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The generating series for the elementary symmetric function E , 

the complete symmetric function H , are defined by 

m m 
n (1 + axx) = 1 + I E r x

r , 
i=l r=l 

m . oo 
,-1 _ , . r H xr 

i=l A r=l r 

n tl " a.x) = 1 + y H 

respectively. In [1] it is proved that if a,,a?,...,a are non-negative 

reals then, 

E . • E, ,. ^ E • E, ,. ,-, O^A<a , b^a . 
a-A b+A a-A-1 b+A+1' ' 

In [3], the author has proved a similar relation for H , 

^ Ha_A H b + A > H a_ x_ l H b + x + 1, 0SX<a , b,a . 

In this paper we consider some generalizations of these inequali

ties. In [2] D.E. Littlewood has defined certain symmetric functions by 

means of the generating series 

m 1+a.tx oo 

(2) H ( ^ = 1 * Ï q m ) ( t ) x r . 
1=1 i r=l 
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Here (2) is a generating function for the symmetric functions 

q^ (t). When t - 0 the complete symmetric funtion H is obtained, 

which can be used in the definition of S-functions; and when t = 1 

the symmetric functions q (1) can be used in defining Q-functions, 

which are of interest in the study of fractional linear representations 

of the symmetric group. (2) was first defined by D.E. Littlewood who 

showed that the resulting symmetric functions (subsequently called Hall 

functions) were similar to certain symmetric functions used by P. Hall 

in enumerating subroups of finite Abelian p-groups. 

In this paper we consider a generalization of (2) defined by 

m 1+a.tx ! °° , . 

1=1 i r=l 

where k is a positive number. In [4] and [5] Whitely has given some 

properties of q (k,t) for the case t = 0. 

THEOREM 1. If_ 

m 1+a.tx v °° r . 

1=1 i r=l 

where k is a positive integer, then 

(m) (m) n . (m) r. . (m) e. ^ 
q' '(k,t) • q' '(k,t) > q' (k,t) • q' (k,t) 
a-X b+\ a-X-1 b+A+1 

0<A<a , b^a, a . , a ? , . . . , a non-negative r e a l s . 
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The inequality is strict unless all but one of the variables are zero 

and k = 1. 

Proof. We prove this theorem by induction on k and m. Let 

k = 1; then 

m 1+a. t x °° , . 

n ( x ^ V ) = i - I q™Ci,t)x r 

i=l i a i X r = l 

and , when m = 1, 

q ( 1 ) ( l , t ) . q ^ ( l , t ) = q ^ ( l , t ) • q ^ ( l , t ) , 
a-X b+X a-X-1 b+X+1 

0<:X<a , b^a . 

Let t h e theorem be t r u e f o r a , , a „ , . . . , a , and k = 1; t h e n 
\ I m-1 

(m-1) (m-1) (m-1) (m-1) 
(3) q ( l , t ) • q ( l , t ) * q ( l , t ) • q ( l , t ) 

a-X b+X a-X-1 b+X+1 

0<:X<a , b^a 

Now 

œ m-1 1 + a . t x 1+a t x 
1 + / q ( l , t ) x = n Cî ) ( Î ) 

L, r ^ ' J . . v l - a . x 1-a x J 

r = l 1=1 l m 

t o° (m-1) ") | oo ^ 
= 1 + I q r d , t ) x r U (1+t) l~ a* x M 

I r = l ) \ r=l / 

and so 
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, , , (m) (m-V r . (m-1) 
[ 4 ) q d . t ) - q ( l , t) + (1+t) £ aJ q ( l , t) 

r r i-i m 

where q Q ( l , t ) 1. From ( 4 ) , we have 

(5) 

« (m) (m) (m) 
q ( l , t ) • q ( l , t ) - q ( l , t ) • q ( l , t ) 

a " A b+A a-A-1 b+A + 1 

(m) ( Cm) b+A . (m-1) ) 
q ( l , t ) q ( l , t ) + (1+ t ) J a J • q ( l , t ) \ 

a-A { b+A j = i m b+A-i I 

a 

( ( m _ 1 ) a " A - 1 ,- (m-1) ) (m-1) 

^VJf + C1+t) -x, - i - " ^ /o") 
I a " A _ 1 J r l a - A - l - j b+A + 1 

(m-1) (m-1) (m- i ) ( m _ 1 } Ï 
4 C l , t ) • q ( l , t ) - q ( l , t ) • q ( l , t ) I + 

a _ A b+A a-A-1 b+A+1 

+n V " 1 J / [V\ ^ ^ Cm-i) ) 
t } * % « f 1 ^ ) * q C l , t ) - q ( l , t ) . q ( i , t ) 

J _ 1 L a " À b+A-j a - A - l - j b+A + 1 

(m-1) (b+A . (m-1) 
+ (1+t) q ( l , t ) I a3

m • q ( l , t ) 
a-A J j=a-A b+A-j J 

Hence from (3) and (5) we h a v e 

Cm) (m) (m) ( m ) 

q C l , t ) q ( l , t ) >, q ( l , t ) q ( l , t ) , 0.<A<a , b*a 
a " x b+A a-A-1 b+A+1 
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Let the theorem be true for (k-1); then 

k - 1 
m 1 + a . t x °° (m) 

A (ror> l+ L q (k"ljt)xr • i=i A wr r = l r 

and 

(m) (m) (m) (m) 
(6) q ( k - l , t ) • q ( k - l , t ) :> q ( k - l , t ) . q ( 1 - 1 , t ) , 0«A<a , b>a. 

a-A b+A a-A-1 b+A+1 

Now 

k - 1 
oo (m) m 1 + a . t x m 1 + a . t x 

i + l q (k,t)xr = n C ^ ) n ( j ^ ) 
r=l r i=l l i=l l 

{ 
oo (m) I m 1 + a . t x 

i + l q ( k - i , t ) x r n ( j - ^ - ) 
r = l r J i = l l 

= u + 
00 (m) ^ l + a , t x m 1+a. 
1 q (k-i,t)xr| ij—r) n (j^i 

r= l r ) I i=2 l 
-) 

Let 

1 + 
(m) r ( 

J ( k - l , t ) x r = J l + J 
r= l r I r = l 

(m) ] 1+c^tx 

(m) W oo 
1 + I q k - l , t ) M J a^ x r ( l + t ) + 1 

r = l r / r = l 

Hence 

619 

https://doi.org/10.4153/CMB-1969-079-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-079-6


(m) (m) r . (m) 
(7) ( k - l ) , t ) = q k - l , t ) + (1+t) l a\ q ( k - l , t ) . 

r r j= l r - j 

Using (7) and (6) we have 

(m) (m) (m) (m) 
(k-l,t) (k-l,t) >y (k-l,t) (k-l,t), 0.<X<a , b^a. 

a-X b+X a-X-1 b+X + 1 

|" (m) r ] l+a2tx 
Now consider \ 1 + \ (k-l,t)x / (•= ) and similarly proceeding 

I r=l J 1 _ a 2 X 

for each variable a-,a ,,...,a we have 
3 4 m 

(m) (m) (m) (m) 
q (k,t) q (k,t) ^ q (k,t) q (k,t), 0<:X<a , b^a. 
a-X b+X a-X-1 b+X+1 

When k=l, and t=0 we get (l), 

THEOREM 2. 

( (m) Y ' i ( (m) \i+l 
q (k,t)l >Jq (k,t) , i=l,2,3,. 

1/, 

(8) 
i+1 

The inequality is strict unless all but one variables are zeros and k=l. 

Proof. From (8), if X=0 and a=b, we have 
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(9) 
r(m) " 
q (k,t) 

(m) (m) 
;> q (k,t) • q (k,t) 

a-1 a+1 

Now (9) can be dudced from (8) as in [3]. 

(m) m , 
THEOREM 3. J^ 1 + I E (k)xr = n (1 + a.x) , where k is a 

r i=l 1 

positive integer and ou,ou...,a are non-negative reals, then 

(m) (m) (m) (m) 
E (k) • E (k) > E (k) E (k) , 0^A<a , b^a. 
a-A b+A a-A-1 b+A+1 

The inequality is strict unless all but one of the variables are 

zero and k=l. 

Proof. Same as theorem 1. 

THEOREM 4. 

E (k) 
i 

i i Cm) ̂ 17i+l 

* "iff 
, i=l,2,.., 

The inequality is strict unless all but one of the variables are zero 

and k=l. 

Proof. Same as theorem 2. 

Note. The theorems proved here are true for a more general type 

of non-symmetric function whose generating series is defined by 
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(m) m 1+3. tx i 
1 + 1 q (t ;k rk 2 )...,k m)x

r= n (~^) , 
r 1=1 1 

where t>,0, kn,k0,...,k are positive integers and a,,cu,...,a , x 1 2 m r to 1* 2 ' nT 

B 3 ,...,3 are non-negative reals. Using the same method in theorems 

1 and 2, we can prove that 

(m) (m) 
q Ct,k k ...,k ) • q (t,k k ...,k ) > 
a-A z m b+X 

(m) 
q (t,k1,k2,...,km) • q(t,k1,k2,...,km), 0^x<a , b^a 

a-A-1 b+A+1 

and 

(m) 1/i 1/i+l 
q (t,k15k2,...,km) > q (t,k1,k2,...km) , 1=1,2,3,. 

i+1 

I wish to record my sincere thanks to the referee for suggestions which 

led to be a better presentation. 
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