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Uniform convergence and everywhere
convergence of Fourier series. |

Masako lzumi and Shin-ichi lzumi

Carleson and Hunt proved that the space of functions with almost

everywhere convergent Fourier series contains IP (p > 1) as a
subspace. We shall give two kinds of subspaces of the spaces of
functions w¥th everywhere convergent or uniformly convergent

Fourier series.

1. Introduction

We consider only real valued functions of a real variable and periodic

with period 27 , and the series of classes of such functions:

¢ O CBV v Lipo
q Lo o]
Lo>P>9o51p o D Lip 1 ,
BV > CBV

where 1 <p <q <« and 0 <a<1l. By aeec, e¢ or uc we denote the
spaces of functions whose Fourier series converges almost everywhere,

everywhere or uniformly. It is evident that
aec D ec D uc .

Carleson [2] and Hunt [5] proved that

THEOREM. aec o IP for oy p > 1 .

It is open to find good subspaces of the spaces ec and uc , where a

good subspace means that:

(i) the subspace is sufficiently near to the whole space;
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(ii) the subspace contains known significant subspaces;
(iii) the subspace has & simple construction like Lp, Lm, c ,
and so on.

In this direction, there are recent works of Goffman [4], Garsia and

Sawyer {3] and-Baernstein and Waterman [1].
We know that
eedCc, eedBVuUlLipa (0<a=1)
and

C 2 ue D CBV v Lipa (0 <a=1)

2. Theorems

For any integrable function f ,
t

(1) cpl(t) = fo cpx(u)du =o(t) as t+0

for almost all x , where

o (u) = flatu) + flz-u) - 2f(z) .
We shall denote by LC the space of functions which satisfy condition (1)
for all =x .

Let the Fourier series of f be

() ~ %ka. + a_cosnx+h_sinnz) = )} A (x)
fl= 0 nzl(nco n°t ) neo "

By Np we denote the space of functions f such that

(2) I (laylPels, ) = 0l/™) e me.
mn

We denote by fl(u) the integral of f on the interval (0, u) and

A,,/nfl(u) = fl(u) - fl(u—ﬂ/n) .

Ai/nfl(u) = Aﬂ/n(A'n/nfl(u)) = fl(u) - 2fl(u—1r/n) + fl(u-211/n) .
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Let p =21 and we denote by Mp the space of functions f such that

(3) | J"
-7

Thus we get the following theorems:

THEOREM 1.

D
du = o(l/np+.l) as n + o,

2
A'ﬂ/n‘fl(u)

(i) eesrcnif, (p>1).
(i) eed>LCoM , (p=z1).
(iii) ue>Cod, (p=z1).

(iv) uedCcni, (p>1).
THEOREM 2.

(i) ¥ >oLip(i/p, p), (p21);
W o Lip(i/p', p') nc, (1<p' <p);
# olLipa, (0<as1, o >1).
.. 2
(iZ) N° D CBV ;
¥ o Lipa, (1s>a>1/2).
(iii) M = N2 ;
Mow, Wow, (p+i/lg=1,4q>2>p).
For the proof of Theorem 1, we use the following theorem:

THEOREM 3. (i) If condition (1) is satisfied, them

L

2

" A, ¢, (u)

(8) s, (= f) - flz) = %I ; L snudu + o{l) a8 n+ =
3n/n

where sn(x; f) denotes the nth partial swn of the Fourier series of f

at the point =z , and

Ai/nwl(u) = cpl(u) - Zwl(u—ﬂ/n) + cpl(u-en/n) .
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(i2) If f 1is continuous, then the term o(1) <in (4) holds

uni formly in x .
As another corollary of the theorem besides Theorem 1, we get
THEOREM 4. (Z) If condition (1) is satisfied and

2
F Aﬂ/nq’l(u)

3n/n u

(5)

du = o{(1/n) as n >,

then the Fourier series of f converges to flz) at the point zx .
(21} Part (i) is a generalization of Lebesgue's Convergence
Criterion.
3. Proof of Theorem 3 (%)

We can suppose that # 1is an odd integer, x =0 , f is an even

T
function and f f=0. Then ¢ =f and ¢, = fl . Therefore, by
0
condition (1),
1 m innt
5,005 7) = 2 [ 5(6) B2t 4 0()
0
1 m sinnt
L[ g S22 a4 o)
™ t
3m/n

o F ; (t)[ncosnt _ Sinnﬂdt + o(1)

m 3n/n 1 t t2

= - % (P-Q) + o(1) .

We write

w (7 f1(8)
p== f A [ ]cosntdt + o(1)
2 30/n n/n| t
T A (t) Ui £, (t)
=z I "/_nfl— cosntdt ~ gJ 2?1_-11_/;17 cosntdt + o(1)
3m/n 3n/n
2
A (t) n 4_, fo(%)
=2 Jﬂ —ﬂ&fl— cosntdt - 1 [ mwl cosntdt
L 31/n t 4 3n/n t(t-m/n)
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. rr f1(%)

= ————— cosntdt + o(1)
2 31/n t(t-n/n)

!n A2, £1(2) nrr £ (8= /n)

cosntdt + 1 —F———— cosntdt
t L 31 /n t(t- Tn)

i
=3

3n/n

ul £ ()
- é;H W cosntdt + o(1)

sn/m

1 T e _ 3T
hR+hS l“T+o(l),

and
T T+,
Q=J f(t)dtf %dzmo(l) .
3n/n t u

We have to prove that S, T and § are o(l) as =n +® ., First of all,
using the following formula:

t+m t+n/n (n-1)/2

f ﬂ%ﬂ{- du = J [ = > - 1 2}sinnudu

t u t k=0 (u+2km/n) (u+ (2k+1)m/n)

Jx PR f““/” (ke
" k=0 t (wrokn/n)? (u+(2k+1)11/n)2
we can write
(n-1)/2 m . u

0=1 J [2u+(hk;1)‘ﬂ/ﬂs1nnu ; du J F(t)dt + o(1)

" k50 ‘on/n (wrekn/n)C (ur(2k+1)T/n) u-T/n

(n-1)/2 mmn . v/n
= m™m f (2v+(gk+1)11]51nv 5 d [ FlEYdE + o(1)
k=0 Jom (v+2kw) (v+(2k+1)T) v/n-T/n
= m (n—%)/z n—Xl (—l)j rr (2w (4k+1) T+2v)siny dv
k=0 g=2 0 (jn+2k1r+v)2 (jﬁ+(2k+1)ﬂ+v)2

(gm+v)/n
: J Fle)dt + o(1)

((g-1)m™v)/n

n-1 P T .
n JEQ (-1) [0 sinv * An/nfl ((Fmrv)/n)

(n-1)/2 { 1 1

k=0 \(jmekmv)z ) (™ (2ke1) m0)2

dv + o(1)
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by condition (1). Using the function

sin2mkw

J(w)=[w]-w+1/emk£ e

the inner summation can be written as follows:

(n-1)/2
f [ - L 2} (dt+dI (¢))
0 (gn+2tn+v) (gm+m+2tm+v)
.1 l(a 1 ) ( 1 1)
Tk \gntw T gme(nol)nev) T \Jmemev T Juenmeu)
(n-1)/2
+ 47 f i [ 1 - 1 }J(t)dt
0 (jﬂ+2tn+v)3 (jﬂ+11+2t1r+v)3
_1 1 1 ] .3
T (((j+1)1r+uf(jﬂ+v) T {(n+g-1)m+v] ((neg)mev]) +0(1/4°) .

Thus we get, by using condition (1),

n "5t )J'f" A, £ (Geo)/n)
Q=+ -1 ginv ° Jmv)/n
L je=2 o m/n’ 1
1 1
' (((j+1)n+v)(j11+v) - [(n+j-1)n+vﬂ(n+j)ﬂ+v}]dv +o(1)
= ¢ (-1) + o(1) .
Further we use J(w) again,
(n-1)/2 w82, £ (((25+2)70) /n)
U=n f sinv - 3 v
o1 0 ((27-1)m+vf(271+0)
n /2 8, f) (2m+me0) /n)
=W+ X,
where
2
n /N ' vHTH T/ N Aﬂnfl(w)
W= E [0 sinnvdy Iwz."-/n (w-21r/n)(w—1r/n)
w/n . v+ /n s w
=n fo sinnvdy Iv+2n/n To=2n/n) (on 7 j’w-n/n (Fly)-fly-n/n))dy
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n/n v+ /0 Y+ /n dw
=n Io sinnvdy fv+21l/n (Fy)-fly-1/n))dy fy /)y wmy * o)
w/n
=7 { sinnudv
0
VAT /n y+u/n ) y+an/n &
) Jv+2ﬂ/n fly) I (w-21/n) (w-1/n) ~ Jy+1r/n (w-21r/n)(w-‘n/n)de
+ 0(1)
Jﬂ /n VT /N A y+27/n Y (
= i nnvdy J Fly)dy J +o(1)
" 0 * v+21/n Y y+m/n (w-2n/n) (w-1/n)
/n V+T+T/n n 1
- J sinnvdy [ lf @) ldy - 0[; ' —n-] +o(1)
0 v2n/n y

o

I |+

w/n 2
[ sinnvdv * n°| + o(1)
4]

o(l) , as n +> o

by condition (1), and

2

T /2 4 ((emo+m+v) /)

X=n J sinvdv r n/n'y dJ (w) + o(1)
1

0 /2 (2mw-T)2mw

J(w)dw + o(1)

m /2 Ailnf((2m+n+v)/n)
- IO sinvdv IZ/Q (2w

n/2 -
= ) ng! f 2 . )
= - f1/2 (2my-mw do . A"/nf[(2m+n+?)/n) sinvdp + o(1)

/2 /n
- _Jw) g .2 [ 2 .
= f:/z ErTem dy *n . A"/nf‘l ((2mo+m)/n+v) * cosnvdv + o(1) .

By the transformations w = mw' and 2®' + v =1v' ,

1/2 ' ) ™ '+T/n
n anw !cos2nw ' 2 ' . [
X=— I — £, f (v'+1/n) ° cosnv'dv
21}y jop (w'-1/2m)0 2! Kia
1/2 ’ye , 2m ' +n/n
n J(mw' )sin2mw , A2 ' e o "dy' + 1
* 2n [1/271 (u)'-l/Zn)w' Cb‘) sz, ﬂ/nfl(v +"/n) sinny av 0( )

Y+ 2+ o0(1) ,

where
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m v'/em ( :
Y = i[ 22 fL('+m/n) + cosnmv'dv' f lm Jeosmm’ ;0

[ [
on 21 /n w/n ' J2m-1/2n (w'-1/2n)w
n (7 2 cosny'
= 0 ' '
am Jgn/n Aﬂ/”fl(v +n/n) (v'/en-1/2n)v' fom v
v'/om
. I J(rnw' )eos2mmw'dw' + o(1)
v'/2n-1/2n
f 1 f" Aignfi(”'+“/”)
= 2 _ - ' '
nz=1 7 o/ o =77 cosnv'dv
v'/om
. f sin2nlmw' * cos2mw'dw’ + o(1)
v'/2m-1/2n
1 T 1 2 cosnlv'+cosn(l+2)v’
= = _ A ’ '
em 122 1(1+1) fzn/n m/nd1 (77T (v'-m/n)v’ @
. even
ey ps 1 2 , cosnlv '+cosn(1-2)v' '
* o 255 1(7+1) f21r/n An/nfl(v +n/n) (v'-m/n)v’ dv’ + o(1)
1 even
= é% E i?f%ET fﬂ fi(v')[coanv'+cosn(i+2)v')
=2 2m/n
1 even
: Ai/ ( " &n/ )Jdv' * f? ; z(zl ) fﬁ - f")
niv (v n 1=0 -1 2m/n 1
1 even
. [cosnlv'+cosn(l-2)v') . Ai/n(zﬁr;%%;7zy]dv’ + o(1)
=0(1) , a8 n >,
Similarly 2 = o(1) and then U = 0(1) . Thus we have proved that
Q@=0(1) as n>o© ., S and T are also o¢o(l) as n +> © by the same

way of estimation. Summing up above, we get the required result.

4. Proof of Theorem 3 (i%)

If f 1is continuous, then condition (1) holds uniformly for all z ,
so that we can prove the theorem easily, along the lines of the proof of

Theorem 3 (7).
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5. Proof of Theorem 1 ()

By Theorem 3 (i) and the estimation of T 1in Section 2, it is

sufficient to prove that

= 0o(l) as n >,

2
m A% o (utni/n)
P=n f —ﬂlz—l——————-cosnudu =

3n/n u
Now,
cpx(t) N2 Z Az(x)coslt - 2f(x)
=1
and then
o A (zx)
Ai/nwl(u*‘ﬂ/n) =8 L ZZ sin2 é—: sinlu .
Therefore
o A _(x) .
P = 8n Z ZZ sin2 _;_TTJ sinlucosnu du
1=1 " I3n/n u
o Al(x) 2 1 (" sin(l+n)utsin(l-n)u
= Ln 7 sin on J ” du
l=1 3n/n
.2 (1+n) . (n-1) .
= om Z Az(x) sulznigz.?n {f sinv .. _ f 51vnv dv}
l<n " 3n(l+n)/n 3m(n-1}/n

2nm ., v
+ b4 (x) J st g,
n er Y

. 2 (1+n) . (Z-n)m .
+ o Z Az(x) snzl §12TZ27L {f sinv .. _ f sinv dv}
1<n T/en 3n(l+n)/n v

omg + o(1) + 2m@'

and further we write

. 2 3m(1+l/n) . (n+l)m .
Q= z AZ(S) s1rlx 5;(271 {_ J ") sinv v + I sinv dv}
I<n n/en 3w(1-1/n) v (n-0)m °
= _Ql + Q2 .

Now we shall define A(L, x) for all L € (0, ) such that

A(l, z) = a(l)cosla + b(l)sinlx ,
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where a(l) and b(l) are defined in (0, ®) such that

(1°) a(1) = a; » b(l) = b, for all 1=0,1,2, ...,

(2°) a(l) and b(l) are linear for non-integral 1 ,
(3°) they are continuous in the whole interval.
In particular A(I, z) = Az(z) for all 7 =0, 1, 2, ... . Then using the

function J(Z) = [1] - 1 + 1/2 for all 1 € (0, ®) , we can write

-1/2 . 2 3m+3nl/n
Q = r A(l, z) “’Z’—nfg@"- (d1+dr (1)) J siny g,
1/2 i 3n-3ml/n v
SRy YRy
where
R = - In-l/Q AL, z) sin2lﬂ[én dl J3"Z/n sinv
1 1/2 in/en —3nl/n v+37
3n/2n -1/2 3n/2n ~-1/2
=-f_ duf7 dl+f dvr di +
-3m+3n/2n -nv/ 3w -3n/2n 1/2
3n-31/2n -1/2
+ I dv fn dil
3n/2n nv/3w
= o(1) ,
since
[ a2, =) Pax <4 | (Iam|p+|bm]p] = o1/
n m=n
by (2), and
3n-3n/2n | . n-1/2 . 2
[ 212wl g J lacz, =) —-’—S”Z‘Jgn?" a1
Y 3n/on nv/3m

1A

1/p 1/q
3n-3n/2n n-1/2 n-1/2 (. 2
A [ n vdv{f 'A(Z,. x)lpdx] [[ [Sln Z'nzzn]qdl]

3n/2n nv/3u nv/3n

3n 1/p
A f v - o[——-l—_—l] nllqdv (1/p+1/q = 1)
3n/2n (nv)P
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3n
= OU vl/pdvl =o(1) ,
3n/2n

by using Holder's inequality; and the further remaining terms can be

estimated similarly. Since

la'(1, z)| = (lan[+|an+lr+lbn|+lbn+l|) for n =1 = n+l ,

n being any positive integer, using integration by parts and Holder's

inequality, we get

n-1/2 .2 3nl/n .
R, = - f J(1)A' (1, x)%@—’ldz f 208 g
1/2 -3nl/n
n-1/2 (27 08 I nlT/2n° conl ] mi/m L
B J J(DAL, z)]- sin~ln/2n + 2sin w/ nicos n/2n di j sin"
1/2 1°w/2n _3ni/n U3
-1/2 . 2 . .
_ Jn J(D)A(L, z) sin"in/2n [33_51n3nl/n + §£.51n3n1(nldz
1/2 ? in/en n 3m+3nl/n n 3n-3nl/n
= o(1) .
Therefore Ql = 0o(1) . Similarly Q2 is also o{(1) and then @ = o(1)
as n + © . Finally,
inln/2n
Q' <A Z 4, (x) sinlm/2n
l<n A in/2n
1/q
1/p . q
in/on
SA[ ¥ (x)lpJ [§ﬂ-—] = o(1) .
Zzn l ZZn in/2n

Thus P = 0(1) and then the Fourier series of the functions belonging to

¢ n WP are everywhere convergent.

6. Proof of Theorem 1 (2%)

Let 1/p + 1/q = 1 , then by Holder's inequality and condition (3),

2 . 1/p 1/q
ol AS @ (u) L p n
n I 7200 cosnudul = n f 22 (pl(u) du I u-qdu]
3n/n u 3n/n m/n 3n/n

A

p 1P
du} nl+l/p = o(1) .

(.

2
A'n/nfl(u)
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Thus the Fourier series of the functions belonging to LC n Mp are every-

where convergent by Theorem 3 (7).

7. Proof of Theorem 1 (ZiZ) and (Ziv)

We can prove these similarly as in Sections 5 and 6. For if f € C ,
then (1) holds wniformly in x and then the term o(1) in (4) holds
uniformly; and further the integral on the right side of (4) tends to O
uniformly in & by the conditions (2) or (3).

8. Proof of Theorem 2 (<)

The case p =1 1is evident. Suppose that p > 1 and
f € Lip(1/p, p) . Then, by Holder's inequality,

m s p m u p
f—ﬂ' Aﬂ/n]l(u) du = f-‘” Ju—n/n An/nf(v)d‘l) du
m u u p/q
=< duf [6_, f(v)|[Pdv j du
f—ﬂ u-m/n n/n u-m/n
m u
= An_p/q f du f ia () |Pav
m u=-m/n m/n

F) | Pav = o(1/F*) .

IA

m
anPla2 f la

m/n
o ™

Therefore j € M, that is, Lip(l/p, p) < 7

Now, let 0<e<1, p'=(-€)p and 1/p +1/g =1 . If
f € ¢ nLip(l/p', p') , then

[, s
&, Fflv)dv| 4
I Py L “
p/q
T et [ ¢ eq
< |A f(v)l(1 P g f A, F()|dv| du
f—n {Ju—ﬂ/n n/n u-m/n m/n
i U t
= o(wP/9) f du f |8, f P
-7 u-n/n
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g '
= o[n—l—p/q f—n |An/nf(v)|p dv}

Y a ZE WP L o e I

Therefore M 5 C n Lip(1/p', p') .

Finally, if 0 <a <1, op>1, p>1 and f € Lipo , then
A [ p
- -

2 p
82, £, du diu
A/n(a+l)p = o(l/np+1) .

w/n

u
f A'n/nf(u)dv

u-m/n

1A

Thus we get fGMP , that is, LipOLCﬂf .

9. Proof of Theorem 2 (i)
If f € CBV , then the Fourier coefficients of f satisfy condition
(3) for p =1 by Wiener's Theorem. Therefore NQ D CBV .
If f € Lipa (1 = a > 1/2) , then
s, (@ f) - flz) = 0(1/n%)

and then

27
Gof) = 3 [ ttes st
=n 0

0(1/n°%)

o(1/n)

for a > 1/2 . Therefore i DLipa (1 2z a>1/2)

16. Proof of Theorem 2 (iii)

Since
2 5 % . 2kn T b 2k
A,n/nfl(u+‘ﬂ/n) = kzl % sin® o sinku + kzl % sin® 57 cosku ,

by Parseval's Formula, we get
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[n
-
which is o(l/n3) if condition (3) holds for p = 2 , because

® g2 n
RS
kgl [Tk} sin —2% ]+

2 ®  rq, 32 © b 2
du= 7§ [—kl sinh ku , ) [—k] sinh kn ,
1

2
Sa L (W) oy Uk 2n

|
Q
—~~
o
~
X
w
Nt

Thus Nzclf. On the other hand, if fEMe,

® a2
I (ot - o)

holds and then

n
I #d = on) .
k=1
Thus ve can get
@ ™ n o
2 2 1 1 2 2 1 22
!} a= ) Ka - S5="5 ] Ko+ ] = i“a
k=n k =n % k2 n2 k=1 k k=n k3 =1 t
= o(1/n) ,
that is M?CN2

We shall prove the other part of Theorem 2 (i2ii). For the sake of
simplicity, we suppose that f is even. Then, by the Hausdorff-Young

. 1/q 1/p
) % sin on =< u .
k=1 -

I |

1/q
q © @ p
du] E[z (Tk] sinapk—z
where 1<p<2<q<w and 1/p+1l/g=1. If Fef (1<p<2),

inequality,

2
An/nfl(u)

2
An/nfl(u)

k=1 en
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then the right side of the first inequality is o(1/n**’P) | and thus
n
) kqaz = o(n) ,
k=1
and then
I af =1 xad -1?
k=n k=n
_n Ll k
=n? J kqai + J Ty 9
k=1 k=n 1i=1 e
=o(n 1) |

That is, f € ¥ (1/p+1/q = 1) and then M 5 M . Similarly, we can see

that Np -] Mq from the second inequality.
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