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Abstract

We develop a theory of ergodicity for unbounded functions ¢ : J — X, where J is a subsemigroup
of a locally compact abelian group G and X is a Banach space. It is assumed that ¢ is continuous and
dominated by a weight w defined on G. In particular, we establish total ergodicity for the orbits of an
(unbounded) strongly continuous representation T : G — L(X) whose dual representation has no unitary
point spectrum. Under additional conditions stability of the orbits follows. To study spectra of functions,
we use Beurling algebras L! (G) and obtain new characterizations of their maximal primary ideals, when
w is non-quasianalytic, and of their minimal primary ideals, when w has polynomial growth. It follows
that, relative to certain translation invariant function classes %, the reduced Beurling spectrum of ¢ is
empty if and only if ¢ € . For the zero class, this is Wiener’s tauberian theorem.
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Keywords and phrases: weighted ergodicity, orbits of unbounded semigroup representation, non-
quasianalytic weights, stability, Beurling spectrum.

1. Introduction

Throughout this paper G denotes a locally compact abelian topological group with
a fixed Haar measure p and dual group G. We use additive notation for G and
multiplicative for G. The Fourier transform of a function f € L'(G) is then defined
by f(¥) = [ev(=nf ) du@) fory € G.

By J we denote a closed sub-semigroup of G with non-empty interior such that
G = J—J and by X a complex Banach space. For afunction¢ : J — X, its trranslate
¢ and difference A ¢ by h € J are given by ¢, (1) = ¢(t+h) and A, = ¢, — @. If
h=(hy,...,h,) € J* then Ay = Ay (Ap,_, - (Apd)---),n € N;if h; = ¢, for

a1
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all 1 <j < n, we write A}¢ instead of A,¢. Finally, |¢| will stand for the function
defined by |¢}(¢) = ||¢(2)]|| for ¢t € J.

Weights are functions w : G — R which, unless otherwise stated, are assumed to
satisfy the following conditions:

(1.1) w is continuous, w(¢) > 1 and w(s + ¢) < w(s)w(¢) forall s, t € G;
(1.2) w(—t) = w(t) foreveryt € G;
[o o]

1
(1.3) Z;ﬁlogw(nt) < oo foreveryt € G;

n=1

Aw
(1.4) € G(G) forevery s € G,
[Asw(?)] .
(1.5) sup————— — 0 ass > 0in G.
6 w(r)

The symmetry condition (1.2) is only used to simplify the exposition. Without
it, the definition of the Beurling spectrum is modified as in [8, (1.9)]. Moreover, if
w satisfies all these conditions except (1.2) then w(r) + w(—1) satisfies all of them.
Condition (1.3) is the Beurling-Domar condition (see [14])and a weight satisfying
(1.3) is called non-quasianalytic. In the case that w is bounded we will assume
w = 1, as this will cause no loss of generality. For certain results, as we shall see,
condition (1.4) may be weakened. We can also pass to equivalent weights. Functions
w, w; : G — R are equivalent if cyw(t) < w(t) < caw(t) for some ¢y, ¢; > 0 and
all t € G. The function w(¢) = (1 + |sin¢[)(1 + |¢|) on R does not satisfy (1.4), but
is equivalent to w,(¢) = 1 + |¢| which does satisfy (1.4).

Frequently we will also assume the existence of N € Z, such that

w(mt) i
(1.6) |m|1—>oo m =0 forallt € G; and
t
.7 inf w(m?) >0 forsomete G.
meZ |m|N

We will say that a weight w has polynomial growth of order N € Z, if it satisfies
(1.6)—(1.7). The Beurling-Domar condition (1.3) follows from (1.6).

A function ¢ : J — X is called w-bounded if ¢ /w is bounded. The space
BC,(J, X) of all continuous w-bounded functions ¢ : J — X is a Banach space
with norm [¢]|,.c0 = sup,, (¢ (@) |/w(r)). For this space and others, we will omit
the subscript w when w = 1.

Following [31, page 142], we say that a function ¢ : J — X is w-uniformly
continuous if for each ¢ > 0 there is a neighbourhood U of 0 in G such that ||¢(s) —
¢ ()| < ew(r)forallt € Jands € (++ U)NJ. The closed subspace of BC,,(J, X)
consisting of all w-uniformly continuous functions is denoted BUC,,(J, X); the closed
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subspace of BC,(J, X) consisting of functions ¢ for which ¢/w € Cy(J, X) is
denoted C,,o(J, X).

Condition (1.5) is equivalent to w € BUC, (G, C). Also, if w satisfies (1.1) and
(1.2), then |A,w(t)/w(t)] < w(h) —1forall h, t € G and so (1.5) holdsif w(0) = 1.
Moreover, Ax(¢/w) = App/w — (¢p/w)r(Ayw/w) and therefore from (1.5) we
conclude

(1.8) ¢ € BUC,(J, X) & ¢/w is uniformly continuous and bounded.

Furthermore, ||¢/1h — @ llw.o < WD) 105 — Pllw,0 and so

(1.9) ¢ €e BUC,(J,X) =t ¢,: J > BUC,(J, X) is continuous.

EXAMPLE 1.1. The function w(z) = c(1 + |¢])" exp(1 + |¢])? on R? or Z¢ satisfies
(1.1)~«(1.5) whenever ¢ > 1/e, N > 0and 0 < p < 1. If also p = O then w has
polynomial growth of order N.

The Beurling algebra L' (G) = {f € L'(G) : wf € L'(G)) is a subalgebra of the
convolution algebra L' (G) and a Banach algebra under the norm

If w1 =f If ) w(2) dp(r)
G

(see [31, page 83]). The co-spectrum of a closed ideal I of LL)(G), is defined by
cosply={y € G:f(y)=0 forall f el}.

In this paper we introduce a new method for studying the asymptotic behaviour of
strongly continuous representations T : J — X. In particular, the results are applied
to unbounded solutions of the Cauchy problem on the half-line R,. There are three
major ingredients of this method. Firstly we introduce the notion of w-ergodicity for
unbounded functions. For weights satisfying (1.4) many results for bounded ergodic
functions have analogues for w-ergodic functions (see Section 2). Note that while
the spaces BC,,(J, X) and L! (G) are unchanged if w is replaced by an equivalent
weight, this is not the case for spaces of w-ergodic functions. Secondly we introduce
the reduced Beurling spectrum of unbounded functions ¢ relative to certain function
classes & . This spectrum is used to determine membership of &#. As a consequence,
we reduce the study of the asymptotic behaviour of ¢ relative to & to that of ¢/w
relative to % /w. Thirdly we employ the method used by the first author in {6] to unify
the study of homogeneous and inhomogeneous equations for the Cauchy problem on
the half-line.

The structure of this paper is as follows. In Section 2 we study some translation
invariant closed subspaces # of BC,(J, X) that will be used in the applications.
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These spaces have an additional property that we call BUC,-invariance. Qur main
examples are the spaces E, (J, X) of w-ergodic functions. Though other authors use
different characterizations of ergodicity, usually for bounded functions (see [7]), we
use that of Maak [25, 26] because of its simplicity and wide applicability. See also
{20, 21] and references therein. (We thank Hans Giinzler for pointing out that Maak
[25] preceded Isekii [20] cited in our paper [7]). In particular, we obtain conditions
on a subspace # of BC,(J, X) under which a w-ergodic function belongs to &
whenever its differences belong to #. Important examples of w-ergodic functions
are certain orbits T(-)x of strongly continuous representations 7 : J — X (see
Theorem 2.6, Theorem 2.7) and ¢ * f whenever ¢ € BUC,(G, X), f € L} (G) and
fA(l) = 0 (see Corollary 3.2).

Beurling algebras play an important role in harmonic analysis. In particular a
knowledge of their ideal structure is useful in applications as we shall demonstrate.
However, the identification of the primary ideals of a general Beurling algebra is a
difficult problem. If w is non-quasianalytic, then L (G) is a Wiener algebra (see
[31, page 132]). Moreover, its maximal ideals are the sets /,(y) = {f € L. (G) :
fA(y) = 0} where y € G, and its primary ideals are those whose co-spectrum is a
singleton. By Wiener’s tauberian theorem, all (closed) primary ideals in L!(G) are
maximal (see [32, 7.2.5, 7.2.6]). This is not the case for general L. (G). For example,
if G = R, then

I = {f eL;(R):/tff(t)dmo for 0 <j _<_k}

defines a chain of primary ideals (see Gurarii [17]). Moreover, for a weight of
polynomial growth N, the primary ideals of L} (Z) are the sets I, = {f € L} (Z) :
f91) =0 for 0 <j <k}, where 0 < k < N (see [8, Theorem 3.1]). In Section 3
we obtain two characterizations of the minimal primary ideals of L (G) when w
has polynomial growth—one in terms of differences and one in terms of w-spectral
synthesis (see Theorem 3.6 and Corollary 3.7). This is achieved using polynomials
p : G > X, astudy of which was commenced in [8, Theorem 2.4]. In particular,
for weights of polynomial growth, polynomials are the w-bounded functions with
Beurling spectrum {1}. Moreover, functions in BC,(G, X) with finite Beurling
spectra are sums of products of characters and polynomials. We also characterize the
maximal ideals in terms of differences when w is non-quasianalytic (see Theorem 3.1).

In Section 4 we define the spectrum sp 4 (¢) relative to the class & € BC,(J, X)
of a function ¢ € BC,(G, X). We prove (Theorem 4.3) a generalization of Wiener’s
tauberian theorem, characterizing functions for which sp & (¢) = @ as those for which
¢l; € &. In tumn, this is used to characterize functions for which spg(¢) is finite.
We also generalize a tauberian theorem of Loomis (Theorem 4.7) for the case that
spg(¢) is residual. An application to convolution operators appears in Section 5
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(see Theorem 5.1 and its corollaries). In particular, we obtain tauberian theorems of
the form (k * ¢)|; € & implies ¢|; € #. Finally, we prove stability theorems for
unbounded solutions of the Cauchy problem (Theorem 5.6) and, more generally, for
the orbits of strongly continuous semigroup representations (Theorem 5.7).

2. Some function classes

We begin by defining a notion of ergodicity that applies to unbounded functions.
This ergodicity differs from both that of Maak [25, 26] and that of Basit and Giinzler
[13, 12]. If J is R or Ry, a function ¢ € L} (J, X) is sometimes called uniform-
ergodic with mean x € X if limr_ (1/7) fo ¢ (s + t)ds = x uniformly in ¢. For
example, in [2, 3, 5] uniform-ergodicity is used to prove tauberian theorems for
functions in BUC(J, X), whereas in [12] it is used for a similar purpose for certain
unbounded functions and distributions. The definition of uniform-ergodicity extends
readily to functions on semigroups J which possess a Fglner net. See for example [7].
However, Maak [25, 26] introduced a notion of ergodicty that applies for functions on
general semigroups (see also [20, 21]).

Thus a function ¢ : J — X is Maak-ergodic with mean M (¢) = x € X if foreach
¢ > O there is a finite subset F C J with |(1/|F) X,.@ —x)| <e&.

We denote by E(J, X) (respectively Ey(J, X)) the closed subspace of Maak-
ergodic (respectively Maak-ergodic with mean Q) bounded continuous functions ¢ :
J = X. (Note the difference with our notation in [7, Section 2]; there E (J, X) stands
for the set of all bounded Maak-ergodic functions ¢ : J — X).

It is proved in [7, Corollary 5.2] that for certain semigroups J, a function ¢ €
BUC(J, X) is uniform-ergodic if and only if it is Maak-ergodic with the same mean.

Also, the space of Maak-ergodic functions E(J, X)) is closely related to the differ-
ence space 2(BUC(J, X)), the span of the set of all differences

Ayd, ¢ € BUCWJ,X), hel,

studied by Nillsen [27, pages 1 and 10] for the case J = G, X = C. As in [7,
Corollary 5.2}, it can be shown that

Eo(J, X) NBUC(J, X) = Z(BUC(J, X)).

To apply ergodic theory more generally, we introduce a new class E,(J, X),
(respectively E,, ¢(J, X)), the closed subspaces of B C,,(J, X) consisting of functions
¢ for which ¢ /w is Maak-ergodic (respectively Maak-ergodic with mean 0). Such
functions we shall refer to as w-ergodic. In particular, for non-zero real s, the function
@ (1) = t ¢'* is neither uniform-ergodic nor Maak-ergodic on R, but if w(r) = 1 + ||
then ¢ is w-ergodic and M (¢ /w) = 0.
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Note that ¢(#) = ¢sin #? is uniform-ergodic on R but not Maak-ergodic since
1« . 2 I~ 2 e 2
— Z(r + t)sin(t + 1,)° = — Z tsin(t 4+ )+ — Z t;sin(t + t;)
m i=1 m i=1 m i=1

is not bounded for all finite collections 1, ..., t, € R. However, for general ¢ €
Ll‘oc([R, X), if ¢ is uniform-ergodic, then M ¢ (z) = fol ¢ (¢t + s)ds is bounded and
uniform-ergodic with the same mean (see [12, Proposition 7.1]). Therefore M}¢ €
BUC(R, X). It follows that if ¢ : R — X is uniform-ergodic then M3¢ is Maak-
ergodic with the same mean.

The following proposition gives some useful properties of w-ergodicity and the
theorem provides a simple but important application of the concept.

PROPOSITION 2.1.
(@) Ifp € Eu(G,X), then |, € E,(J, X) and M((¢/w)|;) = M(¢/w).
(b) If G is not compact, then C,o(J, X) C E, o(J, X).
() If¢p € BC,(J,X) then Ayp € Eo(J, X) forallt € J.

PROOF. (a) Let x = M(¢/w). Given € > O there is a finite set F = {¢, ..., t,}
C G such that "(l/m) Z;"=l(¢/w)(tj +1) —x" < gforallt € G. Choose u;,v; € J
suchthat; = u; —v;. Letv=v, +---+v,andsets; =¢ +v. Sos; € J and
l(1/m) X7 (@/w)(s; + 1) — x| < eforallz e J.

(b) Since G = J — J, J is not compact. Let ¢ € C,,o(J, X). Given ¢ > 0, choose
m € N such that ||¢ (#)|| < (me/2)w(¢) forall ¢ € J, and a compact subset K of J
such that | (1)|| < (¢/2)w(z) forallt ¢ K. Takeany f, € Jandfor2 <j <m
choose #; € J inductively such that ; ¢ U{;ll(ti + K — K). Then for any ¢ € J,

t +t; € K for at most one j and so
1 fme (m—1)e
<—|—4+—] <=
Tm\ 2 2

Z (G +0) t)
w(t +
This shows that ¢ /w € E,, ¢(J, X).

(c) First note that A,¢/w = A, (¢/w) + (¢/w),(A,w/w). Given ¢ > 0, choose
m € N such that [|¢(¢)|| < (me/2)w(r) forall ¢ € J. Since

(Al@/w))s = Arps(@/w) — As(p/w),
£ A@/w)t+ u)| < & forallt,u € J, showing A,(¢p/w) € Eyo(J, X).

By (1.4), (¢/w),(A,w/w) € Co(J, X). If G is not compact, then (¢/w),(A,w/w) €
E,o(J, X) by part (b). If G is compact, then w = 1 so (¢/w),(A,w/w) = 0. O
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THEOREM 2.2. Let F be any translation invariant closed subspace of BC,(J, X).
Ifp e E,(J,X)and A\¢p € & foreacht € J* andsomen € N, thendp—M (¢p/w)w €
F+ CuoJ,X). Ifalsow =1, thenp — M(¢) € &.

PROOF. Assume firstly that n = 1. For any finite subset F C J, we have

O ES S rY )]

1
=T I¢

RS
Il i ‘F' (o7

The first term on the right may be made arbitrarily small in norm by suitable choice
of F. The second term is in # by assumption and the third term is in C,o(J, X)
by (1.4). If w = 1, then A,w = 0. The result for general n now follows. 4d

We say that a subspace & of BC,(J, X) is BUC,-invariant whenever it satisfies
2.n if ¢ € BUC,(G, X) and ¢|; € F then ¢,|, € F forallr € G.
Other conditions that we will sometimes use are

2.2) Z is closed under multiplication by characters;
2.3) if w is unbounded, &# 2 C,o(J, X).

A closed linear subspace & of BUC,(J, X) satisfying (2.1)—(2.3) will be called a
A, -class.

REMARKS 2.3. (a) It is easy to see that if ¢ € E,o(J,C), ¢ > O and ¥ €
BC(J, X), then ¢y € E,o(J, X). Hence, Proposition 2.1 (c) and Theorem 2.2
remain valid with C,,o(J, X) replaced by E, o(J, X) if, instead of (1.4), w satisfies
the weaker condition

2.4) |As;w| € E,o(J,C) foreverys e J.

(b) The spaces E,(J, X) and E,o(J, X) are BUC,-invariant. Indeed, let ¢ €
BUC, (G, X) with ¢|; € E,(J,X). If t € G, then ¢, = A, + ¢ and so by
Proposition 2.1 (c), ¢;|; € E,(J, X) and M(¢,/w) = M(¢/w).

(c) The partial ordering <, defined by s < # whenever ¢t — s € J U {0}, makes J a
directed set. We will use this order to define limits here and below. In particular, we
may define

o] .

teJ

Funll, X) = {MBUC V. X) Tim ’¢(r)
w(r)
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Using G = J — J, it is easy to check that &#,, o(J, X) is BUC,-invariant. Moreover,
if G=RorZand J = R, orZ,, then &, ,(J, X) = C,(J, X) but in general this
is not the case. For example, £, (G, X) = {0}. However, £, 4(J, X) 2 C,0(J, X)
if J satisfies the following condition:

(2.5) for every compact subset K of J there exists t € J with KN (r + J) = 0.

(d) For some semigroups J we have & O C,o(J, X) for every BUC,-invariant
closed subspace # of BC,(J, X). For example, this is the case if Co(J, X) =
Go(G, X)|; and J satisfies

(2.6) for every compact subset K of G there exists t € G with (¢t + K)NJ = @.

Indeed, any § € C,¢(J, X) can be extended to a function é € Cyo(G, X). Since G
is normal (see [18, page 76]) & can be approximated by a function ¥ € Cuo(G, X)
with compact support K say. Choose ¢ € G such that (t + K) N J = @ and set
¢ =y_, € BUC,(G,X). Then¢|, =0€e F soy|; = ¢l € F. As £ is closed,
te #.

(e) Condition (2.6) holds if G = R? and J = (R, )?. In fact, it holds whenever J
and the interior of —J are disjoint. Indeed, let s € J°, the interior of J, and
choose an open neighbourhood U of 0 in G such that —s + U € —J°. Given a
compact subset K of G, choose a finite covering {c; + U : 1 < j < n} of K. Now
¢; =a; — b; forsome a;, b; € J. Settinga=a,+---+a,and t = —a — s we find
t+K < U;'=,(—a+aj ~b—s+U)<C —J°.Hence ¢t + K)NJ =4.

(f) Translation invariant subspaces of B C,,(G, X) are BUC,-invariant. In particular,
C,0(G, X) is BUC,-invariant as is the class O consisting of just the zero function
from G to X.

(g) Aclass & is a BUC,-invariant subspace of BUC,(J, X) containing C, ¢(J, X)
if and only if & /w is a BUC-invariant subspace of BUC(J, X) containing Co(J, X).
Indeed, if ¢ € BUC,(J, X) and t € J, then (¢,/w) — (¢p/w), = (¢/w)(A,w/w) €
Go(J, X) by (1.4). The claim follows.

(h) The spaces C, (G, X) and £F,0(J, X) are A,-classes. By remark (a), the
subspace of E,, o(J, X) defined by

AE,o(J,X) = {¢ € BUC,(J, X) : |¢]| € Euo(J, O)}

is also a A ,-class. Moreover, this class is closed under multiplication by functions
from BUC(J, ©).

Many other examples for the case w = 1 are given in [5]. These include almost
periodic, almost automorphic and absolutely recurrent functions. Further examples
for other weights will be discussed in a subsequent paper.
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PROPOSITION 2.4. Let & be any BUC,,-invariant closed subspace of BC,(J, X).
If¢ € BUCL(G,X), f € L. (G)and ¢|; € F, then (p * f)|; € F.

PROOF. We may assume f € C.(G), since this space is dense in L] (G) (see [31,
page 83]). Now (¢ * f)(t) = fK ¢_s(1)f (s)du(s) where K is the support of f
and r € G. By (1.9), the function s — ¢;|;, : G —> £ is continuous and so the
function F(s) = ¢_,|,;f (s) is strongly measurable. This implies that | F| is integrable
and hence the integral f « @—s|1f (s) du(s) is a convergent Haar-Bochner integral, by
Bochner’s theorem {34, page 133], and so belongs to #. As evaluation at ¢ € J is
continuous on % we conclude that (¢ * f)|; € Z. O

Since

g*f(t)—<ﬂ>(t)=—/£
w w cw

a proof similar to the last gives

¢xf

w

o A_sw(r)

. 20 S (s)du(s),

2.7 % *f — € Go(G, X), respectively AEy(G, X),
for any ¢ € BUC,(G, X), f € L!(G) and w satisfying (1.1) and (1.4), respec-
tively (2.4).

COROLLARY 2.5. If ¢ € BUC,(G,X), f € LIIU(G) and ¢Lj is w-ergodic, then
(¢ * f); is w-ergodic and M(((¢ * f )/w)l;) = M((¢/w)|)f (1).

PROOF. By Proposition 2.4, (¢ * f )|, is w-ergodic. So, by (2.7), ((¢/w) * ),
is Maak-ergodic and M (((¢/w) * f)1,) = M((¢ * f)/w)l,. But ((¢/w) * f)l; —
M{(@/w)|Nf (1) = (((p/w) — M(@/w)|))) * f)|; € Eo(J, X), again by Proposi-
tion 2.4. The corollary follows from (2.7). O

The next two theorems provide important examples of ergodic functions to be used
in Section 5. Whether or not w is a weight, we say ¢ : J — X is w-ergodic if
¢/w is uniform-ergodic and totally w-ergodic if y¢ is w-ergodic for all y € G.
Moreover, a representation 7 : J — L(X) is dominated by w if |T(?)] < cw(z)
for all + € J and some ¢ > 0. The unitary point spectrum of T is given by
0p(T) = {y € G : T(t)x = y(r)x for some x # 0 and all r € J} and the dual
representation T* : J — L(X*) by (T*(t)x*,x) = {(x*, T(#)x) forx* € X*, x € X.
The dual of a (densely defined) operator A : X — X is denoted by A* : X* —» X*
and 0, (A*) is its point spectrum.

THEOREM 2.6. Let w : J — [1, 00) be a continuous function satisfying A,w/w €
G forallt € J. Let T : J —> L(X) be a strongly continuous representation
dominated by w.

https://doi.org/10.1017/51446788700013598 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700013598

218 Bolis Basit and A. J. Pryde [10]

@) If1 ¢ 0, (T?), then each orbit T(-)x is w-ergodic with M ((1/w)T(-)x) = 0.
(b) Ifo,(T*) is empty, then each orbit T(-)x is totally w-ergodic and

M((y/w)T()x) =0
Jorally € Gandx € X.

PROOF. Note that (T (h)x — x,x*) = (x, T*(h)x* —x*) forall h € J,x € X and
x* € X*. It follows that 1 ¢ o,,(T*) if and only if span{(T'(h)x —x : h € J,x € X}
is dense in X. But if y = T(h)x — x, then T(-)y = A, T(-)x which, by the proof of
Proposition 2.1 (c), is w-ergodic with M ((1/w) T (-)y) = 0. Since the span of such y
is dense in X, (a) is proved and (b) then follows. O

THEOREM 2.7. Let w : R, — [1, 00) be a differentiable function with w'/w €
AEy(R,, ©). Let A be the generator of a Cy-semigroup of operators T(t),t > 0 on
X which is dominated by w.

(@) If¢/w € BC(R,,X) and ¢’ € L} (R, X), then ¢'/w is uniformly ergodic
with M (¢’ /w) = 0.

(b) Ifx € range(A), then the orbit T (-)x is w-ergodic with M ((1/w)T(-)x) = 0.
(©) If 0,(A*) N iR is empty, then each orbit T(-)x is totally w-ergodic and
M((y/w)T(-)x) =0forally € Randx € X.

PROOF. (a) Foreach T > Qand ¢ > 0,

L[Tge+s) __1_[¢(t+s)]“ 1 (To(t+s) w+s)

T Jo w(+s) S_T w(t+s) |, T o w@+s) wit+s)

But (¢ /w)(w'/w) € AEo(R,, X) and hence

1 T +s)
lim— | —~

ds =0 uniformly in ¢.
200 T Jo w(t+s)

() If x = Ay set ¢(¢) = T(t)y. Then T(r)x = ¢'(z) and the claim follows
from (a).

©) If y; (1) = €', then S(¢) = y;”" (1) T(¢) defines a Cy-semigroup with generator
A — is. By (b), S(-)x is w-ergodic with mean O for each x € range(A — is). Since
0,(A*) N iR is empty, range(A — is) is dense for all s € R and the claim follows. [

REMARK 2.8. Functions w satisfying the conditions of Theorems 2.6-2.7 arise
very naturally. For example, w = 1. More generally, if w is a weight on R, then
w() = fol w(t + s)ds is differentiable for ¢+ > 0 and w'(¢) = w( + 1) — w(z).
Moreover, by the Mean Value Theorem, w(r) = w(z + 6(¢t)) forsome 0 < 6(r) <1
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and so (1/c)w(r) < w(r) < cw(z) for all t > 0, where ¢ = max{w(s) : 0 <s < 1}.
Also

~, 1 ~ 7
w Asw w 1w
——lzf ——ds and — = —.
w 0 w w w

Soby (1.4), (w/w)—1, 0w’/ € G(R,). If ¢ € BC,, (R, X), then (¢/w)—(¢/w) =
(p/w)((w/w) — N(w/w) € Co(R,, X). Hence ¢ is w-uniformly continuous if and
only if (¢ /) is uniformly continuous and ¢ is w-ergodic if and only if ¢ is Ww-ergodic.
Finally, A,w(f) = fol A,w(t 4+ s)ds and so from (1.4) and (1.5) we conclude that
(Ap/w) € G(Ry, C) and sup,.p, (|AsW(#)|/w(2)) > Oash — O0in R,.

3. Maximal and minimal ideals

FormeN,t=(,....tn) € G"and f € LL(G) write A,f = A, ---A,f.
Then for each y € G let J™(y) denote the closed span of {yA,f : f € L. (G),
t € G™). Since (YA, f)* g = yA,(f xy~'g) we have a chain of closed ideals
Jiy) 2 J,ﬁ(y) 2 --.. Moreover, if g = YA, --- A, f then g(ry) = (z(n) — 1)
- (T(t) — l)fA(r) which is O for all such f and ¢ if and only if T = 1. Hence each
of the ideals J'(y) is primary with co-spectrum {y}. Recall (see [17, page 33]) that
1,(y) is the maximal ideal in L! (G) with co-spectrum {y}. The following theorem
gives another characterization of these maximal ideals.

THEOREM 3.1. Foreachy € G, I,(y) = JL(»).

PROOF.

It ={p e L®(G): ¢+ (yAf) =0 forallt € Gand f € L. (G)}
={¢p € LP(G): A(y~'¢) =0 forall t € G}
={¢ € L°(G) : y~'¢ is constant} = yC.
Hence
LM =(f €L(G):¢xf =0 forall ¢ € Jy(»)*")
={f €LL,(G):y*f =0 ={f €LL,(G):f(y)=0}=L,(»).

But 7+t = [ for any closed ideal in L} (G) and so the theorem follows. O

As an initial application of Theorem 3.1 we prove an ergodicity result.

COROLLARY 3.2. If f € I,(y) for some y € G and ¢ € BUC,(G, X), then
Yy @ xf) € E,o(G, X).
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PROOF. Let h = yA,g, where t € G and g € L.(G). By Proposition 2.1 (c),
y N p*xh) = Ay '¢p xg) € E,0(G, X). Since f is in the closed linear span of
such functions & and E, o(G, X) is complete, the result follows. a

Following [8, (2.1), (2.2)] we say that a function p € C(G, X) is a polynomial if
A™!p = 0 for some n € N and all + € J. Equivalently (see [14]), p(s + m¢) is a
polynomial in m € Z, of degree at most n for all s, ¢t € J. Since A, is a continuous
mapping on B C,,(G, X), the polynomials in B C,,(J, X) form a closed subspace which
we denote by P, (J, X). The following result was proved in [8, Theorem 3.4] under
a slightly stronger assumption than (1.6) and with X = C. The same proof is valid
under the present assumptions. See also [30, Proposition 0.5] for the case G = R.

THEOREM 3.3. Suppose w has polynomial growth and ¢ € BC,(G, X). Then

sp, (@) = (Vi,.... ) if and only if ¢ = Z,"'=1 yjp; for some non-zero p; €
P,(G, X).

COROLLARY 3.4. Suppose w has polynomial growth of order N and I is a closed
ideal of L (G) with cosp(I) = {1}. Then A,g € I forall g € L. (G) and t € G**'.

PROOF. Consider the annihilator I+ = {¢ € L®(G) : ¢ x f = Oforall f € I},
a closed translation invariant subspace of L2(G). If ¢ € I+ and 1,(¢p) = {f €
L,",(G) :¢*f = 0} then I,,(¢) 2 I. This implies that cosp(/,,(¢)) € cosp(!) = {1}.
By Theorem 3.3, ¢ € P,(G,C) andso A,¢ = Oforallt € G"*'. If g € LL(G)
then ¢ *x A,g = A, x g = 0, showing A,g € I*+. Since 11 = [ the theorem is
proved. O

Finally, we establish relationships between spectral synthesis and minimal primary
ideals. For y € G, let S, (y) denote the closure of the set of f € L,‘U(G) for which
fA is 0 on a neighbourhood of y. Functions in S, (y) are said to be of w-spectral
synthesis with respect to {y}.

LEMMA 3.5. For each f € L) (G) the functiont — f, : G - L!(G) is w-
uniformly continuous.

PROOF. Let V be a compact neighbourhood of 0 and set ¢; = sup,., w(t). Given
¢ > 0 choose g € C(G, C) with compact support K such that ||g — f | < ¢/3c;.
Setc; =+ ) f « w(#) du(r). As g is uniformly continuous there is a compact
neighbourhood U of 0in G such that U € V and |g(t) — ga(?)| < €/3c;forallh € U
and t € G. Hence foreach h € U,

lg — grll = [ lg(t) — ga(®lw(t) du(r)
KU(K—h)
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< f Zowdul) + / Ewt—hydu@) < .
k 3¢ k 3¢ 3
So, fort € Gand h € U we have

Ife = feanll < wOIf = full < w@®ASf — gl + g — gl + lign — Fall)

€ € £
< w(t) (3_c1 + 3 + -3: w(h)) < gw(t). O

THEOREM 3.6. For eachy € G, we have S,(v) S (oo, JT(¥).

PROOF. Since JJ'(y) = yJ7(1) and S, (y) = yS.,(1}, we may take y = 1. For
a fixed g € L!(G) satisfying g(1) = 1, choose a compact set K, C G such that
fc\xn lg(s)|lw(s)du(s) < 1/n and set H = |2, K,. Let T, be the operator on
L! (G) defined by

Tf = - f (A_of )g(s) du(s).
H

By Lemma 3.5, the integrand is weakly measurable and separably-valued on H, and
therefore the integral is an absolutely convergent Bochner integral. Moreover, T,
is bounded and maps L. (G) into J!(1) and J™(1) into J*'(1) for each m. Note
that f(:) — f * g(t) = —fH(A_sf)(t)g(s) du(s). So for each ¢ € LY (G), the
dual space of L,'H(G), it follows from Fubini’s theorem that f G (O T f (du(r) =
[0 — f *g)(1)du(r). Hence, Tf =f —f *g.

Now take any f € L!(G) with fA = 0 on a neighbourhood U of 1. Choose
g € L (G)with g(1) = 1 and supp(g) C U. Sof xg=0and f = I°f e Jp().
Hence, S, (1) € J7(1) for all m € N, completing the proof. O

COROLLARY 3.7. Suppose w has polynomial growth of order N and y € G.

(@) JN*'(y) is the minimal closed ideal of L. (G) with co-spectrum {y}.
(b)) Su(y) = J) ().

PROOF. (a) Since (Y A,f)* g =y A (f *y~'g), J¥*!(y) is a closed ideal. Mini-
mality follows from Corollary 3.4.

(b) Since S, (y) is an ideal with co-spectrum {y} the result follows from (a) and
Theorem 3.6. O

4. Spectral analysis

In this section we will assume that & is a BUC,-invariant closed subspace of
BC,(J, X).
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Let ¢ € BC,(G, X). The set I,(¢) = {f € LL(G) : ¢ x f = 0} is a closed ideal
of L! (G) and the Beurling spectrum of ¢ is defined to be sp, (¢) = cosp(l,(¢)).
More generally, following [5, Section 4] , set I (¢) = {f € LL(G) : (¢*f )|, € F).
By condition (2.1), I#(¢) is a closed translation invariant subspace of L. (G) and is
therefore an ideal. We define the spectrum of ¢ relative to F, or the reduced Beurling
spectrum, to be sp g (¢) = cosp(I g (¢)). The following lemma may also be found in
[18, page 303], [19, page 298] for the spaces M,(G), L'(G).

LEMMA 4.1. For each ¢ € BUC,, (G, X) there is a sequence of approximate units,
that is a sequence (g,) in L,'”(G) such that ¢ x g, — ¢ in BUC,(G, X).

PROOF. Since ¢ is w-uniformly continuous, there is a compact neighbourhood V,
of 0 in G such that |l¢_; — @ll,0c < 1/n forall s € V,. Choose g, € C(G) with
supp(gs) € V,, g, = 0and [ g,(s)du(s) = 1. So g, € L. (G) and foreach t € G,

< lw(t). O
n

o * g (1) — oIl =

[@(t —5)— d(D)]gn(s)du(s)
V.

The following proposition contains some basic properties of these spectra. The
proof is the same as for the Beurling spectrum. See for example [16, page 988]
or [32].

PROPOSITION 4.2, Let ¢, ¥ € BC, (G, X).

(@) spg(¢:) =spg(d)forallt e G;

(b) spg(p *f) S spg(d) Nsupp(f) forall f € L. (G).

© P (®+¥) S 5pg(@®) Usps (¥). )

(d) spg(y¢) =y spg (@), provided F is invariant under multiplication by y € G.
(e) Iff e Ll (G)and f = 1onaneighbourhood of sp z(P), then sp g (p*f —@)=0.

The following theorem gives our motivation for introducing sp & (¢).

THEOREM 4.3. Let ¢ € BUC, (G, X).
(@) sps(¢) =B ifand only if $l, € Z.
(b) IfA%¢l; € & forallt € G and some k € N, then sp g (¢) C {1}.
(¢) Ifw has polynomial growth of order N, then sp&(¢) C {y\, ..., ¥a} if and only
if¢ =v+) [ nv, forsomey,n; € BUC,(G, X)withy|, € Fand Ap;|; € F
foreacht € GN*\.

PROOF. (a) Suppose ¢|, € F. By Proposition 2.4, (¢ x f)|; € F for each
f €LL(G). Solg(9) = L! (G) and sp & (¢) = 9. Conversely, if spg(¢) = @ then
(@*f), € Fforall f € L.(G). By Lemma 4.1, ¢ has approximate units and so
ol e Z.
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(b) Assume A¥¢p|; € & forallt € Gandsome k € N. If g € L, (G) then
@* Aty = [;8()(AYp_)sdu(s) € F and so Atg € I15(¢). But Akg(y) =
(y(#) — D)*g(y) is zero forall t € G and g € LL(G) only when y = 1. So
sp#(9) C {1}

(c) Firstly, if sp g (¢) = {1} then, by Corollary 3.7 (a),

{Ag:geL,(G),te G} Clg(¢)

and so (A,¢ * g)l; = (¢ * A,g)|; € F. Taking approximate units we conclude
Apl, € & for each t € GM*!. More generally, assume spz(@®) = (i, ..., ¥a)-
Choosing f; € L. (G) such that f} = 1 in a neighbourhood of {y;} and supp(f;-) N
Pe(@®) = (v} setn; = vy @xfi)and f = fi+ -+ fo. Wefind n; €
BUC,(G, X), spg(n;) = {1} and hence A,n;|; € & for each t € G¥*!. Moreover,
f = 1 in a neighbourhood of sp 4 (¢) and so by (e) above, ¢y = ¢ — P x f € F.
Also ¢ = ¢ + Z}'=1 n;y; as required. Conversely, for ¢ of the form stated we
have spg(#) C U], ¥ sps(n;). But for each t € G"*! and f € L} (G) we
have (n; * A,f)l; = (Am; * f)], € &, by Proposition 2.4. So, by Corollary 3.7,
Su(1) € I¢(ny) and therefore spg (1;) < (1). Hence, spg($) € (1, -... 7). O

COROLLARY 4.4, Assume w has polynomial growth and, if w is unbounded, ¥ 2
Cuo(J, X). If p € BUCL(G, X), spg(¢) S {1} and ¢|, € E,(J, X) then ¢|, —
M(p/w)w € F.

PROOF. By Theorem 4.3 (c), A,¢|; € & forall t € JN*'. Therefore the result
follows from Theorem 2.2. O

LEMMA 4.5. Let & be a A -class and ¢ € BUC,(G, X). Assume either (a) w has
polynomial growth; or (b) A(y~'¢)|; € & forallt € J", y € spg(¢) and some
n(y) € N. Also assume that y~'¢ is w-ergodic on J and M((1/w)y~'¢|))w € F
forall y € spg(¢). Then sp g (¢) contains no isolated points.

PROOF. Suppose y is an isolated point of spg(¢). Take an open neighbourhood
Uofyin G such that U N spg (@) = {y}. Choose f € L,‘”(G) such that fA(y) #0
and supp(f) € U. Then spg(¢ * f) C {y} and so spz(y~'(¢ * f)) S {1}. By
Corollary 2.5, y ™Y (¢ * f) = (¥ ') * (v ~'f ) is w-ergodic on J and

M(1/w)y ™" (@ * f)1) = M((1/w)y ' ¢)f ().

If (a) holds, then y ~! (¢ f )|, —M (1 /w)y ~'¢|,)w € F by Corollary 4.4. If (b) holds,
then A, (¥ (@ xf))|, € & forall t € J"P, y € spg(¢) by Proposition 2.4. By the
difference Theorem 2.2 we again conclude y (¢ * f )|; — M((1/w)y ~'¢|)w € Z.
Hence (¢ * )|, € & which means y ¢ spgz(¢). This is a contradiction and so
sp ¢ (¢) contains no isolated points. O
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Recall that a subset of a topological space is called perfect if it is closed and has
no isolated points. It is residual if it is closed and has no non-empty perfect subsets.
Thus, a subset of the reals (or any locally compact Hausdorff second countable space
[31, page 28]) is residual if and only if it is closed and countable. Moreover, a residual
set without isolated points is empty.

PROPOSITION 4.6. Let F be a BUC,-invariant closed subspace of BUC,(J, X)
containing C,o(J, X) and let ¢ € BUC, (G, X). Then spg,,,(¢/w) C spg (), with
equality if sp g (@) is residual.

PROOF. Let f € Ig(¢). So (¢ * f)|; € &F and by 2.7), (¢/w) * f)|, € F/w.
Hence f € I/, (¢#/w), showing I¢(¢) € I1#/u(¢/w) and spg,, (/W) S spg ().

Now assume that spz(¢) = {1}. Given y € G, y # 1 there exists f € L! (G)
such thatf(y) #0and (¢ x f)]; € F. By 2.7), ((¢/w) * f)l; € (F/w). Hence
¥ ¢ 5P, (®/w) showing spg, ($/w) C (1}. Butspg,, (p/w) # Bas ¢ ¢ &, s
SPg,,(@/w) = {1}.

Finally let y be an isolated point of spg(¢). Choose f € L) (G) such that fA =1
in a neighbourhood U of y and suppfA) Nspg(¢) = {v}. Thenspg(¢ *x f) = {y}
and it follows from the previous paragraph thatspg ,, ((¢ * f )/w) = {y}. Now

SP# /1 (%) C Spg/y <¢ 2 *f) Uspg,, (% *f — %) Uspg,, %

w w

By (2.7),spg,, ((¢ * f)/w) — (¢/w) * f ) = @. Moreover, we can choose g € LY(G)
such that g(y) = 1 and supp(g) € U. Hence ((¢/w) * f — (¢/w)) * g = 0 and so
y ¢ sp(@/w) *xf — (¢/w)). Thus y € sp,/w(tb/w). If sp gz (¢) is residual, then
each of its points is either isolated or a limit of isolated points. Since these spectra are
closed, 5pg (#) C 5P, (b /w). O

The following is a generalization of a theorem of Loomis [23], who considered
the case w = 1 and &# = AP(G, C), the space of almost periodic functions (see
also [22, page 92]). For the general case of bounded functions, see [5, Section 4]
and {2, 3, 9, 33]. A similar result is proved in [11, Theorem 6.1] under different
assumptions on w and ¢.

THEOREM 4.7. Let & be a A, -class and ¢ € BUC,(G, X). Assume that y~'¢
is w-ergodic on J and M((1/w)y~'¢|,)w € F forall y € spg(p). If spg(p) is
residual, then ¢|; € F.

PROOF. By Proposition 4.6, sp g, (¢/w) is residual. By Lemma 4.5 applied to the
function ¢/w, sp&,, (¢/w) contains no isolated points. Hence sp ¢, (¢/w) = @ and
by Theorem 4.3 (a), (¢/w)|; € F /w giving the result. O

https://doi.org/10.1017/51446788700013598 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700013598

[17] Ergodicity and stability of orbits 225

Before completing this section we compare sp g (¢) for the case #F = Gy(R,, X)
and the Beurling specrtra of orbits of representations with spectra used by other
authors. For a strongly measurable bounded function ¢ : R, — X, its Laplace
transform $, defined by ¢(z) = [0°° e ¢ (t) dt, is holomorphic for Re(z) > 0. A
point A € iR is a regular point if ¢ has a holomorphic extension to a neighbourhood
of A. The singular set, or set of points in iR which are not regular points is denoted
ot (). Itis known (see [1, 4] and the references therein) that if ¢ € BUC(R., X) and
ot(¢p) =0, then ¢ € Co(R,, X). Moreover, 0*(¢) C a(sp(¢)) where ¢ : R — Ris
the natural isomorphism given by a(y;) = s, where y,(t) = ¢'* for s, t € R.

COROLLARY 4.8. Let ¢ € BUC,(R,X) and F = C,o(Ry,X). If spg(@) is
residual, then a(spg (9)) € o ((¢/w)l)).

PROOF. By Proposition 4.6 it suffices to take w = 1. Again we begin with the case
spg(¢) = {1}. If 0 ¢ ot (¢],). then by the Ingham inequality [1, Lemma 3.1, (3.1)],
Po(t) = f(; ¢ (s) ds is bounded. By [6, Proposition 2.2], ¢ is ergodic. Now for each
t € R we have spz(A,¢) C spg(¢) = {1} and so, by Theorem 4.3 (c), A,¢p|; € F.
By Theorem 2.2, ¢ € &, contradicting sp g (¢) = {1}. Thus 0 = a(1) € o*(¢],).

Now let ¥ be an isolated point of sp ¢ (¢). Choose f € L'(R) such that fA =lina
neighbourhood U of y and supp(fA) Nspg(¢) = {y}). Then, spg(¢ * f) = {y} and
by the previous paragraph, a(y) € o+ ((¢ * f)|;). But

ot (%)) SaGpl@*f —d)UoT(dl)).

We can choose g € L!(R) such that g(y) = 1 and supp(g) € U. Hence
(pxf —¢)xg=0

andso y ¢ sp(¢ * f — ¢). Thus a(y) € o*(¢l,).
Each y € spg(¢) is either isolated or a limit of isolated points and o*(¢|,) is

closed, so the proposition is proved. O

We have been unable to determine whether in general

a(spg(9)) S ot ((@/w)ly).

However, in using these spectra it is frequently assumed that sp & (¢) or o*(¢|,) is
residual. See for example [2, 3, 9] and Section 5 below. In any case, sp & (¢) is the
optimal spectrum for determining membership of &#. It also has the advantage of
being defined for functions on groups more general than R.

Finally let T : G — L(X) be a strongly continuous representation dominated by
a non-quasianalytic weight w. Following [24] we define the Fourier transform with
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respect to T of a function f € L,’D(G) atx € X by fA(T)x = fo )T (—s)x du(s).
Let A,(T) be the smallest closed unital subalgebra of L(X) containing each such
operator fA( T). The maximal ideal space M,(T) of A|(T) is homeomorphically em-
bedded in G U {00} the one point compactification of G. The image of this embedding
is denoted by o, (7T') and is called the ring spectrum of T (see [24, page 132]).

THEOREM 4.9. Let T : G — L(X) be a strongly continuous representation domi-
nated by a non-quasianalytic weight w. Then sp, (T (-)x) C o1(T) for eachx € X.

PROOF. Let y € G \ 6,(T). Choose an open neighbourhood U of y in G such
that U is compact and UNo,(T) = @. Also choose f € L} (G) such that fA(y) =1
and supp(fA) Cc U. Since fA is 0 on a neighbourhood of o(T), it follows from
[24, Lemma 2.2] that fA(T) = 0. Hence 0 = fA(T)T(-)x = f * T(-)x showing
f € 1,(T(-)x). Hence y ¢ sp,(T(-)x). O

5. Applications

In this section we apply the results of the previous sections, firstly to the convolution
equations, secondly to the orbits of Cy-semigroups of operators and finally to the orbits
of representations. Consider the equation

(5.1) k*¢+zm:aj¢,j=)~¢+1/r on G,
j=1
where ¢, ¥ € BUC,(G, X),k € L1 (G),t; € Gand a;, » € C.
The convolution operator B : BUC,(G, X) — BUC, (G, X) defined by
B¢ =k*¢+iaj¢,,

j=1

has characteristic function 6 : G — C defined by
Os(y) = k(y) + iajy(,,),
j=1

The inverse image 6;'()) is sometimes called the spectrum of (5.1). See [15], [30,
page 289]. Our aim is to determine the point spectrum o, (B) of B.

THEOREM 5.1. Suppose (5.1) holds and |; € F for some BUC, -invariant closed
subspace & of BUC,(J, X). Then spg(¢) C 05" ().
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PROOF. Take any y € G\6;'(1) and choose f € L! (G) such that £ (y) # 0. If
g=kxf +3 7 af, — A thenby (5.1), ¢ x g = ¥ * f. By Proposition 2.4,
(W*xg)l, € Fandso g € Ig(¢). Since g(y) # 0 we conclude that y ¢ spg(¢). O

The following is an immediate consequence of Theorem 4.3. For the case w = 1,
F = G(G,0), A = 0 and ¢ slowly oscillating, part (a) is a classical tauberian
theorem of Pitt [29]. See also [32, 7.2.7].

COROLLARY 5.2. Suppose the conditions of Theorem 5.1 are satisfied.
(@) If8;'(A\) =0, then¢|; € F.
) If8;'(\) = {y, ..., v»} and w has polynomial growth of order N, then ¢ =
¥+ 3 1y for some ¥, n; € BUC,(G, X) with ¢/|; € & and Apm;|; € F for
each t € GN*Y,

In our next application we use GB(G), the range of 6. It is well-known that the
closure of k(G) is the spectrum of k as an element of the Banach algebra L! (G).

COROLLARY 5.3. The operator B has point spectrum o,(B) = BB(G). If also w
has polynomial growth and 85 YA) = (1, ..., Va), then every eigenfunction corre-
sponding to A is of the form ¢ = Z;=1 p;v; for some polynomials p; € P,(G, X).

PROOF. Suppose B¢ = A¢ for some ¢ € BUC,(G, X). Applying Theorem 5.1
with & = {0} we find sp,(¢) < 9,;'()»). Soif A ¢ OB(G) then the only solution of
B¢ = A is ¢ = 0, showing 0,(B) C GB(G). But for each y € G, By =03(y)y-
Soo,(B) = GB(G). The second assertion follows from Lemma 4.1. O

COROLLARY 5.4. Suppose w has polynomial growth, ¢ € BUC,(G, X), 12‘1(0) is
residual and F is a A, -class. Then (k x ¢)|; € F if and only if spg () < k1(0).
If also (5.12 holds with a; = 0, A # 0 and Y|, € F, then ¢|;, € F if and only if
spg(#) € k1(0).

PROOF. If (k x ¢)|; € Z then spg(¢) < 12“(0) by Theorem 5.1. Conversely, if
sp#(¢) € k™'(0) and y € spz(¢) then k € I,(y). By Corollary 3.2, y ! (k x ¢) €
E,o(G, X). By Lemma 4.5, sp 4 (k * ¢) has no isolated points. But spg(k * ¢) C
spg(p) C k=1(0) which is residual. So spg (k x ¢) = @ showing (k x¢)|; € F. The
statement concerning (5.1) is now obvious. O

EXAMPLES 5.5. (a) Take G = R, B¢ = k x ¢ and w(r) = (1 + |z)V. If A € k(R)
and 12“()») = {1, ..., ¥a} then every eigenfunction of B corresponding to A is of the
form¢ = 3 7_, p;v; for some polynomials p; (1) = Z?:o a;;t', a;; € X. But then

n N
kxp(r) =rp(0) + DY but'y; (0,

j=1 =0
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where

N~

J:—Za,m+,('"+ )( D"@R)(y;) and  ("R)(1) = 1K),

m=1

So ¢ is an eigenfunction if and only if each b;; = 0. It follows that the eigenspace
corresponding to A is a direct sum E(A) = Ej"  E(y;) where E(y;) = span{t’y, :
0 <! <m(y)®X. Here m(y,) = min(m — 1, N), where m is the smallest
positive integer for which (t’"k)(y,) # 0. In particular, if dimX = n < 00, then
dimE()\) = ZFI(m(y,) + Dn.

(b) As a particular example, take X = C and k(¢) = max(min(1 + ¢, 1 — ¢t), 0) for
t € R. Hence

. 2
Iz(yj) = (sm(s/Z)) ,  where y,(t) = exp(ist).
5/2
So0,(B) = {} : 0 < A < 1}. Itis easy to see that m(y) is always O or 1. Also, if
0 < A < 1 then k~'(A) is finite and E (1) has a basis con31stmg of those y for which
k(y) = A and, if N > 1, those ty for which k(y) = A and tk(y) = 0. On the other
hand, E(0) is infinite dimensional. In particular, there are no characters y for which
k* 1’y = Ar*y. However, k x k x t"y», =0form =0, 1, 2, 3.
(c) Suppose (5.1) holds and A ¢ BB(G). Then ¢ € C,0(G, X) if and only if
V¥ € Cuo(G, X). Similarly, ¢|; € #,0(J, X) if and only if ¥|; € F,0(J, X).
(d)Take G =R, J =R, w(r) = (1 + |¢t))V and &£ = C,o(R,, X) a A, ~class.
Assume ¢ € BUC, (R, X) and k! (0) is residual. By Corollary 5.4, (k x ¢)|; € F if
and only if spg(¢) € k1(0).

Finally, we present the following application of our results. For the case of bounded
semigroups, that is w = 1, part (a) appears in [6, Theorem 4.1 (ii)]. The Beurling-
Domar condition (1.3) is not used in the proof.

THEOREM 5.6. Let w be a weight on R, x € X and A be the generator of a
Co-semigroup of operators T(t), t > 0 which is dominated by w.
(a) Ifo(A)NiRisresidual and o, (A*)NiR isempty, then (1/w)T()x € Co(R,, X).
(b) Ifo(A)NiR is finite, then (1/w)T(:)x = Z;zl n;vj, where n; € BUC(R,, X),
Amj € GRy, X) forallt € Ry and y;(t) = €' for A; € a(A) NiR.

PROOF. Note first that || T(t + h)x — T(t)x|| < cw(t)||T(h)x — x| and so T(-)x
is w-uniformly continuous. Now let J = R,, #F = Cy(/, X) and v = w, where
w : J — X corresponds to w as in Remark 2.8. Then (1/w)T(\)x — (1/v)T(-)x € ¥
and so (1/v)T(-)x is uniformly continuous. Next, we may assume x € D(A?), the
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domain of A?, since this space is dense in X. We define

& T(t)x, for ¢t > 0;
00=1"0" " g

xcost—i—(A—v(O))xsmt, for t <0,

2OV for 1> 0;
v =g U0 v©)

—(14+ AYxsint + m)—(A sint —cost)x, for t <O.

Then ¢, ¢ € BUC(R, X), ¢’ = Ap + ¥ on R and |; € . By [6, Theorem 3.3]
spg(®) € o(A) NiR. For part (a), spg(¢) is residual and by Examples 5.5 (c),
y¢ is ergodic on J with mean O for all y € R. Hence, applying Theorem 4.7 with
w = 1 we conclude ¢|, € &F. For part (b), spe(¢) < {y; : 1 <j < n} for some
yi() = €Y', X; € 0(A) NiR. By Theorem 4.3 (¢), ¢ = ¢ + Z;=1 Y y; for some
¥, ¥; € BUC(R, X) with ¥|, € & and A,y;|; € & for each r € R. Now replace
Y by )/1—11//1 and set 5; = (v/w)(¥; /v(0)}|,. The theorem follows readily. O

THEOREM 5.7. Let T : G — L(X) be a non-trivial strongly continuous represen-
tation dominated by a weight w satisfying (1.1)-(1.5). Then either the ring spectrum
01(T) is non-residual or the unitary point spectrum o, (T*) is non-empty.

PROOF. Assume o(7) is residual and 0, (T*) = 0. Let & = {0}, a A,-class. By
Theorem 2.6, each orbit T(-)x is totally w-ergodic and M ((y /w)T(-)x) = O for all
y € G. By Theorem 4.9, sp, (T (-)x) C 01(T) and so sp & (T (-)x) is residual for each
x € X. By Theorem 4.7, T(-)x € %, showing that T is trivial. O

REMARK 5.8. (a) The assumptions of Theorem 5.6 (b) are readily satisfied in prac-
tice. For example, if X = C*and A = [{!] then T(r) = €[} {] is dominated by
w(t) =14 |t| and 0 (A) = 0,(A*) = {i}. Moreover,

Xy +1ixa X3
1+t 141t

iT(-)x =ny, where () = ( ) and y(¢) = €".
Clearly, A;n € Go(R,, X) for all + € R,. In general, if w has polynomial growth
of order N, then the conclusion of Theorem 5.6 (b) can be strengthened to T(-)x =
Z}'=1 n;¥;, where n; € BUC,(Ry, X), Am; € Go(Ry, X) for all € RY*! and
yj(t) = ¥ for k; € o(A) NiR.

(b) A proof of Theorem 5.7, under different assumptions on the weight, is con-
tained in the proof of [11, Theorem 3.2]. In particular, the authors there require that
log w(nt) = o (+/n) as n — oo for each r € G. Their proof is different from ours—
instead of exploiting ergodicity they use Silov’s idempotent theorem and a theorem
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of Zarrabi [35]. The result for representations of groups is then used to prove global
stability for semigroup representations 7 : J — L(X) dominated by a weight w
satisfying

w(s+1)

5.2) liminf ————~ >1 foreachs e J
el w(t)

The key ingredient is [11, Proposition 3.1] which exploits a method developed by
several authors (see [10, 11, 28]) of associating with T a limit representation which
extends to a group representation U : G — L(Y) on a different space Y. This
representation is dominated by an associated reduced weight given by

wi(s) limsup, ., (w(s + 1)/w(t)) forse J;
s) =
: inflw, (1) :te J,s<1) forseG.

Applying the same argument with the symmetric reduced weight w,(s) = w;(s) +
w (—s), we obtain the following as a consequence of Theorem 5.7.

COROLLARY 5.9. Let T : J — L(X) be a strongly continuous representation
dominated by a weight w satisfying (5.2). Suppose w; satisfies (1.1)~(1.5), the ring
spectrum o\(T) is residual and the unitary point spectrum o,,(T*) is empty. Then
lim, e, (1/w(@)||T()x| = O for each x € X.

(c)Let w(t) = e” onR,. If 0 < p < 1then w;(t) = 1 and if p = 1 then
w;(#) = max(l, ¢'). To our knowledge, no examples have been given of weights
satisfying (5.2) for which the reduced weight is non-quasianalytic and different from 1.
In general, if w satisfies (5.2) and w; = 1, then lim,; (w(s + #)/w(#)) = 1 for each
s € J. Sofor each ¢ > 0, there exists u € J such that

lwis+u+t)—wu+1t)| <sw(u+t) forallreJ.

Hence [(A;w/w).| < e. This proves that {A;w| € E,o(J, C), which is condi-
tion (2.4). If also J = R, then

w_(si—_i).= i M:l foreach s € J.
-0 w(t) el w(t)

Hence jA;w| € Cyo(J, Q).

(d) As a final example, consider the weight w(z) = (1 4 |sin¢]|)(1 + }¢|) on R,.
This satisfies neither (5.2) nor (2.4). However, w,(r) = 1 + | sin¢| on R,. Moreover,
Awe E,(R,, C) foreach s € R,, but M ((1/w)A,w) is not always 0.

https://doi.org/10.1017/51446788700013598 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700013598

(23]

Ergodicity and stability of orbits 231

The authors thank the referee for his critical remarks.

f1]
2]
3]
[4]
(5]
{6
i
(8l
{9
(10]
(1]
(12]
(13]
[14]
{15]
[16]
(1
(18]
[19]
[20]
[21]

(22]

References

W. Arendt and C. J. K. Batty, ‘Tauberian theorems and stability of one-parameter semigroups’,
Trans. Amer. Math. Soc. 306 (1988), 837-852.

, ‘Almost periodic solutions of first and second order Cauchy problems’, J. Differential
Equations 137 (1997), 363-383.

, ‘Asymptotically almost periodic solutions of of the inhomogeneous Cauchy problems on
the half line’, Bull. London Math. Soc. 31 (1999), 291-304.

W. Arendt and J. Priiss, ‘Vector-valued Tauberian theorems and asymptotic behavior of linear
Voltera equations’, SIAM J. Math. Anal. 23 (1992), 412-418.

B. Basit, ‘Some problems concerning different types of vector valued almost periodic functions’,
Dissertationes Math. 338 (1995).

, ‘Harmonic analysis and asymptotic behavior of solutions to the abstract Cauchy problem’,
Semigroup Forum 54 (1997), 58-74.

B. Basitand A. J.Pryde, ‘Ergodicity and differences of functions on semigroups’, J. Austral. Math.
Soc. Ser. A 64 (1998), 253-265.

B. Basitand A. J. Pryde, ‘Polynomials and functions with finite spectra on locally compact abelian
groups’, Bull. Austral. Math. Soc. 51 (1995), 33-42.

C. J. K. Batty, J. V. Neerven and F. Rébiger, ‘Tauberian theorems and stability of solutions of the
Cauchy problem’, Trans. Amer. Math. Soc. 350 (1998), 2087-2103.

C.]. K. Batty and V. Q. Phdng, ‘Stability of strongly continuous representations of abelian groups’,
Math. Z. 209 (1992), 75-88.

C. J. K. Batty and S. B. Yeates, ‘Weighted and local stability of semigroups of operators’, Math.
Proc. Cambridge Philos. Soc. 129 (2000), 85-98.

B .Basit and H. Giinzler, ‘Generalized vector valued almost periodic and ergodic distributions’,
Analysis Paper 113, Monash University, 2002.

, ‘Asymptotic behavior of solutions of neutral equations’, J. Differential Equations 149
(1998), 115-142.

Y. Domar, ‘Harmonic analysis based on certain commutative Banach algebras’, Acta Math. 96
(1956), 1-66.

R. Doss, ‘On the almost periodic solutions of a class of integro-differential-difference equations’,
Ann. of Math. (2) 81 (1965), 117-123.

N. Dunford and J. T. Schwartz, Linear operators, part II: Spectral theory (Interscience, New York,
1963).

V. P. Gurarii, ‘Harmonic analysis in spaces with weight’, Tr. Mosk. Mat. Obs. 35 (1976), English
translation: Trans. Moscow Math. Soc. 1 (1979), 21-75.

E. Hewitt and K. A. Ross, Abstract harmonic analysis, volume I (Springer, Heidelberg, 1963).

, Abstract harmonic analysis, volume II (Springer, New York, 1970).

K. Iseki, ‘Vector valued functions on semigroups I, II, III’, Proc. Japan Acad. 31 (1955), 16-19,
152-155, 699-701.

K. Jacobs, ‘Ergodentheorie und Fastperiodische Funktionen auf Halbgruppen’, Math. Z. 64 (1956),
298-338.

B. M. Levitan and V. V. Zhikov, Almost periodic functions and differential equations (Cambridge
Univ. Press, Cambridge, 1982).

https://doi.org/10.1017/51446788700013598 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700013598

232
(23]
[24]
[25]
[26]
(27
[28]
{29]
(30]
31]

(32]
[33]

[34]
{35]

Bolis Basit and A. J. Pryde [24]

L. H. Loomis, ‘Spectral characterization of almost periodic functions’, Ann. of Math. (2) 72 (1960),
362-368.

Yu. I. Lyubich, V. 1. Matsaev and G. M. Fel’dman, ‘On representations with a separable spectrum’,
Funktsional. Anal. i Prilozhen. 7 (1973), English translation: Funct. Anal. Appl. 7 (1973), 129-136.
W. Maak, ‘Abstrakte fastperiodische Funktionen’, Abh. Math. Sem. Univ. Hamburg 6 (1936),
365-380.

, ‘Integralmittelwerte von Funktionen auf Gruppen und Halb-gruppen’, J. Reine Angew.
Math. 190 (1952), 40-48.

R. Nillsen, Difference spaces and invariant linear forms, Lecture Notes in Math. 1586 (Springer,
Berlin, 1994).

V. Q. Phéng, ‘Semigroups with nonquasianalytic growth’, Studia Mathematica 104 (1993), 229—
241.

H. R. Pitt, ‘General Tauberian theorems’, Proc. London Math. Soc. 44 (1938), 243-288.

J. Priiss, Evolutionary integral equations and applications (Birkhauser, Boston, 1993).

H. Reiter, Classical harmonic analysis and locally compact groups (Clarendon Press, Oxford,
1968).

W. Rudin, Harmonic analysis on groups (Interscience, New York, 1962).

W. M. Ruess and V. Q. Phdng, ‘Asymptotically almost periodic solutions of evolution equations in
Banach spaces’, J. Differential Equations 122 (1995), 282-301.

K. Yosida, Functional analysis (Springer, Berlin, 1976).

M. Zarrabi, ‘Contractions 2 spectre dénombrable et propriétés d’unicité des fermés dénombrables
du circle’, Ann. Inst. Fourier (Grenoble) 43 (1993), 251-263.

School of Mathematical Sciences

P.O. Box 28M

Monash University

VIC 3800

Australia

e-mail: bolis.basit@sci.monash.edu.au

alan.pryde @sci.monash.edu.au

https://doi.org/10.1017/51446788700013598 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700013598

