example, choose

(18) A — p

as a special case. Then, as mentioned above, the Ricci coefficients vanish
identically. However, Einstein’s field tensor as given by (17) becomes

F;= 34,135,

and is non zero. In Levi-Civita’s theory however, this case corresponds to
an absence of electromagnetic fields.

Summary

It is shown that Einstein’s 1929 Unified Field Theory and that of
Levi-Civita are incompatible.
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