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Erratum: Translation Groupoids and
Orbifold Cohomology

Dorette Pronk and Laura Scull

Abstract. We correct an error in the proof of a lemma in Translation groupoids and orbifold coho-
mology. Canad. J. Math 62(2010), no. 3, 614–645. _is error was pointed out to the authors by Li
Du of the Georg-August-Universität at Göttingen, who also suggested the outline for the corrected
proof.

_is note contains a correction of an error in the proof of a lemma in [1]. _is error
was pointed out to the authors byLiDu of theGeorg-August-Universität atGöttingen,
who also suggested the outline for the following corrected proof.

_e lemma in question reads as follows.

Lemma 8.1 ([1]) _e class of essential equivalences between Lie groupoids satisûes
the 3-for-2 property, i.e., if we have homomorphisms G

φ
→ K

ψ
→H such that two out of

{φ,ψ, φ ○ ψ} are essential equivalences, then so is the third.

_e given proof of this lemma is incorrect in the casewhereψ○φ andψ are essential
equivalences. _ere the following is stated:

It is a standard property of ûbre products that if any two out of (A), (B), and the
whole square are ûbre products, so is the third.

_is is incorrect in general; in particular,when φ andψ○φ aremerely fully faithful
it is not necessary that ψ is also, and counter-examples can be created. Below is a
corrected proof of the case in question.

Proof We consider the casewhere φ andψ○φ are essential equivalences. Sinceψ○φ
is essentially surjective, themapG0×H0 H1 → H0 is a surjective submersion. _ismap
factors as the top arrow in the diagram

G0 ×H0 H1 //

��

K0 ×H0 H1

��

// H1

s
��

t // H0

G0 φ0
// K0 ψ0

// H0 ,

andwe see that this implies that the composite of the last twomaps, K0 ×H0 H1 → H0,
is a surjective submersion.
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Next we consider the diagram

G1

(s ,t)
��

φ1 //

(A)

K1

(s ,t)
��

ψ1 //

(B)

H1

(s ,t)
��

G0 ×G0 φ0×φ0
// K0 × K0 ψ0×ψ0

// H0 ×H0 .

Since φ andψ○φ are essential equivalences, the le� square (A) and the entire rectangle
are both pullbacks. Wewant to show that the right square has to be a pullback aswell.
As indicated by the discussion above, the fact that φ is essentially surjective is an
important ingredient. In fact, we would like to assume that φ0 is actually surjective.

If φ0 is not surjective, then consider the weak pullback groupoid

G′
=G ×

w
K K

φ′ //

π
��

≅

K

1K
��

G φ
// K .

Since φ is an essential equivalence, so is φ′. In addition, π is also an essential equiva-
lence, because it is a weak pullback of an identity arrow (which is obviously an essen-
tial equivalence).

So we replace (A) by a new square (A′), which is again a pullback:

G′

1

(s ,t)
��

φ′1 //

(A′)

K1

(s ,t)
��

ψ1 //

(B)

H1

(s ,t)
��

G′

0 ×G′

0 φ′0×φ′0
// K0 × K0 ψ0×ψ0

// H0 ×H0 .

Furthermore, the entire rectangle is again a pullback: note thatψ○φ′ ≅ (ψ○φ)○π. _e
latter is an essential equivalence as a composite of essential equivalences, and hence
so is the former, because it is isomorphic to an essential equivalence. We also have
that the map φ′∶G′

0 = G0 ×K0 K1 ×K0 K0 → K0, deûned by (x , k, t(k)) ↦ t(k), is
surjective, since φ is essentially surjective.

Now consider the pullback

P //

��

H1 ×t ,H0 K0

sπ1

��
K0 ψ0

// H0 .
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Since themap sπ1 is a surjective submersion, this pullback is a smooth manifold, and
we get a smooth map K1 → P = K0 ×H0 ,s H1 ×t ,H0 K0. Next consider the diagram

G′

1

��

// P

��

// H1

��
G′

0 ×G′

0
// K0 × K0 // H0 ×H0 .

We know that the right square is a pullback, and therefore the le� square is a pullback
if and only if the whole rectangle is a pullback. But the whole rectangle is a pullback
as we just observed, and so the le� square is a pullback.

So now consider
G′

1
// K1

��
G′

1

��

// P

��
G′

0 ×G′

0
// K0 × K0 .

_e bottom square is a pullback according to the previous argument, and we know
that thewhole rectangle is a pullback, since φ′∶G′

→ K is fully faithful. _erefore, the
top square is also a pullback.

Now the bottom map is a surjective submersion (it is surjective as argued above
and it is a submersion because the groupoids are étale), and therefore the pullback
map G′

1 → P is also a surjective submersion. _en looking at the top square, we see
that the pullback of themap K1 → P is the identitymap, and hence a diòeomorphism.
_erefore the original map must also have been a diòeomorphism, so K1 ≅ P and the
original square (B) is a pullback, as required.
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