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1. Introduction

Let Q(z,, * - -, =,) be an indefinite quadratic form in n-variables with
real coefficients, determinant D # 0 and signature (7, s), r-+s = n. Then
it is known (e.g. see Blaney [2]) that there exist constants I, , depending
only on r and s such for any real numbers ¢,, - -+, ¢, we can find integers
Z,, * * *, z, satisfying

(]"l) 0 < Q(xl-l_cl: Y $”+Cn) é (Fr,a |D|)1/”'

Let I',, denote the best possible constant for which (1.1) is valid.
Davenport and Heilbronn [5] proved that Iy ; = 4. E. S. Barnes [1] has
proved that I'; ; = 4. In a paper accepted for publication [6] I have proved
that I , = 8. The object of this paper is to prove that Iy, =% In the
next paper we shall show that I, , = 16.

More precisely we prove:

THEOREM. Let Q(z, y, 2, t) be an indefinite quaternary quadratic form
of the type (3,1) and determinant D < 0. Then given any real numbers
%y, Yo, 29, Lo we can find integers x, y, z, t such that

(1.2) 0 < Qx+y, y+¥,, 2+2,, t+1,) < (A2 |D|)L.
Equality is necessary if and only if either

(1.3) Q@ 9, 2, 1) ~ pQr = p(F*+ay+y*+2t); or
(1.4) Q@ 9, 2,8) ~ pQy = p(x*+y*+2*—38%);

where p > 0. For Q, equality occurs if and only if (,, ¥y, %, ty) = (0, 0,0, 0)
(mod 1) and for Qs if and only if (2, Yo, 20, to) = (3, % %, 3) (mod 1).

I am very grateful to my adviser Prof. R. P. Bambah for his inspiring
guidance and valuable help in writing of this paper.

1 This paper forms a part of the author’s Ph.D. dissertation submitted at the Ohio State

University, Columbus, Ohio.
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2. Some Lemmas
In the course of the proof we shall use the following Lemmas:

LeEMMA 1. Let Q(z, y, 2, t) be an indefinite quaternary quadratic form of
the type (3, 1) and determinant D. Then there exist integers x,, ¥y, 2, t, such
that

0 < Qxr, 91, 74, 1) = (32 D))k

Equality occurs if and only if Q ~ pQy; p > 0.
This is Theorem 2 of Oppenheim [8].

LemmA 2. Let ¢(y, 2,t) be an indefinite ternary quadratic form with
determinant D < 0. Then there exist integers u, v, w such that

0<ouv,w) < 2D
except when
@y, 2, t) ~ p(y*+2t), p> 0.

This is a theorem due to Oppenheim ([7].

LemMmA 3. Let ¢(y, 2,t) be an indefinite ternary quadratic form with
determinant D << 0. Then given any real numbers y,, 2,, L, we can find
(Y, 2, t) = (Yo, 2y, by) (mod 1) such that

lely, 2, )] < (F5 IDDE
This is a theorem due to Davenport [4].

LeMMA 4. Let ¢(y, 2,t) be an indefinite ternary quadratic form with
determinant D > 0. Then given any real numbers y,, z,, t, we can find
(v, 2, 8) = (Yo, 2y, by) (mod 1) such that

0 <oy zt) < (8|D)L
This is a result due to author [6] accepted for publication.

LEMMA 5. Let x(z,t) be an indefinite binary quadratic form with dis-
criminant A% > 0 and let A > 0 be a real number. Then for any real numbers
2y, Ly we can find (z2,t) = (2, t,) (mod 1) satisfying

A id
~-SJC("‘»’5)<T°

41 =
Equality is needed if and only if 32 = (m+-2)/m; m = 1,2, -- - and
(2.1) 2(2,8) ~ cxm(z, t) = c(Z—m(m+2)), ¢ > 0.

For y,(z, t) equality occurs if and only if (z,, t,) = (m[2, }) (mod 1).
This is Theorem 1 of Blaney [3].
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LEMMA 6. Let o, 8, d be real numbers with d = 1; then for any real
number x, there exists & = x, (mod 1) satisfying

(2.2) 0< (zta)2—p2=d
provided that

d1\ 2
(2.3) g < (%) :

If d is not an integer, (2.2) is true with strict inequality. If d is an integer
a sufficient condition for (2.2) to be true with strict inequality is that

< (5

Proor. If f2 < (d—1)%/4, choose x = z, (mod 1) with

1Bl < z+a < |8]+1,
so that

0 < (e+a)—p* < 2 [fl+1 < d.

If d is an integer and g% = (d—1)2/4, then we proceed as above and get
the result perhaps with equality.
Now suppose

2 A .
= (T) if d is not an integer
2
g d—12 . .
> (—2—) if d is an integer;

so that in either case

d]—1\?2
(2.4) g > ([ ]2 ) :
Choose z = z, (mod 1) to satisfy
W < o <

so that

0< () = rar—pr < (

2 [d1+1)2_ ([d]el)z

2 2
— [ =d
from (2.3) and (2.4).
This completes the proof of the lemma.
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3. Proof of the theorem
Let
m = inf Q(z, y, 2, t)
(3.1) z, 9y, z, t integers
Qx, 9,21t >0.
3.1. CASEm =0
LEMMA 7. If m = O, then the result is true.
Proor. Since m = 0; given ¢ (0 << ¢ < 1) we can find integers
%y, Y1, 21, ¢ such that
0 <Qy, 91,21, 1) = <&, (@1, %, %, 4) = L.
By replacing Q by an equivalent form we can suppose Q(1, 0, 0, 0) = .
Then Q can be written as
(@, 9, 2, 1) = sl@-+hy+getuty+p(y, 2, 1)
where ¢(y, 2, ¢) is an indefinite ternary quadratic form with determinant
DJe < 0. By Lemma 4, we can find (y, 2, £) = (y,, 2,, ) (mod 1) such that
8|D|\}
0<p = —plnzn s ()

Let « = hy+gz+ut and choose z = z, (mod 1) with

B B

- < 7

Ve <ot s Ve +1
so that

0 < Q9 21 = s(eta)’—f < e+28/e
8|D|\?
§ £+2 (—8-") 8}

(32) < g54A |Djtg,t

where 4 is an absolute constant. Since ¢, can be chosen arbitrarily small,
the right hand side of (3.2) can be made as small as we please and the
lemma follows.

3.2. PROOF CONTINUED

We can now suppose m > 0.
Then given 0 < g, < TI‘E’ we can find integers z,, ¥, %, f, to satisfy

m
Q@ Y1, 21, 4) = —»
1—¢
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where 0 < ¢ < ¢,. By Lemma 1 we can further suppose that
m
Q(xlr Y, %, b) = ij; = (IQS_IDI)*

Since 0 < ¢ < &) < 4%, by definition of m we must have (2,,4,,2,,4) = 1.

By applying a suitable transformation to @ we can suppose that
0(1,0,0,0) =m[l1—e. Q(z, y, 2, t) can then be written as

0@, v.2,1) = 7 {(a-+hy+ge+u)+o, 7 1)}

where ¢(y, z, ) is an indefinite ternary quadratic form with determinant

D 3 .

m 1= 16
)

with equality if and only if ¢ = 0, Q ~ mQ,, by Lemma 1. Also by defini-
tion of m we have for any integers z, y, z, ¢ either Q(r,y,2,¢) <0 or
Q(x, y, 2, t) = m. Because of homogeneity it suffices to prove:

THEOREM A. Let

(3-3) Q@ y, 2, t)=(x+hy+gz+ut)*+o(y, 2, t);
where @(y, 2, t) 1s an indefinite ternary quadratic form with determinant
(3'4) D é —"13_6':
= “iio' if and only if Q ~ Q,. Suppose that for integer z, y, z, t we have
either
(3.5) Q. y,2,8) <0o0r Q(z,y,2,t) =1—e¢
where 0 < ¢ < i is sufficiently small. Let
(3.6) d = (B |D)3,

so that from (3.4) we have d = 1 with d = 1 if and only if Q ~ Q. Then
given any real numbers xy, Y,, 2,, t, we can find (x,y, z,t) = (,, Yo, 2, to)
(mod 1) satisfying

(3.7) 0<Qx,y 21t =d
Equality holds in (3.7) if and only if either Q ~ Q, or Q,.
3.3. PROOF OF THEOREM A

LeMMmA 8. If Q(x, y, 2, t) ts given as in Theorem A, then for integers
Y, 2, t we have either
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(3.8) 9, z,t) =0 or 9y, 2,t) < —% or (y,2,8) Z i~

Proor. If 0 < ¢(y, 2,8) < 3—¢, we get a contradiction to (3.5) by
choosing integer & with |z+hy+gztut] < 3. If —¢ < o(y,2,8) < —e, we
again get a contradiction by choosing z w1th = |x+hy—l—gz-|—ut| =11If
—& = ply, 2,¢) << 0, then for a suitable integer n we have —% < Q(ny, nz, nt)
<< —¢, which is not possible. This proves the lemma.

LeEMMA 9. If d = 1, so that Q = Q, = x?H-ay++y2+2¢, (3.7) is true with
strict tnequality unless (x4, Yy, 29, ) = (0, 0, 0, 0) (mod 1).

ProoF. If (7, t,) 3£ (0, 0) (mod 1); without loss of generality we can
suppose that 2,520 (mod 1). Choose z =2, (mod 1) with 0 < |z] =< .
Choose (z, y) = (%4, ¥,) (mod 1) arbitrarily so that Q is of the form

O, y,2t) = Atz

Now choose ¢=1¢, (mod 1) with 0<A+4+z2=<z=<l<l=d. If
(2o, tp) = (0, 0) (mod 1); take z =1¢= 0. Choose y =1y, (mod 1) with
ly| < . Ify, 5% 0 (mod 1), choose = x, (mod 1) with |z+y/2| < 1, so that

2
O<Q(x,y,z,t)=(x+—g—) +4y2<1+—<1—-d
If y=0, so that y,=0 (mod 1) and Q(z, y, 2, t) = 2% Choose z = x,
(mod 1) with 0 < x = 1; so that
0< Q@ yzt)=22<1=4d.

Equality can occur only if , = 0 (mod 1) i.e. only if (%,, ¥4, 2y, %) = (0, 0,0, 0)
(mod 1). Clearly equality is needed for ¢; when (x,, ¥,, 2, ) = (0,0, 0, 0)
(mod 1).

This proves the lemma.

We can now suppose 4 > 1.

LEMMA 10. Let y; > 0, v, > 0 be defined by
(3.9) vy =d—
a—1\2 . . .
(——) if d is an integer

2
(3.10) vy =

A\ 2
(—[—2—]) if 4 1s not an integer.
Suppose we can find (y, z, t) = (Y,, 20, bp) (mod 1) satisfying
(3.11) —v2 = (¥, 2, 1) <.

Then for any x, there exists x = x, (mod 1) such that
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(3.12) 0<Q,y 21t =d.
Further strict inequality in (3.11) implies strict inequality in (3.12).

Proor. If 0 < ¢(y, 2, t) < »,, choose x = #, {(mod 1) with

le+hy+gz+tut) < %,
so that

0<Qx,y,2t) = (@thytgztut)t+oly, 2 t) < t+v =d.
If —v, = ¢y, 2,t) =0, then the result follows from Lemma 6 with
« = hy+gzt+ut, f2 = —o¢(y, z, 1).
This completes the proof of the lemma.
LeMMA 11. If d > 12, then (3.7) is true with strict inequality.
Proor. By Lemma 4, we can find (y, z, £) = (y,, 25, £,) (mod 1) satisfying
—@d)t = —(8|DI)} = gly, 2, 1) < 0.

Therefore (3.11) is satisfied if we have
d—1\*%
Ga)t < (—2‘—) ’

(@—1)°
4

or
> 96.

H@) =

Since f(d) is an increasing function of d for d > 1 and f(13) > 96, the
result follows from Lemma 10. Let now 12 < d < 13, so that [d] = 12,
d not an integer. In this case (3.11) holds if we have

Bdnt < 36.

Since (2d4)¥ < (3134} < 35-1 < 36, for d < 13, the result again
follows from Lemma 10.

LeMMa 12. If 4 < d <12, then (3-7) is true with strict inequality.
Proor. By Lemma 3, we can find (y, 2, ¢) = (,, 2o, %) (mod 1) such that

9@, 2, )] = (555 1P = (7a504)%

Hence the result will follow from Lemma 10 if we

(+21_ a1} < min (v, 7,).

1600
Now
(%d‘*)i < =d—} if
(4d—1)2
f(d) = d4 >8_%“
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f(@) is a decreasing function of d for 4 > 1 so that f(d) = f(12) > £} for
d = 12. Also

d—-l)2
_ ifs5=d=<12
(1g$0d4)*<”2= ( 2

4 f4<d<b

is easily seen to be true and the assertion of the lemma follows.

LemMA 13. If ¢(y, 2, £) ~ p(y*+2t), p > 0, 1 < d = 4, then again (3.7)
is true with strict inequality.

Proor. Without loss of generality we can suppose that

Q. ¥, 2, t)= (x+hy+gz-+ut)*+p(y*+22),

with [B| S 4, gl < 4. jul < -
We first assert that 2 =g = u = 0.
If g 5~ 0, then :
O<Q(O' 0,1, O) = g? §%,

contrary to (3.5). Similarly # = 0. If 2 7% 0, then
0<Q(0,1,1, —1)=nr=<{
again contrary to (3.5). Thus

Q(x: Y, %, t) = x2+P(y2+Zt)'

If (2o, %,) 2 (0, 0) (mod 1); without loss of generality suppose that
22 0 (mod 1). Choose z =2z, (mod 1) with 0 < |z] < . Choose any
(x, ¥) = (%, ¥p) (mod 1) and then take ¢ = ¢, (mod 1) to satisfy

0 < 224p(ytat) < p 2| < g — (& d4)} < d; since d < 4.

Let now (z,, %) = (0, 0) (mod 1). We now distinguish between the
following two subcases:

(1) ¥p=0 (mod 1)
(i) ¥o=2£0 (mod 1).

Subcase (i): In this case take y =1, 2= 1, ¢ = —1. Choose z =z,
(mod 1) with 0 < z < 1, so that

0<Qy z2t)=22<1<d

Subcase (ii): In this case take z = ¢ = 0. Choose (z, ¥) = (%,, ¥,) (mod 1)
with 2] < 1, 0 < |y| < 4, so that
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0< Q@ y 21 =*+pyt <

1+p
a
4 <%

if p < 4d—1; or
d) = ———d4 £
1@ (4d—1)2 <%

Since f(d) is an increasing function of  for d > 1 and f(4) = 238 < %,
the desired result follows.

3.4. PROOF OF THEOREM A CONTINUED
From now on we can suppose that
1<d=4; ply, 2,8) ~ p(y2+22), p > 0.
By Lemma 2 we can find integers y,, z,, ¢, such that
0 < @y, 2, ) = a < (FID) = §dt; (4,2, %) = 1.

Also by (3.8) we have a = $—e¢. By a suitable unimodular transformation
we can suppose that ¢(1, 0, 0) = a, so that

(3.13) o(y, 2,t) = a{(y-+fz+vt)2+y(z t)};
where
(3.14) 3_cs<asday

and p(z, ¢) is an indefinite binary quadratic form with discriminant

4IDI

(3.15) A2 = > 18,
Let

i—1
3.16 k = »
(3.16) :

4k—1
3.17 _-—
(317) 1=

Then from (3.16) we have
d—} 4d—1_4-4-1 5
= > _— M
# st 23w @b

for 1 <d =<4, sothat 1> 0. By Lemma 5 we can find (z, £) = (2, ¢;) (mod 1)
such that

E> 4

4 i
_ 2 < e S
L Sve)<p=hi1
or
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34t

(8.18)  16a%(4d—1—a)

< (s t) <h—}.
Therefore,

Q@ . 2, t) = (w+hy+gz-+ut)*+a{(y+fz+vi)2+y(z £)};
where y(z, ¢) satisfies (3.18).

Lemma 14, If k—1 S (2, t) < k—%, then (3.7) is true with strict
inequality.

ProoF. Choose y = y, (mod 1) with jy+fz+v#| < £, so that

a(k—1) < ¢y, 2, t) = a{(y+fz+vt)>+y(z, )} < a(}+k—})
—(@—d+d) S oy, 2 t) <d—1}.

Thus (3.11) is satisfied if we have
d—1\2

da < d*+-24.

or

This is satisfied if
d4a < 34t < d(d+2),
or

fd) = (’H‘;z)a > 27,

f(d) is an increasing function of 4 for d > 1. Thus for d > 1, f(d) >
f(1) =27, (3.11) holds and the result follows from Lemma 10.
From now we can suppose

(3.19) 1—k < f= —plz, 1) 34!

= .

= 16a*(4d—1—a)

LeEMMma 15. If 2 < d < 4, then (3.7) is true with strict inequality.
Proor. Choose y = g, (mod 1) to satisfy

VB+k—1 < y+fetot < VB+E
so that
—(2aVB+k+i—a—d) <oy, 2t) <ab=d—1}
The result will follow from Lemma 10 if we have
(3.20) — % f3<d=<4
2aVB+k+l-a—d <
(3.21) Prkte 1 if 2<d<3.

We take the two cases separately.
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Subcase (i) 3 < d < 4.
In this case by using (3.19), (3.20) will be satisfied if

e % i) < (a-+d+2)
1622 (4d—1—a)

or

(3.22)  f(a, d) = 4a{a—3(d—1)}2-1-3d4—4(4d—1)(d+2)2 < O

%: 12(a—3d43) (a—d-+1).

Since @ < 3d% < 3(d—1); for 3 £d < 4, maximum of f(a, d) in the
proper range occurs at @ = d—1. Therefore
fa,d) < fd—1,d) = 16(d—1)343d4—4(4d—1)(d+2)?
= 3d%(d?—36)
< 0 (since 4 < 4).
Thus (3.22) is true and the result follows in this case.

Subcase (ii) 2 <d < 3.
In this case (3.21) is satisfied if we have

102(p+H) < (d+at2)
This will be so if

3d4 - (4d+4a+3)?

2 +a(4d—1) T

a . — e ——
16a2(4d—1—a)
or

(3.23) f(a,d) = 16a (a— 1247

2
) +1244— (4d—1)(4d+3)2 < 0

of 124 —1 124 —17
— = 48 (a— )(a—— ) .
da 4 12

Since a < 2dt < (12d—7/4) for 2 < d < 3, we have

124 —7
d)y = d
max /@6, d) = { (<5 )
2—e<a <34t = 124419242 1§07 100
— 120(@—9)+50d(2—d) 2180
<0 for 2<d=<3.
Hence (3.23) is satisfied and the result follows.
LemMA 16, If 1 < d < 2, then again (3.7) is true.

Proor. If +% > 2, choose y = g, (mod 1) with
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1< ly+fatot] <3,
so that

—a(f—1) < ¢ly,2,t) S a(—p) <ak=d—}
The result will follow from Lemma 10 with strict inequality if we have

a(p—1) < 4
This will be so if

341 <a+}

16a(4d—1—a)
ie.
f(a, d) = 4(4a?+-a)(4d—1—a)—3d* > 0.
For
3 _e<as3dt<2forl<ds,

we have

f(a, @) = 4(§-+%) (44—3)—344+-0(e)
= 3(16d—12--d%)4-0(s)
>0forl<d<?2

as is easily verified by the rule of signs.
Let now 1 < g4k <%, choose y =y, (mod 1) with } < |y+fz+ut] <1,
so that
_a(ﬂ_i) = <p(,1/, z, t) = a(l_ﬁ) <ak= d_i

Thus ¢(y, z, ) satisfies (3.11) if we have

(3.24) ap <2

We shall now distinguish the following two subcases:
i) a<df2.
(i) & = dj2.

Subcase (i) If a < d/2, then since f+k < 2, we have

9a a
«f S a@—h) = —d+}< ¢ +b
and the result follows.
Subcase (ii) If a = d/2, then af < (a-+1)/4 is satisfied if we have

3d4 a+1

< <
P = feraa—1—a) = 1

?

or
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(3.25) f(a, d) = 4(a2+a)(4d—1—a)—3d* = 0
Z_Z = 4{—3a%+4a(2d—1)+4d—1}
= 12(a+a,) (2g—a), a; > 0
- 4d—2+4{(4d—2)%43(4d—1)}}
2 3

>3t =a ifl<d<2,

so that df/da > 0. Therefore,

(3.26) fa, d) = f(%, d) — 1d(2—d) (622+5d—2)
=0 forl<d=<2

Thus (3.25) is satisfied and the result follows from Lemma 10. This
completes the proof of the lemma.

4. Case of equality

LemMA 17. Equality is needed in (3.7) if and only if (Q(z, ¥, 2,t) ~ Q,
and (%o, Yo, 20, t0)=(}. 3, 3, 3) (mod 1).

Proor. Equality can occur only if we have equality in (3.25). This from
(3.26) will be so only if
a

i=2 a=
4=3

= 1.

From (3.6), (3.15), (3.16) and (3.17) we have
Dl =38, k=%, A42=12, 12=3.

Also we must have equality in Lemma 5. Since A2 = 3 = (14-2)/1
(m = 1), we must have

p(2, ) ~ oy, = c(22—36%), ¢ >0

and (z,, %) = (3, 3) (mod 1).
Since 42 = 12, we get ¢ = 1. Thus we can take

(4.1) oy, 2,8) = (y-+fz4-vt)2H22—322,
By a suitable unimodular transformation we can suppose
(4.2) W<} lgl<y W< IS} Pt
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Again for equality to occur, the inequalities
v 2
—i<Flzt)= (?/+fz+vt+ é +5 +?/o) +@E+3)2-30¢+4)2 <

should have no solution in integers ¥, z, £.

3 /] 2
—1<F@10)= (y+{+5+yo) +3<%
is solvable for integer y unless
3f v
(4.3) 5 T3 T%h= 3 (mod 1).

Similarly by considering F(y, 1, —1) and F(y, 0,0) we see that if
equality is to occur we must have

(4.4) T Y tge=1 (mod1)
and

f v
(4.5) ) + 7 +yo = 4 (mod 1).

From (4.3), (4.4), (4.5) and (4.2) we get

f=v=0, y,=1% (mod1).
Therefore,
oy, 2, t) = y*+22—3¢2,

and (¥, %, fp) = (4, %, 3) (mod 1).
Again if equality is to occur, the inequalities

A g u 2
0< G,y 21 = (x+ky+g2+ut+ st5+3 +z0)

+ DM P30 < 2

should have no solution in integers z, ¥, 2, &.
h 2
0< 60,00 = (a+ +E s ha) k<2
is solvable for integer z unless
h g 7

Similarly by considering G (z, —1, 0, 0), G(z, 0, —1, 0) and G(z, 0, 0, —1)
we see that if equality is to occur we must have
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[15] Quaternary quadratic forms, 1 101

h

(4.7) —5+ % 4 ; tay=1 (mod1)
A g u 1

(4.8) R + 0 +x, = 1 (mod 1)
h g u 1

From the last four congruences and (4.2) we get
h=g=u=0, 2,=% (mod 1).

Thus equality can occur only if Q(z, y, 2, t) = x2-+y?+22—3i2 = Q,
and (2y, Yo, %0, %) = (3. 3. 4, 3,) mod 1). We next show that equality is
needed for Q, when (zy, ¥y, 2y, %) = (%, %. 4. 3) (mod 1). For this it suffices
to show that for integers #, y, 2z, { we have either

(=+3)2+ (y+3)2+ (c+3)2—3(¢+32 < 0 or = 2.

It is enough to prove that x24-y2422—3f2 < 0 or = 8 for odd integers
z, ¥, 2, t. This is clear since #2+y?+22—3f2= 0 (mod 8) for odd z, y, 2, ¢.
This completes the proof of the Lemma.

Theorem A follows from Lemmas 8 to 17, and the theorem is proved.

I am thankful to the referee for his valuable suggestions which helped
to remove some of the obscurities in the paper.
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