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EXTENSIONS OF AH ALGEBRAS WITH THE
IDEAL PROPERTY
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In this note we show that if we have an exact sequence of AH algebras {AH stands for "approximately
homogeneous") 0-*I-*A-*B-+0, then A has the ideal property (i.e., any ideal is generated by its
projections) if and only if / and B have the ideal property. Also, we prove that an extension of two AT
algebras (-4T stands for "approximately circle") with the ideal property is an AT algebra with the ideal
property if and only if the extension is quasidiagonal.

1991 Mathematics subject classification: 46L05, 46L99.

1. Introduction

An AH algebra is a C*-algebra which is the inductive limit of a sequence:

Al -*• A2 -*• A3 - > • • •

with An = ©fe,Pn,C(Xni, M[nf])Pni, where Xni are finite, connected CW complexes,
kn, [n, i] are positive integers and Pn, e C(Xni, M[nii) are projections. The problem of
finding suitable topological invariants for these C*-algebras was raised by Effros [6]
and now it is included in Elliott's project of the classification of the amenable,
separable C*-algebras by invariants including AT-theory ([8]).

A C*-algebra is said to have the ideal property if its ideals are generated (as ideals)
by their projections (here by an ideal we shall mean a closed two-sided ideal).

In this paper we are dealing essentially with extensions of AH algebras with the ideal
property. The AH algebras with the ideal property, which have been studied previously
in [14] and [12], are important because they represent a common generalization of the
simple AH algebras and of the real rank zero AH algebras ([3]). The extension problem
for AH algebras is important and highly non-trivial. The C*-algebras which are
extensions of AH algebras should be included on the list of basic building blocks of
local approximations of nuclear C*-algebras([2]); hence this problem is related to
Elliott's project ([8]). While any extension of two AF algebras is an AF algebra - as
proved by L. G. Brown in a "pioneering paper" ([1]) - it is not true in general that an

• This research was partially supported by NSF grant DMS-9622250.

65

https://doi.org/10.1017/S0013091500020010 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500020010


66 CORNEL PASNICU

extension of AH algebras is an AH algebra (e.g., the Toeplitz algebra is an extension
of C(T) by K, the compact operators on an infinite dimensional, separable Hilbert
space, but it is not an AH algebra because it is not finite). The presence of torsion in
/C-theory produces situations that cannot occur in the extension theory of AF algebras
or of AT algebras (see [2]). Brown and Dadarlat constructed in [2] examples of
extensions A of AH algebras such that even though A is nuclear, stably-finite, of real
rank zero and stable rank one, A is not isomorphic to any inductive limit of
subhomogeneous C*-algebras (in particular, A is not an AH algebra). Hence the
extension problem for AH algebras is complicated and it is important to find a class of
AH algebras which "behaves well" with respect to extensions.

Motivated by a question raised to us by T. Loring we proved that if we have an
exact sequence of AH algebras:

()->• / -»• / !-)• B->- 0

then A has the ideal property if and only if / and B have the same property (see
Theorem 3.1).

Lin and Rcrdam gave in [10] two necessary and sufficient conditions for an
extension of AT algebras (i.e., inductive limits of circle algebras (see Definition 2.5)) of
real rank zero to be also an AT algebra of real rank zero. One condition is that the
extension has real rank zero and stable rank one ([13]) and the other one is that the
index maps in K-theory associated with the given exact sequence of C-algebras are
both zero. We considered in this paper the analogue problem in the setting of AT
algebras with the ideal property and we proved that an extension of AT algebras with
the ideal property is an AT algebra with the ideal property if and only if the extension
is quasidiagonal (see Theorem 3.6). The proof is inspired by the proof of the above
quoted result given in [10] but it uses also other techniques, some of them taken from
[12], [2], [3] and [15], and also Theorem 3.1.

Dadarlat and Loring proved in [5] a partial generalization of the above result of
Lin and Rordam to the AV case. Might be that the ideas in this paper could be used to
extend their result in [5].

2. Preliminaries

In what follows we shall need the following definitions and results:

Theorem 2.1 (see [12, Theorem 3.1]). Let A = lim(/L,, cDnm) be an AH algebra, with
An = ©fe|/lj,, A[ = PniC{Xni< MM)Pni where Xni are Connected, finite CWcomplexes and
Pni e C(Xni, Mjnj)) are projections. Then the following are equivalent:

(1) A has the ideal property (see Introduction).

(2) For any fixed n and fixed F = T CU =Uc SP(An) = U^Xni, there ismo>n such
that for any m>mQ any partial map <&'nm : An -> A'm satisfies either
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or

<f>for all y e XmJ.

(3) For any fixed n, i and 5 > 0 there is WQ > n such that the following is true:
For any F — F C Xni and any m > m0 we have that any partial map <t>'^m satisfies

either

or

SP(Vn!m)y n B{(F) ^ 4, for all y e XmJ.

(Here we used the standard notation BS(M) = {x e Xni : dist{x, M) < 5} for any subset
MofXnJ).

(4) Any ideal of A has a countable approximate unit consisting of projections.

(5) For any ideal I of A we have:
for any integer n, any E > 0 and any x e An n / there is m > n and a projection

p € Am n / such that:

(6) For any ideal I of A we have:
for any integer n, any e > 0 and any x e AnC\ I there is m> n and a projection

p 6 Am n / such that

\\Kn.(x) ~ P<t>,m(x)p\\ < e.

(Above we used the notation Ak D / = [y e Ak : 0>k x(y) 6 /}).

The notation used in the above theorem is the one from [9].

Definition 2.2 (see [11]). An extension of C-algebras

0-*• I-*• A-*• B-*• 0

is called quasidiagonal if there is an approximate unit (pn)", of / consisting of
projections, which is quasicentral in A, i.e.,
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lim \\apn - pna\\ = 0
n-*oo

for all a e A.

Theorem 2.3 (see [2, Theorem 8]). Let

be a quasidiagonal extension of C-algebras. Then the index maps <5; : K,(B) -> Ki+l(I),
i — 0, 1 are zero and the extensions

0 -» £,(/) -4 /C,(X) -^ /C,(B) ^- 0

i = 0, 1

Proposition 2.4 (see [2, Proposition 11]). Let A be an AH algebra. Suppose that I is
a closed ideal in A and I has an approximate unit of projections. Then the extension

is quasidiagonal.

Definition 2.5. A C*-algebra is called a circle algebra if it is isomorphic to

for some positive integers r, n,, n2, • • •, n,, where T = {z € C : |z| = 1}.
A C*-algebra is called an /IT algebra if it is isomorphic to the inductive limit of a

sequence:

A t -*• A2 -*• A) - * • • • •

where the /4,'s are circle algebras (the connecting homomorphisms may or may not be
injective).

3. Results

We want to prove first the following:

Theorem 3.1. Let

0->- / 4- A A- B-+0
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be an exact sequence of AH algebras. Then, the following are equivalent:

(1) A has the ideal property.

(2) / and B have the ideal property.

To prove this theorem we need some preparation.

Definition 3.2. Let A and B be finite direct sums of C*-algebras of the form
PC{X, Mn)P, where X is a compact space and P is a projection in C(AT, Mn) (X, n and
P may vary), with B = ®^B>. Let F = F c U = 6c SP(A). We say that a
homomorphism G>: A - • B satisfies the condition (F - U) if any partial
homomorphism <&' : A - • B; satisfies either

SP(W)y n F = 0 for all y e SP(Bj)

or

SP(<DOy n C/ # 4> for all 3; 6 SP(B').

Lemma 3.3. Let A, B and C be finite direct sums of C-algebras of the form
PC(X, Mk)P as in Definition 3.2 and let <D : A -*• B and *¥ : B -* C be two
homomorphisms.

Let F = F CU =Uc SP(A). If <D satisfies the condition (F - U) then * o O also
satisfies the condition (F — 17).

Proof. We may suppose that A and C have only one direct summand. Let
B = ©"=!#'• Then <D and *P induce a diagram of partial homomorphisms:

If

SPQ¥ o 0)^ n F =

for some z0 e SP(Q, then, since

o 0 % n
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SP(©?=I
VFI o 0>% = Ull.SPCr o d>')2, z 6 SP(C)

it follows that there is 1 < i0 < n such that

SPQ¥i0 o a>'o)ro nF^4>

and we may suppose that i0 = 1, i.e.,

Since

SPQV1 o d > \ = | J

it follows that there is y0 e SP(*')r() such that

Since O1 satisfies the condition (F — (7) it follows that for any y e SPiB1) we have:

SP(o')y nu^4>.

In particular, this is satisfied for any y e SPQ¥X)Z, where z is an arbitrary element
in SP(C). Hence

for any z e SP(C), which implies that

for any z e SP(C). D

Remark 3.4. The above Lemma 3.3 has the following useful consequence:
With the notation from Theorem 2.1 (i.e., [12, Theorem 3.1]) it follows that the

conditions (l)-(6) in this theorem are also equivalent to the following:

(7) For any fixed n and fixed F = F cU = t / c SP(An) there is mo > n such that
^n.mo '• An -*• A^ satisfies the condition (F - U).

Proof of Theorem 3.1. (1) = • (2). This implication is clearly true for any C-
algebras /, A, B. Indeed, any ideal of / is an ideal of A (since / is an ideal of A) and
hence it is generated by its projections, since A has the ideal property (here we
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identified / with i(f) c A). Now let J be an ideal of B. Then n ' (J) is an ideal of A
and since A has the ideal property, it is generated by its projections. Then
7r(7t"'(J)) = J is also generated by its projections.

1 f(2 )=>(1) . Let A = lim(An, d>n,J with An = ,, M(n,,)Pn, where
Xni are connected, finite CW complexes and Pni e C{Xni, MM) are projections. (Here
we shall identify / with i(/) c A). Let Ik = {x e Ak : <bkoo(x) e / } , k e N. Then
/ = lim(/n, ®nMli). Now we shall repeat the construction from [12] of a "canonical"
approximate unit for / consisting of projections. Let Gk = Gk c SP(Ak) be such that
/ t = {/ 6 Ak :/C4 = 0}, k > 1. Define a projection pm = ©*",pi e ©*",A;

m for any m > 1
such that

_.PmJ i f G i =

o if

(here, obviously, G'm is the component of Gm in A"m;). It is clear that ^nn+x{pn) < pn+t.
Then (^.ooCp,))^!, is an increasing approximate unit for / consisting of projections,
since the Xni's are connected ([12]) (note that / is generated by its projections).

Then

= \im(pnAnpn, 'n.m\PnAnPn ) •

By construction, Jn — pnAnpn is a direct summand of An as well as Bn :=
A, - pn). Obviously An = Jn © Bn.
Then, each On m induces partial homomorphisms:

— pn)An

T),

e

Clearly

and

B = lim(Bn

Let us fix n e N and F = F c U = Uc SP(An). Let Ft = FnSP(Jn), F2 =
FnSP(Bn), Ut = UnSP(Jn), U2 = UnSP(Bn). Since / and B have the ideal property,
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then, by Theorem 2.1 (i.e., [12, Theorem 3.1]) there is m > n such that *¥nm satisfies
the condition (F, - [/,) and Fnm satisfies the condition (F2 - U2). On the other hand,
since the C*-inductive limit associated with:

is isomorphic to limr>m(Jr, *¥fik) = lim(Jr, *Prit) = / which has the ideal property, it
follows that there is p > m such that *Fmi)1 o An m satisfies the condition (F2 — U2). Then,
by Lemma 3.3, yi'm,po

yVnm satisfies the condition (F, — [/,) (since *Pnm satisfies it) and
h-m,p ° r n m and Fml> o Tnm also satisfies the condition (F2 - U2) (since Fnm satisfies it). In
conclusion, On() satisfies the condition (F — U). Then, by Remark 3.4, it follows that
A has the ideal property. •

Remark 3.5. The above proof of Theorem 3.1 shows in particular that the following
assertion is true:

Let

be an extension of C-algebras such that A is an AH algebra with the ideal property.
Then, / and B are also AH algebras with the ideal property (see also [4, Proposition

4.3]).
We prove now the following:

Theorem 3.6. Let

0^-7^/4^-B-J-O (*)

be an extension of C -algebras, where I and B are AT algebras with the ideal property.
Then, the following conditions are equivalent:

(1) A is an AT algebra with the ideal property.

(2) The extension (*) is quasidiagonal (see Definition 2.2).

The proof of Theorem 3.6 will need several auxiliary results.

Lemma 3.7. Let

O-*- / ->• A-+ B-+0

be a quasidiagonal extension of C-algebras. Let p e A be a projection and let q be its
image in B. Then:

(1) The "reduced" extension
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0 -> pip -> pAp -> qBq -*• 0

is quasidiagonal.

(2) If I is an AH algebra, then pip is an AH algebra with the ideal property.

Proof. (1) Let (?„)", be an approximate unit of / consisting of projections which
is quasicentral in A. Observe first that (ppnp)™=] is an approximate unit of pip. Indeed,
for any x e / we have

PPnP • PXP = PPnipxp) -»• P • (pxp) = pxp

since pxp e / and ( p j ^ , is an approximate unit of /.
Also, one can see that (ppnp)°?=\ is quasicentral in pAp. Indeed, for any a e A we

have

PPnP • PaP ~ Pap • PPnP = P(Pn ' P«P ~ P<*P ' Pn) ~ (P<*P Pn'Pn

Pn-Pn- Pap) -* 0

since (pj^l, is quasicentral in A.
On the other hand, using again the fact that (pn)~, is quasicentral in A we have

(PPnPf ~ PPnP = PiPnP ~ PPn)PnP ~+ 0

(since ||pj| < 1, n e N) and obviously (ppnp)* = ppnp,n eN. Hence, by functional
calculus, we find projections rn in pip, n e N, such that

PPnP -rn-*-0.

It follows that (rn)~, is an approximate unit of pip consisting of projections which
is quasicentral in pAp. This ends the proof.

(2) By (1) in this Lemma it follows that pip has a countable approximate
unit consisting of projections. Then, by [11] (or [15]) it follows that pip has an
increasing approximate unit (rn)~, consisting of projections. Let / = lim(/B, cpn) with
L = ©*=ifii.iC(-Xn,i> M\n,i])Pn,i where Xni are connected, finite CW complexes and Pni are
projections in C(Xni, M[ni]). Then, after passing to a subsequence of (/n)^l,, we may
suppose that there are projections sn e /„ such that (pnoo(sn) = rn and cpn(sn) < sn+, (here
^.oo : h ~* ' = uQ?(Jm. <Pm) is the canonical map).

Therefore

pip = ( J rn(p/p)rn = ( J rnlrn = lim(Jn = snlnsn, cpn]Jn)
n>l n>l

and hence pip is an AH algebra. The fact that pip has the ideal property follows now
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from the equivalence (1) <» (2) in Theorem 2.1 (i.e., [12, Theorem 3.1]). •

Lemma 3.8 (compare with [3, Lemma 3.13]; see also [15, 2.5]). Let

be a quasidiagonal extension of C -algebras. If B is a hereditary C -subalgebra of A, then
every projection in B/B n /(= B + I//) that lifts to a projection in A can be lifted to a
projection in B.

Proof. This follows as in the proof of [3, Lemma 3.13] but using the above
Lemma 3.7(1) instead of [3, Theorem 2.6 (Hi)]. •

Lemma 3.9 (compare with [3, Lemma 3.15], [15, Lemma 2.5] and [6, Lemma 9.8]).
Let

0 ^ / - • /I -v B-> 0

be a quasidiagonal extension of C*-algebras. Then:

(1) Any projection in B lifts to a projection in A.

(2) Any two mutually orthogonal projections in B lift to two mutually orthogonal
projections in A.

(3) Any set of matrix units {/j}";-=i in B lifts to a set of matrix units {e,v}";=1 in A.

Proof. (1) This follows as in the proof of [3, Lemma 3.15] but using the above
Lemma 3.8 instead of [3, Lemma 3.13] and using also Theorem 2.3 (i.e., [2, Theorem 8])
to deduce that the induced homomorphism from K0(A) to K0(B) is surjective (or,
equivalently, that the index map <50 : K0(B) -+ Kt(I) is zero).

(2) This follows as in the proof of [15, Lemma 2.5 (1)] (using Lemma 3.7 (1)).

(3) This follows as in the proof of [6, Lemma 9.8] but using Lemma 3.9 (1) instead
of [6, Lemma 9.7] and exploiting Lemma 3.7 (1). •

Lemma 3.10 (compare with [10, Lemma 6]). Let

0 ^ / -»• A-> B -> 0 (**)

be a quasidiagonal extension of C'-algebras, where I and B have stable rank one. Let Bo

be a C-subalgebra of B which is a quotient of a circle algebra.
Then, there is a homomorphism Bo -*• A which composed with the epimorphism

A -*• B is the identity map on Bo.

Proof. This follows as in the proof of [10, Lemma 6] but using Lemma 3.9 instead
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of [6, Lemma 9.8] and using also Lemma 3.7 (1) and [10, Proposition 4]. (Note that
since the extension (**) is quasidiagonal, Theorem 2.3 (i.e., [2, Theorem 8]) implies that
the index map <5, : K}(B) -*• K0(I) is zero and hence A has stable rank one by [10,
Proposition 4 (ii)]). •

Proof of Theorem 3.6. (1) =>• (2) follows from Proposition 2.4 (i.e., [2, Proposition
11]) and Theorem 2.1 (i.e., [12, Theorem 3.1]).

(2) => (1) The proof of the fact that A is an AT algebra relies on [7, Theorem 4.3]
and it follows as in the proof of [10, Theorem 5] using the above Lemma 3.10 instead
of [10, Lemma 6] (note that / and B have stable rank one) and observing that since the
extension (*) is quasidiagonal then / has a countable approximate unit of projections
which is quasicentral in A, and hence, in particular, it commutes asymptotically with
any C-subalgebra of A which is isomorphic to a quotient of a circle algebra. The fact
that the AT algebra A has the ideal property follows from Theorem 3.1.

Acknowledgement. We are grateful to Guihua Gong for useful discussions.
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