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ARTIN RINGS WITH TWO-GENERATED IDEALS 

DAVID E. RUSH 

ABSTRACT. It is shown that each commutative Artin local ring having each of its 
ideals generated by two elements is the homomorphic image of a one-dimensional local 
complete intersection ring which also has each of its ideals generated by two elements. It 
is indicated how this can be applied to show that the property that each ideal is projective 
over its endomorphism ring does not pass to homomorphic images, and in determining 
the commutative group rings with the two-generator property. 

All rings in this note are commutative Noetherian rings with identity. In [4] Hunger-
ford showed that each local Artinian principal ideal ring is a homomorphic image of 
a local one-dimensional principal ideal ring. In [1] Bass showed that one-dimensional 
rings with the two-generator property (that is, each ideal can be generated by two ele­
ments) have some properties which are similar to properties of principal ideal domains. 
For example if such a ring R is reduced and has finite integral closure then each finitely 
generated torsionfree /^-module is isomorphic to a direct sum of ideals of R. Since then 
many other properties of these rings have been obtained [3,6,10,11,12], but little is 
known about Artinian rings with the two-generator property. In this note we show that the 
analogous result to Hungerford's theorem mentioned above holds for local rings which 
have the two-generator property. We also indicate two applications of this result. The first 
of these is to show that stability of rings as defined in [11], [12] is not preserved under 
homomorphic images, and the other is to the determination of the commutative group 
rings having the two-generator property. As in [5, p. 190] we say that a local ring B is a 
complete intersection if B = R/1 where R is a regular local ring and / is an ideal of R 
generated by height(T) elements. 

THEOREM. Let (A, m) be a zero-dimensional local ring with the two-generator prop­
erty. Then A = R/1 where R is a one-dimensional local complete intersection with the 
two-generator property. 

PROOF. Let m = (x,y). Then by [2, Theorems 9 and 12] we can write A as a homo­
morphic image of a power series ring <j> : D[[X, Y]] —• A, where <j> (X) = x, <t>(Y) = y and 
D is either a field or a i/-ring, that is a complete principal valuation ring whose maximal 
ideal is generated by a prime integer/7. First assume that D is a field. Since A has the two-
generator property, m2 is generated by two of the elements x2, xy, y2. If m2 — (xy, y2) 
let x2 = axy + by2, a,b G R. Choose preimages a, /? G D[[X, Y]] of a and b respec­
tively and le t / = X2 — aXY — fty2. Then since the first two powers of the maximal 
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ideal of R = D[[X, Y]]/ (f) are each generated by two elements, R has the two-generator 
property by [7, Theorem 1]. Thus R is a local complete intersection of dimension one 
and maps onto A. The cases m2 = (x2,)?2) and m2 = (x2,xy) are similar. Thus assume 
that D is a z/-ring. Then A has mixed characteristic and if p is the characteristic of A/ m 
then p G m — {0} . Let p — sx + ty, s, t G A, let o\r G £>[[X, F]] be preimages of s 
and t respectively and let g — p — crX — TY. Again consider the case x2 = axy + by2, 
a,b E A, the other cases being similar. Choose preimages a,[3 £ D[[X, Y]] of a and b 
respectively and again let/ = X2 - aXY-(3Y2. Then as above R = D[[X, Y]]/ (gj) has 
the two-generator property by [7, Theorem 1], and is clearly a one-dimensional complete 
intersection and maps onto R. 

APPPLICATION 1. In [11] and [12] an ideal / of a ring R is said to be stable if / is 
projective as a module over Hom/?(/, I) and the ring R is said to be stable if each ideal of 
R is stable. It is shown in [12, Theorem 3.4] that if R is a one-dimensional Macaulay ring 
in which maximal ideals are not minimal, and R has the two-generator property then R is 
stable. The converse holds in many cases but not always [12, Example 5.4]. It is known 
that stable rings, like rings with the two-generator property, have Krull dimension < 1 
[12, Proposition 2.1]. Because of this relationship to the two-generator property it is 
natural to ask if stability passes to homomorphic images. The above theorem together 
with an example from [12] shows that the homomorphic image of a stable ring need not 
be stable. Indeed by [12, Example 5.6] there is an Artin local ring (A, m) that has the two 
generator property which is not stable. By the above theorem we can write A = R/1 
where R is a one-dimensional ring with the two-generator property which is Macaulay. 
Then R is stable by [12, Theorem 3.4], but its image A is not. 

APPLICATION 2. In [8] the commutative one-dimensional monoid rings R[G] which 
have the two-generator property were determined except in the case that G is a finite 
abelian group and R is a one-dimensional ring which has some maximal ideals which are 
also minimal. Since in this case it follows easily that R = R\XR2 where maximal ideals 
of R[ have height 1 and R2 is Artinian, and a product of two rings has the two-generator 
property if and only if each factor does, it remains to determine the commutative Artinian 
group rings which have the two-generator property. These are determined in [9]. For 
simplicity we state the characterization from [9] in the local case. Let (R, M) be a local 
Artinian ring and let G be a finite abelian group of order n. Then R[G] has the two-
generator property if and only if R has the two-generator property and 

(i) n is a unit in R if R is not a principal ideal ring, 

(ii) if R is a principal ideal ring and the characteristic of R/ M is a prime integer p 
which divides n, then the/?-Sylow subgroup Gp of G is = Z/ plZ and if M2 ^ 0 
then / = 1, unless p — 2 where the additional case M = 0 and G2 = Z/ 2lZ 0 
Z/ 2Z occurs. 

The proof that if M is a unit of R and R has the two-generator property then R[G] 
has the two-generator property proceeds by writing R as a homomorphic image of a 

https://doi.org/10.4153/CMB-1992-019-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1992-019-3


ARTIN RINGS WITH TWO-GENERATED IDEALS 135 

one-dimensional ring R with the two-generator property as above, and using the char­
acterization in [8] of one-dimensional commutative group rings with the two-generator 
property. 

REFERENCES 

1. H. Bass, On the ubiquity ofGorenstein rings, Math. Z., 82(1963), 8-28. 
2.1. S. Cohen, On the structure and ideal theory of complete local rings, Trans. Amer. Math. Soc. 59(1946) 

54-106. 
3. C. Greither, On the two generator problem for ideals of a one-dimensional ring J. Pure Appl. Algebra, 

24(1982)265-276. 
4. Thomas W. Hungerford, On the structure of principal ideal rings, Pacific J. Math. 25(1968) 543-547. 
5. E. Kunz, Introduction to Commutative Algebra and Algebraic Geometry, Birkhauser, Boston, 1985. 
6. E. Matlis, The two generator problem for ideals, Mich. Math. J., 17(1970) 257-265. 
7. K. R. McLean, Local rings with bounded ideals, J. Algebra, 74(1982) 328-332. 
8. J. S. Okon, D. E. Rush and J. P. Vicknair, Commutative semigroup rings with two-generated ideals, J. 

London Math. Soc, to appear. 
9. J. S. Okon and J. P. Vicknair, Artinian group rings with two-generated ideals, Communications in Alg., to 

appear. 
10. D. E. Rush, Rings with two-generated ideals, J. Pure Appl. Algebra, 73(1991), 257-275. 
11. J. D. Sally and W V. Wasconcclos, Stable rings and a problem of Bass, Bull. Amer. Soc, 79(1973)574-576. 
12 , Stable rings, J. Pure Appl. Algebra, 4(1974) 319-336. 

Department of Mathematics 
University of California at Riverside 
Riverside, California 92521-0135 

https://doi.org/10.4153/CMB-1992-019-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1992-019-3

