CONCERNING BINARY RELATIONS ON
CONNECTED ORDERED SPACES

I. S. KRULE

1. Introduction. In a recent paper Mostert and Shields (4) showed that
if a space homeomorphic to the non-negative real numbers is a certain type
of topological semigroup, then the semigroup must be that of the non-negative
real numbers with the usual multiplication. Somewhat earlier Faucett (2)
showed that if a compact connected ordered space is a suitably restricted
topological semigroup, then it must be both topologically and algebraically
the same as the unit interval of real numbers with its usual multiplication.

In studying certain binary relations on topological spaces there have become
known (see, in particular, Wallace (5) and the author (3)) a number of prop-
erties analogous to those possessed by topological semigroups. Because of
these analogous properties between relations and semigroups the author was
motivated by the general nature of the Faucett and Mostert-Shields results
(that is, that the multiplication assumed turned out to be the same as the
usual multiplication) to feel that certain relations on a connected ordered
space should turn out to be the same as the orders whose order topologies
are the topology on the space. (Eilenberg (1) showed, among other things,
that a connected ordered space consisting of more than one point can be
endowed with exactly two orders whose order topologies are the topology on
the space, and these orders must be dual to each other.) The main result
of this note is a characterization of these orders as reflexive transitive relations
satisfying certain topological restrictions. As an immediate consequence of
this characterization there is Faucett’s result (2, Lemma 2) that if a compact
connected ordered space S is a topological semigroup with zero, if the zero
is an endpoint, and if each element of .S has a left unit, then the binary relation
on S,

{(a,0) € SX S|ac S},

is one of the two orders on S whose order topologies are the topology on S.

2. Preliminary definitions and results. Throughout this paper it is
assumed that X is a set consisting of more than o single element. A set L will
be called a relation on X provided L C X X X (the dual of L will be denoted
by ¢ L), and (X, L) will be called an ordered set provided L is reflexive, transi-
tive, antisymmetric, and satisfies the requirement that if x,y € X then
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(x,y) € Lor (yyx) € L. If (X, L) is an ordered set, the usual terminology
regarding lower bounds, upper bounds, infima, and suprema with respect to L
of subsets of X will be used. If X is a topological space, then X will be called
an ordered space provided there is such a relation L on X that (X, L) is an
ordered set and the order topology induced by L is the topology on X.

If L is any relation on the topological space X, the following terminology
and notation (in which, as throughout the paper, * is used to denote topo-
logical closure) will be employed:

(1) if x € X then L(x) ={y € X| (y,x) € L};

(2) if .1 C X then L(A) = U{L() |a € A};

(3) L will be called continuous (monotone) provided L(A4A*) C L(.1)* for
each .1 C X (L(x) is connected for each x € X);

(4) If & € X then k will be called L-minimal provided whenever x ¢ X
and x € L(k) then k& € L(x); the set of L-minimal elements will be denoted
by Kp;

(5) L will be called closed below (closed above) provided L(x) (¢L(x)) is
closed for each x € X;

(6) if B C X then B will be called an L-ideal provided B ## ¢ and L(B) C B.

LeEmMA. Let (X, R) be a connected ordered space, and let L be a reflexive
monotone continuous relation on X. If x € X — K, then either L(x) C R(x)
or there exists y € R(X) — x such that x € L(y).

Proof. Suppose vy € R(X) — ximpliesx € X — L(y). lf y € R(x) — xand
if L(y) Z R(x) — x, then there exists z € L(y) such that x € R(z); thus
since L is reflexive and monotone x € oR(y) M R(z) C L(y), a contradiction
of the supposition. Therefore y € R(x) — x implies L(y) C R(x) — x, and
it follows that L(R(x) — x) = R(x) — x. Hence from the reflexitivity and
continuity of L one has

L(x) C L(R(x)) = L((R(x) —x)*) C L(R(x) —x)* = (R(x) —x)* = R{x),

which completes the proof.

COROLLARY. Let (X, R) be a connected ordered space and let L be a reflexive
transitive closed above monotone continuous relation on X. If x € X and if
inf oL (x) exists but does not belong to Ky, then L(x) C R(x).

Proof. Let x € X and suppose L(x) ¢ R(x) although x, = inf ¢L{x) exists
and xo € X — K;. By the lemma x, € R(x) — x, and %y € o¢L(x) since L
is closed above. Thus L(xy) Z R(xo) so that again using the lemma, there
exists 2 € R(x¢) — xo such that xo € L(z). Because L is transitive it follows
that x € L(z), that is, 2 € ¢L(x); therefore x, # inf ¢L(x), a contradiction.
Hence it must be true that L(x) C R(x).

3. Main result. It is well known that if L is a transitive closed below
relation on the 7'y — space X and if 4 is a compact L-ideal, then .1 M K, # ¢.
This fact will be used in the proof of the following
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TuroreM. Let (X, R) be a connected ordered space, and let L be a relation
on X. If L 1s reflexive, transitive, closed above and below, monotone, and con-
tinuous with K; = K or K, = Kyp, then L = R or L = ¢R (not necessarily
respectively). The converse is also true.

Proof. The truth of the converse is obvious. The proof of the first statement
is divided into two cases. It is assumed that K, = Kpg, for a completely dual
proof holds in the dual case.

Case 1: K; # ¢. Then Ky consists of a single endpoint of X, say e. It will
be shown in this case that L = R, and for this it suffices to show that
L(x) = R(x) for each x € X. Let x € X. If x = ¢, then e = Kz = K,
implies L(e) = e = R(e). Suppose x # e, and let x, = inf ¢L(x). Then
xo € oL(x), so that if xo = ¢ then x € L(¢) = ¢, a contradiction. Hence
xo # e and by the corollary L(x) C R(x). Therefore since L(x) is closed
and R(x) is compact, L(x) is a compact L-ideal and thus e = L(x) N\ K.
From the monotonicity of L it follows that R(x) C L(x), and hence L(x)=R(x).

Case 2: Ky = ¢.

(1) oL 1s monotone. To see this let x € X and suppose that ¢L(x) is not
connected. Then there exists ¢ € X — ¢L(x) such that 4 = oL(x) M R(c)
and B = oL(x) M oR(c) are both non-void. Thus @ = sup 4 and b = inf B
exist, and it is easily seen that a,d € oL(x) and

U= (6R(a) NYR(b)) — {a, b} C X — oL(x).

Clearly L(U) is connected so that a,d € X — U implies L(U) C U, that
is, U is an L-ideal. But because L is continuous, U* is a compact L-ideal
and thus meets K, contrary to hypothesis. Consequently, oL(x) is con-
nected and ¢L is monotone.

(ii) For each x € X, either L(x) = R(x) or L(x) = oR(x). Let x € X. It
suffices to show L(x) C R(x) or L(x) C oR(x), for if L(x) C R(x) but L(x)
#= R(x), then L(x) has a lower bound and is thus a compact L-ideal, implying
K # ¢; and similarly, if L(x) C ¢R(x) then L(x) = ¢R(x). Suppose now
that L(x)  R(x). If ¢L(x) has a lower bound, then inf ¢L(x) exists and by
the corollary it follows that L(x) C R(x), contrary to supposition. Therefore
the monotonicity and reflexitivity of oL give R(x) C oL(x). If ¢L(x) also
has no upper bound, then X C oL(x), implying x € K, = ¢. Let xo = sup
oL (x). (Note that x, # sup X, for if xy = sup X then X C ¢L(x).) Then
oL (x9) C R(x0) and hence L(eR(xy) — x9) C dR(x9) — xo, whence it follows
that L(x) C L(xo) C L((oR(x0) — x0)*) C L(aR(x0) — x0)* C (aR(%x0) — x0)*
C oR(x0) C oR(x).

(iti) If y € L(x) = R(x), then L(y) = R(y). For y € L(x) implies
L(y) C L(x), and hence L(y) has no lower bound since L(y) is a closed
L-ideal and K, = ¢. Therefore (ii) implies L(y) = R(y).

(iv) Ify € L(x) = oR(x), then L(y) = ¢R(y). The proof is similar to that
of (iii).
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(v) L=RorL=9R. Letd ={a € X|L(a) = R(a)} and let B = {b €
X | L(b) = oR(b)}. Suppose L # ¢R. Then from (ii) and (iii) it follows that
A is connected and non-void. If 4 has no upper bound or if it has an upper
bound which is also sup X, then 4 = X and L = R. If A4 has an upper
bound which is not sup X, then let ¢y = sup 4. It follows from (ii) and (iv)
that B is connected and non-void; and using the continuity of L and the
supposition K; = ¢, it is not difficult to verify that ay € 4 M B. But in
order that 4 M B # ¢, it must be true that X consists of a single point,
contrary to hypothesis. Hence L = R, and the proof of the theorem is com-
plete.

4. Examples. A reflexive transitive relation satisfying all but one of the
hypotheses of the theorem need be neither R nor ¢R. That this is indeed a
fact is proved by the following set of examples in which X is, or is a subset of,
the real numbers, and R = {(x,y) € X X X |x < y}.

Example 1. Let X be the real numbers, and let L = {(x,y) € X X X |
|x|=< |y|}. Then L is a reflexive transitive monotone continuous relation with
closed graph (hence closed above and below), but K, = {0} # Kz = ¢ = K,p
and R # L # oR.

Example 2. Let X and L be as in Example 1, and let M = ¢L. Then M
is a reflexive transitive continuous relation with closed graph, and Ky = ¢ =
K. However M is not monotone, and R % M # oR.

Example 3. Let X be the real numbers, and let L = {(x,y) € X X X
[x Sy 20} U{(x,y) € X XX|0 =y = «}. Then L is a reflexive transi-
tive monotone relation with closed graph, and K; = ¢ = K. However
R # L # ¢R and L is not continuous.

Example 4. Let X be the set of real numbers x such that 0 <x =1, and let
Li={(x,y) € XXX |x=Zy<1}U{(, D}

If Ly, = oL, then both L; and L, are reflexive transitive monotone continuous
relations. Further, L, is closed below and L, is closed above, but L, is not
closed above and L, is not closed below. Also

Ky = Kyg, = {1} = Kog
although R #£ L, # oR and R # L, # oR.

5. Concerning a possible generalization. Let it be said (see Eilenberg
(1) that a topological space X can be ordered provided there is a relation L on
X such that (X, L) is an ordered set and the sets defined as open by the order
topology are open in X under its original topology. It would be interesting
to know if in the above theorem it is possible to replace ‘‘ordered space”
by ‘“‘space which can be ordered”” and still have a true statement.
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