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Abstract

We prove that in any compact symmetric space, G/K, there is a dense set of aj, ax € G such that
if wj =mg * 5a,~ * my is the K-bi-invariant measure supported on Ka;K, then u; * uo is absolutely
continuous with respect to Haar measure on G. Moreover, the product of double cosets, Ka; Kaz K, has
nonempty interior in G.
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1. Introduction

In a now classical paper [4], Dunkl proved that the convolution of the surface measure
of a sphere in R” with itself is absolutely continuous with respect to Lebesgue measure
in R". Motivated by this result, Ragozin [9] considered the analogous problem in the
setting of a compact, symmetric space G/K and showed that if 11 ; are K-bi-invariant,
continuous measures, then gy * - - - % [Lgim G/k is absolutely continuous with respect
to the Haar measure on G. In particular, this is true when  ; are the K-orbital surface
measures supported on the double cosets Ka; K, with a; not in the normalizer of K
in G. These singular measures are given by

szuajme*%*mK

where m denotes the Haar measure on K. Equivalently, the dim G /K -fold product
of the double cosets Ka; K has nonempty interior for all such a;.

Recently, the authors [5] proved that for the special case of the symmetric space
SU (n)/SO(n) the number of convolution powers (or double cosets in the product)
could be reduced from the dimension of the symmetric space to the rank +1, and that
this is sharp for particular a; € SU (n).

In this paper, we prove that for any compact symmetric space there is a dense subset
D C G suchthatifay, ax € D, then 4, * g, is absolutely continuous with respect to
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the Haar measure on G and the product of double cosets, Ka| K a> K, has nonempty
interior. General results of Ricci and Stein [10] then imply that the convolution product
actually belongs to L?(G) for some p > 1.

One example of this is when H is a compact, simple, connected Lie group,
G=H x H and K ={(h, h) | h € H}. Then G/K is homeomorphic to H, double
cosets correspond to conjugacy classes, and the K-bi-inviariant measures on G/K
can be identified with the central measures on H. Using the representation theory
of compact Lie groups, a stronger result has been proved in this case; namely,
May * Hay € L2(H) for a dense set of elements of H [6]. It would be interesting to
know whether this stronger result holds for general compact symmetric spaces as
well. This may require further development of the L? theory for symmetric spaces
(see [2, 8]). Smoothness properties of these orbital measures were also investigated
in [3, 11].

2. Notation and basic facts

2.1. Restricted roots and root vectors Let G be a compact, connected, semi-simple
Lie group and suppose 6 is a Cartan involution that fixes the closed Lie subgroup K.
The quotient space G/K is known as a compact symmetric space. We denote by
Ng(K) the normalizer of K in G.

We shall write g =€ @ p for the corresponding Cartan decomposition of the Lie
algebra g of G.' Thus p is the —1 eigenspace of 6. Let a C p be a maximal abelian
subspace and extend this to a maximal abelian subalgebra, ¢, of the Lie algebra g. We
write m for the subspace of € that commutes with a. For a classification of compact
symmetric spaces we refer the reader to [1, p. 219] or [7, p. 518].

Let 7 be the conjugation of g which gives the complexified Lie algebra g€ and
extend 6 by linearity to g€. More generally a®, ¢C, and so on, will denote the
complexification of the corresponding subspace.

Suppose @ is the set of roots of g€ with respect to tC. We consider the roots
which do not vanish identically on a® and let ¥ (£%) denote the corresponding set of
(positive) restricted roots. We denote by golf the restricted root space for the restricted
roota € X:

ef=(xeg®|[H, X]=ia(H)X forall H € a}.
The restricted root vectors are the nonzero vectors in golf. Similarly, g, will denote the
root space of the root o € ®.

In contrast to the situation for root spaces, restricted root spaces need not be one-
dimensional. Indeed,

g =) g

where the sum is over all root vectors 8 such that |, =«. The complexified Lie
algebra can be decomposed as

°=1"®) gu =a"oma ) gf

aed aeX

! Following Ragozin, we define our Lie algebras as right-invariant vector fields.
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If H € a, then (H) = —H and t(H) = H. Thus if X, € g&, then
[H, 0(Xa)]=010(H), Xo] =—0[H, Xo] = —ia(H)0(Xq)

and
[H, T1(Xe)]=1[t(H), Xo] =7[H, X¢] = —ia(H)T(Xy),

with the final inequality coming because t is conjugate linear. Hence both 6 and t
map g to g%,

2.2. Regular elements Given a restricted root o« € X and a € exp a, say a = exp(A)
for A € a, we set w(a) =a(A). We call the element a € exp a regular if a(a) #0
mod 7 for any o € X.

It follows from the Cartan decomposition that the double cosets, KaK, can be
indexed by the elements in exp a € G. The regular elements in exp a are dense in
exp a, and the elements g € G with KgK = KaK for some regular a € exp a are
dense in G. We shall show in Corollary 2.3 that if a is regular, then a ¢ Ng(K).

2.3. Preliminary results For £, € g(f set

Fy = Ey +TEy +0(Eq + TEy),
F, =i(Ey — TEq + 0(Ey — TEy)),
Gy = Eq + TEq — 0(Eq + TEy),
Gl = i(Ey — TEq — 0(Eq — TEg)).

Of course, Fy, F,, Gy, G, € g§ @ gfa. All four vectors are fixed by 7 and hence
belong to g. Moreover, Fy, F,, are fixed by 6 and thus belong to €, while G, G/, are

negated by 6 and hence are in p. If EWY, ..., E" is abasis for gX and FD .
G((),] ), G(()/ )/, j=1,..., my are the corresponding vectors, then

t=span{F), FV | j=1,...,my;aeT)dm
and _ _

p=span{GY), GV |j=1,....,my;ae T} @®a.

We shall follow the usual practice of writing Ad(a) for the action of the group on
the Lie algebra. For E, € g§, we have Ad(a) Ey = €!*@E,, thus
Ad(@)0E, = e " *Y9E,,
Ad(@)TEy = e W1 E,.
Simple calculation shows that this implies the following result.

LEMMA 2.1.

(i) Ad(a)Fy =cosa(a)Fy + sina(a)Gl,.
(i) Ad(a)F, =cosa(a)F, —sina(a)Gg.
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COROLLARY 2.2. Ifa is regular, then Ad(a)t +t=g S a.

PROOF. Since a is regular, sin «(a) # 0 for any o € ¥ and thus
span{Fy, F,, Ad(a)Fy, Ad(a)F,} = span{F,, F,,, Gy, G} O

Since a € Ng(K) if and only if Ad(a)t C &, similar reasoning shows the following
result.

COROLLARY 2.3. An element a belongs to the NG (K) if and only if «(a) = 0 mod
foralla € X.

There is a particular restricted root vector that we shall be interested in.

LEMMA 2.4. For each restricted root «, there is a restricted root vector E,, € g‘f such
that [E,, 0(Ey)] €ia.

PROOF. Letg =€+ ip. By [1, Proposition 32.5] there is a choice E, € g () g& with
0(Eqy) €8 gR,. Hence [Ey, 0(Eq)] € 3.

Note that 0[X, 0(X)] = —[X, 6(X)], so [X,0(X)] e pC. An application of the
Jacobi identity proves that for any H € a® and X € gO’f,

[H, [X, 0(X)]] = —[X, [0(X), H]] - [0(X), [H, X]]
= —[X, ia(H)0(X)] - [6(X), ia(H)X]=0.

Hence [ X, 6(X)] commutes with all H € aC. Since a©

of pC, it follows that [X, 6(X)] € a®.
Consequently, [E, 0(E)] € g () a =ia. O

is a maximal abelian subspace

Let P : g — a denote the projection map. Here are some other elementary facts that
will be of use to us later.
LEMMA 2.5.
()  [Fo, Gl = [Fy, Gol = —4(I — 0)i[Eqy, T(Eq)] = —8P(i[Eg, TEq]).
(i) If Ey is chosen with [Ey, 0(Ey)] € ia, then [Fy, G4l = [F),, G, ].

PROOF. The first equality in (i) is a straightforward computation. Because 7(Ey) €
gR,, then i[Ey, TE,]em®@®aC.  But also t(i[Ey, TEy]) = —i[tEy, Ey] =
i[Ey, TEy] and therefore i[Ey, TE,] € g. Since (I — 8)/2 projects from g onto p,
we obtain the second equality.

For (ii) one can first check that, for any root «,

[Fo, Gal — [Fy, G,
=2[0(Eq + T(Ey)), Eq + T(Eq)] +2[0(Ey — T(Ey)), Eq — T(Ey)]
=4([0(Ey), Eql +T[0(Ey), EqD),

with the latter equality due to the fact that 67 =t6. But [0(Ey), Ey] €ia, so
T[0(Ew), Eq] = —[0(Ew), Eql. O
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We shall also make use of the following technical result which we could not find
in the literature. We recall that g‘c admits a Weyl basis {Xg | B € &t} where X B € &8
[7, p. 421]. Such a basis has the property that 7(Xg) = —X_g and [Xg, X_g] = Hg
where Hjg is the linear functional on {C given by Hg(t) = B(1).

LEMMA 2.6. For any nonzero E, € golf, P([Ey, TEy]) = cqHyla Where ¢y is a
nonzero constant (depending on Ey).

PROOF. Since gX = 2Bl =a 88> WE can write

Eq= Y bpXp.
Bla=a

where {Xg | B € ®} is a Weyl basis of g(c. Thus

[Eo, TEQ] = |: Z bgXg, T< Z bﬂXﬁ>j|

Bla=u Bla=a

= [ D bgXp— ) %X—ﬁ]
Bla=a Bla=c

== > bgbyIXp. X1
B.vla=a

Consequently,
P([Eq, TE]) = —P( Z i|b,3|2[Xﬂ, X_,g]> — P<Z ibgb,[Xg, X_y]>.
Bla=c B#y

When g # y, then [Xg, X_, ] either belongs to the root space gg—, (if B — y is aroot)
or is zero. In either case, the projection onto a is zero. Hence

PGlEq, TEa) =~ ) ilbgl*Hpla
Bla=a
Since Bla=a, Hﬂ|a: Hyla. Thus P(i[Ey, TEy]) = cq Hy|a Where
co=—i Y |bgl*#0
Bla=a
as Ey #0. 0

3. Main theorem

By a measure we mean a finite regular Borel measure on G. The measure p is K -
bi-invariant if w(k;Sk2) = w(S) for all k1, k2 € K and Borel sets S € G. An example
of a K-bi-invariant measure is the K-orbital measure

Ug =MK *0q kMK
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where m g denotes the normalized Haar measure on K and 8, denotes the point mass
measure at a. The K-orbital measure, (., is a singular probability measure which
is supported on KaK, and is continuous (meaning nonatomic) if a ¢ Ng(K) when
viewed as a measure on the symmetric space G/K. These measures are the extreme
points of the unit ball of the space of K-bi-invariant, continuous measures (see [9]).
Of course, if KgK = KaK, then g = pi,.

Ragozin proved that if d > dim G/K, then g, * ftg, * - - - % g, is absolutely
continuous with respect to Haar measure on G and the d-fold product of double
cosets KajKay - - - KagK has nonempty interior if a; ¢ Ng(K). For special orbital
measures the number of convolution powers can be reduced to two. Here is our main
result.

THEOREM 3.1. Suppose aj, ay € exp a are regular elements and [Lq,, [Lq, are the
associated K -orbital measures. Then L4, * [La, is absolutely continuous with respect
to Haar measure on G and Ka1KayK has nonempty interior in G.

PROOF. For any two elements aj, a; € exp a, let fu, 4, 1 K 3 - G be given by
f ko, k1, k2) = koarkiazk,.

The proof of [9, Theorem 2.5] (an application of the implicit function theorem) shows
that if the rank of f;, 4, is full, except possibly on a set of Haar measure zero, for each
ai, ap in the support of the K -bi-invariant measures ft1, {42, then @1 * (o is absolutely
continuous and Kaj Ka; K has nonempty interior. However, an analyticity argument
proves that if the rank of f, 4, is full at one point, then it is full on a set whose
complement has measure zero.

Thus to prove our theorem it will be enough to show that whenever aj, a; are two
regular elements in exp a, then the rank f;, 4, is full at one point, and this is what we
shall prove. For notational convenience we shall write f for fy, 4,.

The differential of f at the point (ko, k1, k2), df | (ky.k,.k»)» 15 the map from £ to g
given by

A f | (ko.ky ko) (X0, X1, X2) = —(Xo + Ad(koa1) X1 + Ad(koaikiaz) X2)koaikiazks

for X; € k. (This is true because of our convention of using right invariant vector
fields.) Thus rank f at (kg, k1, k) is the dimension of

span{Xo + Ad(koa1) X1 + Ad(koarkia2) X2 | Xo, X1, X2 € £},
which is equal to the dimension of
span{Xo + Ad(a1) X1 + Ad(a1kia)X> | Xo, X1, X» € £}.
Hence it is enough to show that there exists a point k; € K such that

E 4+ Ad(al)é + Ad(a]k]ag)E =g,
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or, equivalently,
-+ Ad(a; HE+ Ad(kiap)t = g.

Note that Corollary 2.2 implies that € + Ad(al_l){% =goa.

As in the previous section, let P be the projection operator defined from g onto a.
Using this notation, it follows that to prove the theorem it suffices to show that for each
a regular, there exists some k € K for which dim(P(Ad(ka)¥)) = dim(a).

According to Lemma 2.4, for each positive, restricted root « it is possible to choose
a restricted root vector E, € gR satisfying [Ey, 0(Ey)] € ia. Define Fy, F., Gy, G,
as described in the previous section with this choice of E,. Set

Z= ) Fs+F
Bext

and for any real number s put ks =exp(sZ). Since Z ¥, k; belongs to the
subgroup K.
Fix a € exp a, a regular. Fora € =,

Ad(ksa)(Fy, + FO,{) = Ad(kg)(cos a(a)(Fy + Fo/z) —sina(a)(Gy — G‘;))
= exp(ad(sZ))(cos a(a)(Fy + F,) —sina(a)(Gy — G.,))
=cosa(a)(Fy + F,) —sina(a)(Gy — G,) + R+ S,

where
R =5[Z, cosa(a)(Fy + F(;) —sina(a)(Gy — G‘;)]

and

00 sl , / . /
S = ; 77(ad 2 (cos a(@)(Fy + Fp) = sin@(@)(Ga — G})).

Since Z, Fy, F, €€, we have P[Z, F, + F,]1=0 for all « € £. Also, Fy, F],
Ga, Gl €Y ,cx 8&, hence P(F, + F,) =0= P(Gy — G.,). Therefore
P(Ad(ksa)(F, + FO/[)) =—ssina(a)P(Z, G, — G:x] +5Yo5)
where
o0
Yos =) —(ad 2)'(Gy — G).
First, consider

[Z,Ga—G;]:[Z F,S+F,§,GQ—G;}
Bex+t

=[Fu+ Fj. Ga — Gi1+ Y _[Fg + Fj, Ga — G, 1.
pra
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If B #«, then also B # —« since B and « are positive, restricted roots. Hence
either [Fg + Fy, Go — G, ] € Zy:iaiﬂ g)’f or none of +« + B are roots, in which
case [Fg + Fj, Go — G, 1 =0 [1, Proposition 32.5]. In either case, P[Fg + Fj,
Gy —G,]1=0.

Combined with Lemmas 2.5 and 2.6, this observation implies that

P(Z, (Go — G = P([Fu + Fy. Go — G,
= P([F,, Gol — [Fu, G, 1)
= —8Pi[Ey, TEy] = co Hyla

for some nonzero constant c,. Hence
P(Ad(ksa)(Fy + F,)) = —s sin a(a)(co Hola + 5P (Ya.5))-

Thus to show that dim(P(Ad(ka)®)) = dim(a) it is enough to prove that for suitably
small s, the set

{P(Ad(ksa)(Fy + F))) | @ € T}

or, equivalently,
{CaHa|a+ SP(Ya,s) | o€ 2:}

contains a linearly independent set of size dim a = r. To see that this is true, choose
positive, restricted roots, «, . . . , ¢, such that {Haj lal j=1,...,r}isabasis for a.
We claim that the set of vectors

{Ca_,-Hot_/|a+ SP(Yaj,s) lji=1,..., r}

is linearly independent for sufficiently small s.
Assume otherwise, say,

.
> dj(ca; Hajla+ SP(Ya, ) =0 3.1)
j=1

with not all d; =0. Since all norms are comparable on a finite-dimensional space,
there exists a positive constant Cyp such that

r r r
Y djco;Hayla| = Co Y |djca;| = Comin [cq;| Y Id;].
j=1 j=I1 j=I1

Forany0 <s < 1,

00 l ‘
lad Z|' maxges 1(Go — Gl
PYasll < ¥ersl = N E——

=2

Cz
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where C7 is independent of o and s. Hence

,
‘ <s Y ldjICz.
j=1

If we take s < Cpmin |caj| /Cz we clearly cannot satisfy (3.1) and therefore
dim(P(Ad(ka)t)) = dim(a). This completes the proof that f has full rank at one
point. O

,
Z djSP(Yozj,s)
=

COROLLARY 3.2. Suppose i1, o are K-bi-invariant measures, compactly sup-
ported on .y KaK where D is the dense set of regular elements. Then i1 * 12
is absolutely continuous.

PROOF. This can also be deduced from the same proof, as per the remarks in the first
paragraph. O

COROLLARY 3.3. Suppose G/K is a compact symmetric space which admits only
one positive restricted root. Then for any ay, ay ¢ NG(K), [La, * la, is absolutely
continuous.

PROOF. When there is only one positive restricted root any element of exp a is either
in the normalizer or regular. U

REMARK. Many of the rank-one symmetric spaces, including SU(2)/SO(2) and
SO(p + 1)/O(p), have only one positive restricted root. It would be interesting to
know if the conclusion of the corollary holds for all rank-one spaces.
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