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A Continuous Extension Operator for
Convex Metrics

I. Stasyuk and E. D. Tymchatyn

Abstract. We consider the problem of simultaneous extension of continuous convex metrics defined

on subcontinua of a Peano continuum. We prove that there is an extension operator for convex metrics

that is continuous with respect to the uniform topology.

1 Introduction

The following theorem is the main result of this paper. For X a Peano continuum,

CM(X) is the set of convex metrics on X. Then

CM =
⋃

{CM(A) : A is a Peano subcontinuum of X}

is the set of all partial convex metrics. The distance between two members of CM is

the Hausdorff distance between their graphs.

Theorem There exists a continuous extension operator u : CM → CM(X).

Bing [5] proved that there is an extension operator u : CM → CM(X), but his

operator is not continuous. We follow Bing’s argument with one essential addition:

we choose a modulus function for each member of CM in a canonical way. The bulk

of this paper is devoted to the proof of continuity of our operator.

The problem of extension of continuous functions and (pseudo)metrics defined

on a closed subset of a topological (metrizable) space goes back to Tietze, Urysohn

and Hausdorff. The theory of continuous extensions for pseudometrics has devel-

oped in parallel with the theory of continuous extensions for real-valued functions.

Dugundji (1951) proved that there exists a continuous linear operator extending real-

valued continuous functions defined on a closed subset of a metric space. C. Bessaga

raised the question of the existence of such operators for the cone of (pseudo)metrics

and gave the solution for some special cases [4]. The complete solution of this prob-

lem was obtained by T. Banakh [1] (see also [1]). E. Stepanova [12] was the first to

consider the problem of extension of continuous functions with variable domains.

The set of continuous pseudometrics on a compact metrizable space X forms a pos-

itive cone in the normed space C(X × X) of continuous real-valued functions on

X × X. Recently E. D. Tymchatyn and M. Zarichnyi [13] proved that there exists a

continuous linear operator that extends simultaneously continuous pseudometrics

defined on closed subsets of a metrizable compact topological space.
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2 Preliminaries

Let (X, r) be a metric space and exp(X) be the family of bounded, closed, and non-

empty subsets of X. For A ∈ exp(X), let PM(A) denote the family of bounded

pseudometrics on A that are continuous with respect to r and let

PM =
⋃

{PM(A) : A ∈ exp(X)}.

If ρ ∈ PM(A), we denote A by domρ. We identify each ρ ∈ PM with its graph

Γρ = {(x, y, ρ(x, y)) : x, y ∈ domρ}.

Then Γρ ∈ exp(X×X×R). We let exp(X×X×R) have the Hausdorff metric derived

from the metric r ′ on X × X × R, where

r ′[(x, y, z), (x ′, y ′, z ′)] = r(x, x ′) + r(y, y ′) + |z − z ′|

for x, y, x ′, y ′ ∈ X and z, z ′ ∈ R. Then PM is a subspace of the space exp(X×X×R).

A continuous extension operator u : PM → PM(X) is a continuous map such that

for ρ ∈ PM, u(ρ) is a continuous pseudometric on X with u(ρ)|domρ×domρ = ρ. We

say u is linear if u(αρ + βτ ) = αu(ρ) + βu(τ ) for α, β ≥ 0 and ρ, τ ∈ PM(A)

for A ∈ exp(X). For ρ ∈ PM, let ‖ρ‖ = sup{ρ(x, y) : x, y ∈ domρ}. Recently

the second author and M. Zarichnyi [13] considered the problem of simultaneous

extension of pseudometrics for a compact space.

Theorem 2.1 ([13]) Let X be a compact metrizable space. There exists a continuous

linear extension operator u : PM → PM(X) such that ‖u(ρ)‖ = ‖ρ‖ for each ρ ∈ PM.

It is natural to ask for versions of Theorem 2.1 for important subclasses of pseu-

dometrics. There has been some success in getting continuous extension operators

for the subclass of partial ultrametrics on a metric compactum. A metric compactum

(X, r) admits an ultrametric if and only if it is zero-dimensional. For A ∈ exp(X), let

UM(A) denote the family of ultrametrics on A that are continuous with respect to r

and let

UM =
⋃

{UM(A) : A ∈ exp(X), |A| ≥ 2} ⊂ PM.

Since the sum of two ultrametrics need not be an ultrametric, there is no sense in

considering linear operators extending ultrametrics. However, the pointwise maxi-

mum of two ultrametrics with a common domain is an ultrametric.

Theorem 2.2 ([10, 14]) Let (X, r) be a zero-dimensional metric compactum. There

exists a continuous extension operator u : UM → UM(X) such that ‖u(ρ)‖ = ‖ρ‖ for

each ρ ∈ UM and

u(max{ρ, ρ′}) = max{u(ρ), u(ρ′)} and u(cρ) = cu(ρ)

for ρ, ρ′ ∈ UM with domρ = domρ′ and c > 0.

Improvements to the above theorem for the case of a non-compact zero-dimen-

sional space can be found in [11].
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3 Main Result

A metric r on a Peano continuum X is said to be convex if for each x, y ∈ X, there is

an arc [xy] with endpoints x and y such that [xy] is isometric to the closed interval

[0, r(x, y)] in the real line R. We call such an arc an r-segment. It is known, see Bing

[6] and Moise [8,9], that a metric continuum is locally connected if and only if it has

a convex metric.

If X is a Peano continuum and A is a locally connected subcontinuum of X, let

CM(A) denote the set of continuous convex metrics on A. Let

CM =
⋃

{CM(A) : A is a Peano subcontinuum of X} ⊂ PM.

It follows from Bing [6] that there is an extension operator from CM to CM(X). We

prove that this extension operator can be taken to be continuous. The sum of convex

metrics need not be convex so there is no hope of finding such an operator which is

also linear. The following theorem is the main result of this note.

Theorem Let X be a Peano continuum. There is a continuous extension operator

u : CM → CM(X).

Proof The initial part of the proof follows closely the argument of Bing [6, Theo-

rem 1]. Let r be a convex metric for X with ‖r‖ = 1. For ρ ∈ CM let ϕ(ρ) be the

smallest concave modulus function for ρ, i.e., ϕ(ρ) : [0, 1] → [0, +∞) is the least

concave function such that

ϕ(ρ)(t) ≥ max{ρ(x, y) : x, y ∈ domρ, r(x, y) ≤ t}.

Then ϕ(ρ)(0) = limt→0+ ϕ(ρ)(t). Also, the left derivative ϕ(ρ) ′
−

(t) (respectively the

right derivative ϕ(ρ) ′+(t) ) is defined for each t ∈ (0, 1] (respectively t ∈ (0, 1)),

ϕ(ρ) ′
−

(t) = ϕ(ρ) ′+(t) = ϕ(ρ) ′(t) for all but countably many t ∈ (0, 1) and ϕ(ρ) ′
−

(t)

is non-increasing.

To visualize ϕ(ρ), let

Dρ =
⋃

x,y∈domρ

[r(x, y), 1] × [0, ρ(x, y)].

Then Dρ is a closed subset of the plane of height ‖ρ‖. If co(Dρ) is the convex hull

of Dρ, then the graph of ϕ(ρ) is the upper boundary of co(Dρ). It is easy to see that

the function ϕ : CM → C([0, 1]) is continuous, where C([0, 1]) is equipped with the

topology of uniform convergence [3].

Define a continuous function θ : CM → C([0, 1]) by

θ(ρ)(t) =

{

ϕ(ρ)(t) + t(1 − ϕ(ρ) ′
−

(1)) if ϕ(ρ) ′
−

(1) < 1,

ϕ(ρ)(t) if ϕ(ρ) ′
−

(1) ≥ 1

for ρ ∈ CM and t ∈ [0, 1]. Then θ(ρ) is a concave modulus function for the metric ρ
with θ(ρ)(0) = 0 and θ(ρ) ′

−
(t) ≥ 1 for all t ∈ (0, 1].
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Since θ(ρ) is concave and θ(ρ)(0) = 0, there is a non-increasing function

ν : [0, 1] → [0,∞) such that θ(ρ)(t0) =
∫ t0

0
ν(t)dt for ρ ∈ CM and t0 ∈ [0, 1]

by [7, 18.43]. By [7, 18.17], θ is absolutely continuous and ν(t) = θ(ρ) ′
−

(t) almost

everywhere on [0, 1]. So

(3.1)

∫ t0

0

θ(ρ) ′
−

(t)dt = θ(ρ)(t0) for ρ ∈ CM and t0 ∈ [0, 1].

If {ρi} converges to ρ in CM and t0 ∈ (0, 1], then limi→+∞ θ(ρi)
′

−
(t0) = θ(ρ) ′

−
(t0)

by continuity of θ, (3.1) and the left continuity of θ(ρi)
′

−
and θ(ρ) ′

−
.

Note that θ(r) is the identity on [0, 1]. If C is an r-rectifiable path in X, let Lr(C)

denote its r-length. For ρ ∈ CM let Aρ, denote the collection of all r-rectifiable paths

that meet domρ in at most their endpoints. For C ∈ Aρ, define the ρ-length of C by

Lρ(C) =

∫

C

θ(ρ) ′
−

(r(p(s), domρ))ds,

where C is parametrized by its arc length with respect to r and p(s) is a point on C

whose distance along C from a fixed endpoint of C is s. Note that

Lρ(C) ≥ Lr(C)(3.2)

since θ(ρ) ′
−
≥ 1.

For x, y ∈ X, let

Aρ(x, y) = {C ∈ Aρ : x, y are the endpoints of C}.

If Aρ(x, y) 6= ∅, let σρ(x, y) = inf{Lρ(C) : C ∈ Aρ(x, y)} and let σρ(x, y) = ∞ if

Aρ(x, y) = ∅. Then σρ(x, y) ≥ r(x, y) by (3.2).

Let x, y ∈ domρ such that σρ(x, y) < ∞. We show that σρ(x, y) ≥ ρ(x, y). To see

this, let ε > 0. By the definition of σρ there exists C ∈ Aρ(x, y) such that

σρ(x, y) + ε > Lρ(C)(3.3)

=

∫

C

θ(ρ) ′
−

(r(p(s), domρ))ds ≥

∫

C

θ(ρ) ′
−

(s)ds

=

∫ Lr(C)

0

θ(ρ) ′
−

(s)ds = θ(ρ)(Lr(C)) ≥ θ(ρ)(r(x, y)) ≥ ρ(x, y).

The first “≥” in (3.3) is because θ(ρ) ′
−

is non-increasing and r(p(s), domρ) ≤ s,

since the endpoints of C lie in domρ. The second “≥” in (3.3) is because θ(ρ) is non-

decreasing. The third “≥” in (3.3) is because θ(ρ) is a modulus function for ρ. Since

ε is arbitrary, we obtain the needed inequality.

If y ∈ X \ domρ and C is a shortest r-segment from y to domρ, then by (3.1),

Lρ(C) =

∫

C

θ(ρ) ′
−

(r(p(s), domρ))ds =

∫

C

θ(ρ) ′
−

(s)ds(3.4)

= θ(ρ)(r(y, domρ)).
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Hence, if {pi} is a sequence of points in Y \ domρ with r(pi , domρ) → 0 as i →
+∞, then σρ(pi , qi) → 0 as i → +∞, where qi ∈ domρ are such that r(pi , qi) =

r(pi , domρ).

For x, y ∈ X, define

u(ρ)(x, y) =











ρ(x, y) if x, y ∈ domρ,

αρ(x, y) if |{x, y} ∩ domρ| = 1,

min{σρ(x, y), βρ(x, y)} if x, y ∈ X \ domρ,

where

αρ(b, c) = αρ(c, b) = inf{σρ(c, a) + ρ(a, b) : a ∈ domρ}

for b ∈ domρ, c ∈ X \ domρ and

βρ(x, y) = inf{σρ(x, a) + ρ(a, b) + σρ(b, y) : a, b ∈ domρ}.

This definition of u(ρ)(x, y) is equivalent to defining u(ρ)(x, y) to be the greatest

lower bound of lengths of all arcs C from x to y, where length in domρ is measured by

ρ and length in X \domρ is measured by Lρ. Since for a, b ∈ domρ ρ(a, b) ≤ σρ(a, b)

by (3.3), we need to consider only arcs that meet domρ in a connected set if at all.

By choosing r-segments outside domρ we see that u(ρ)(x, y) ≤ ‖ρ‖ + 2θ(ρ)(1)

by (3.4). Hence, throughout the proof, we will always consider only arcs C such that

Lρ(C) ≤ ‖ρ‖ + 2θ(ρ)(1).

It is known [5] that u(ρ) is a convex metric on X such that u(ρ)|domρ×domρ = ρ,
and u(ρ) is continuous with respect to r. It remains to prove that u is a continuous

operator. For B ⊂ X and ε > 0, let

S(B, ε) = {y ∈ X : r(y, B) < ε}.

If C(x, y) ≡ C(y, x) is an r-rectifiable arc with endpoints x, y ∈ X and z ∈ C(x, y)

we will use the notations C(x, z) and C(z, y) for the subarcs of C(x, y) with endpoints

{x, z} and {y, z} respectively.

Let ρ ∈ CM and let {ρn} be a sequence in CM converging to ρ. Let domρ = B,

domρn = Bn for n ∈ N and let ε > 0.

Let 0 < η < ε/8 be such that

θ(ρ)(η) <
ε

16
.(3.5)

We may also suppose that

|ρ(a, b) − ρ(x, y)| <
ε

32

whenever a, b, x, y ∈ B with r(a, x) ≤ 2η and r(b, y) ≤ 2η by uniform continuity

of ρ.

Since Γρn
converges to Γρ, θ is continuous and θ(ρ)(0) = 0, the following four

conditions hold for sufficiently large n ∈ N.
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(i) The Hausdorff distance between Γρ and Γρn
is less than η/4.

(Note that this implies that the distance between Bn and B is less then η/4 in exp X.)

(ii) x, y ∈ domρ, x ′, y ′ ∈ domρn with r(x, x ′) ≤ η and r(y, y ′) ≤ η implies

|ρ(x, y) − ρn(x ′, y ′)| < ε/16.

Condition (ii) follows from (i), for we have (a, b, ρ(a, b)) ∈ Γρ with

r ′[(a, b, ρ(a, b)), (x ′, y ′, ρn(x ′, y ′))] <
η

4
.

Then r(a, x) < 2η and r(b, y) < 2η by the triangle inequality and this gives |ρ(a, b)−
ρ(x, y)| < ε/32. Also, |ρ(a, b) − ρn(x ′, y ′)| < η/4 < ε/32 and so |ρ(x, y) −
ρn(x ′, y ′)| < ε/16.

(iii) For an r-rectifiable arc C of r-length less than or equal to 2θ(ρ)(1) with C ⊂
X \ S(B, η/3), we have |Lρ(C) − Lρn

(C)| < ε/16.

(iv) θ(ρn)(η) < ε/16.

In the next two lemmas, we prove that for γ ∈ CM in estimating u(γ) it suffices to

consider only arcs that close to the set domγ are “perpendicular” to it, i.e., C(y, b) ∈
Aγ(y, b) with C(y, b) ∩ B = {b} and z ∈ C(y, b) close to b, then r(z, B) is equal to

the r-length of C(z, b).

Lemma 3.1 Let γ ∈ CM, x ∈ domγ and y 6∈ domγ. Suppose that δ > 0 with

θγ(δ) < ε/16. Let b ∈ domγ and C(y, b) ∈ Aγ(y, b). Then, if z ∈ C(y, b) with

r(z, domγ) < δ, b ′ ∈ domγ such that r(z, b ′) = r(z, domγ) and [zb ′] is an r-segment,

we have

Lγ(C(y, b)) + γ(b, x) +
ε

8
> Lγ(C(y, z)) + Lγ([zb ′]) + γ(b ′, x).

Proof Using (3.4), we obtain

Lγ(C(y, z)) + Lγ([zb ′]) + γ(b ′, x)

< Lγ(C(y, z)) +
ε

16
+ γ(b, x) + γ(b, b′)

≤ Lγ(C(y, z)) + γ(b, x) + σγ(b, b ′) +
ε

16

≤ Lγ(C(y, z)) + γ(b, x) + Lγ([zb ′] ∪C(z, b)) +
ε

16

< Lγ(C(y, z) ∪C(z, b)) + γ(b, x) +
ε

16
+

ε

16

= Lγ(C(y, b)) + γ(b, x) +
ε

8
.

Lemma 3.2 Let γ ∈ CM, x, y ∈ X \ domγ. Suppose a, b ∈ A, C(x, a) ∈ Aγ(x, a)

and C(y, b) ∈ Aγ(y, b). Let δ > 0 with θγ(δ) < ε/16. If z1 ∈ C(x, a), z2 ∈ C(y, b)

with r(z1, domγ) < δ, r(z2, domγ) < δ, a ′, b ′ ∈ domγ such that r(z1, a ′) =

r(z1, domγ), r(z2, b ′) = r(z2, domγ) and [z1a ′], [z2b ′] are r-segments, then

https://doi.org/10.4153/CMB-2010-078-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2010-078-0


A Continuous Extension Operator for Convex Metrics 725

Lγ(C(x, z1) ∪ [z1a ′]) + γ(a ′, b ′) + Lγ(C(y, z2) ∪ [z2b ′]) <

Lγ(C(x, a)) + γ(a, b) + Lγ(C(y, b)) +
ε

4
.

Proof By Lemma 3.1,

Lγ(C(y, b)) + γ(a, b) +
ε

8
> Lγ([z2b ′] ∪C(y, z2)) + γ(a, b ′).

Again by Lemma 3.1, we get

Lγ(C(x, a)) +
ε

8
> Lγ(C(x, z1) ∪ [z1a ′]) + γ(a ′, a).

Adding these inequalities, we obtain

Lγ(C(x, a)) + γ(a, b) + Lγ(C(y, b)) +
ε

4

> Lγ([z2b ′] ∪C(y, z2)) + γ(a, b ′) + Lγ(C(x, z1) ∪ [z1a ′]) + γ(a ′, a)

≥ Lγ(C(x, z1) ∪ [z1a ′]) + Lγ([z2b ′] ∪C(y, z2)) + γ(a ′, b ′).

From here on let n ∈ N be such that conditions (i)–(iv) are satisfied.

Fix an arbitrary point (x, y) ∈ X × X such that x 6= y. We are going to show that

|u(ρ)(x, y) − u(ρn)(x, y)| < ε.

To simplify notations, let αρ = α, βρ = β, αρn
= αn, βρn

= βn, σρ = σ and

σρn
= σn. We need to consider several cases.

Case 1 x, y ∈ B. Then u(ρ)(x, y) = ρ(x, y). Let xn, yn ∈ Bn be such that r(x, xn) =

r(x, Bn) and r(y, yn) = r(y, Bn). Then using (3.4), (ii), (iv) and the triangle inequality

for u(ρn), we have

u(ρn)(x, y) ≤ Lρn
([xxn]) + ρn(xn, yn) + Lρn

([yn y]) <

ε

16
+

(

ρ(x, y) +
ε

16

)

+
ε

16
< u(ρ)(x, y) + ε.

Now,

u(ρ)(x, y) = ρ(x, y) < ρn(xn, yn) +
ε

16
≤

u(ρn)(x, y) + Lρn
([xxn]) + Lρn

([y yn]) +
ε

16
< u(ρn)(x, y) + ε.
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Case 2 x ∈ B and y /∈ B. Then u(ρ)(x, y) = α(x, y). We prove first that

u(ρn)(x, y) < u(ρ)(x, y) + ε. Let b ∈ B and C(y, b) ∈ Aρ(y, b) be such that

Lρ(C(y, b)) + ρ(x, b) < u(ρ)(x, y) +
ε

16
.

Let C(y, b) have its natural linear order with initial point y. Let c ′ be the first point

in C(y, b) ∩ S(B, η/3). Take points c ∈ B, cn ∈ Bn such that r(c ′, c) = r(c ′, B) and

r(c ′, cn) = r(c ′, Bn). Then r(c, cn) < η. Let xn ∈ Bn be such that r(x, xn) = r(x, Bn).

By Lemma 3.1,

(3.6) ρ(x, c) + Lρ([cc ′]) + Lρ(C(y, c ′)) < ρ(x, b) + Lρ(C(y, b)) +
ε

8
< u(ρ)(x, y) +

ε

4
.

Now using (3.4) and (ii)–(iv) we obtain

u(ρn)(x, y) ≤ Lρn
([xxn]) + ρn(xn, cn) + Lρn

([cnc ′]) + Lρn
(C(y, c ′)) <

ε

16
+

(

ρ(x, c) +
ε

16

)

+
ε

16
+

(

Lρ(C(y, c ′)) +
ε

16

)

< u(ρ)(x, y) +
ε

2
.

The last inequality is true by (3.6).

Now we prove that u(ρ)(x, y) < u(ρn)(x, y) + ε. We may suppose that x, y 6∈ Bn

or we are back in the first part of Case 2 or in Case 1 with the roles of ρ and ρn

interchanged.

Suppose first that u(ρn)(x, y) = σn(x, y). Let C(x, y) ∈ Aρn
(x, y) such that

(3.7) Lρn
(C(x, y)) < σn(x, y) +

ε

8
.

Let C(x, y) have its natural linear order with initial point y. Let c ′ be the first point

in C(x, y) ∩ S(B, η/3). Take points c ∈ B, cn, xn ∈ Bn such that r(c ′, c) = r(c ′, B),

r(c ′, cn) = r(c ′, Bn) and r(x, xn) = r(x, Bn). Then r(c, cn) < η. Using conditions

(3.4), (3.5), and (ii)–(iv), we obtain

u(ρ)(x, y) = α(x, y) ≤ ρ(x, c) + Lρ([cc ′]) + Lρ(C(y, c ′))

<
(

ρn(xn, cn) +
ε

16

)

+
ε

16
+

(

Lρn
(C(y, c ′)) +

ε

16

)

≤ σn(xn, cn) + Lρn
(C(y, c ′)) +

3ε

16

≤
(

Lρn
([xxn]) + Lρn

(C(x, c ′)) + Lρn
([c ′cn])

)

+ Lρn
(C(y, c ′)) +

3ε

16

<
ε

16
+ Lρn

(C(x, y)) +
ε

16
+

3ε

16

< u(ρn)(x, y) +
7ε

16
.

The last inequality is true by (3.7).
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Now let u(ρn)(x, y) = βn(x, y). There are points an, bn ∈ Bn and arcs C(x, an) ∈
Aρn

(x, an), C(y, bn) ∈ Aρn
(y, bn) such that

(3.8) βn(x, y) +
ε

8
> Lρn

(C(x, an)) + ρn(an, bn) + Lρn
(C(y, bn)).

Let C(y, bn) have its natural linear order with initial point y. Let c ′ ∈ C(y, bn) ∩
S(B, η/3) be the first such point in C(y, bn). Let cn ∈ Bn be such that r(c ′, cn) =

r(c ′, Bn), xn ∈ Bn be such that r(x, xn) = r(x, Bn), and c ∈ B be such that r(c ′, c) =

r(c ′, B). Then using (3.4) and (iv) we have

ρn(an, xn) ≤ Lρn
(C(an, x)) + Lρn

([xxn]) < Lρn
(C(an, x)) +

ε

16

and r(cn, c) < η.

By Lemma 3.2 applied to ρn and using (3.4), (3.5), (ii), and (iii), we obtain

u(ρ)(x, y) ≤ Lρ(C(y, c ′)) + Lρ([cc ′]) + ρ(c, x)

<
(

Lρn
(C(y, c ′)) +

ε

16

)

+
ε

16
+

(

ρn(cn, xn) +
ε

16

)

+ Lρn
([c ′cn]) + Lρn

([xxn])

< Lρn
(C(x, an)) + ρn(an, bn) + Lρn

(C(y, bn)) +
ε

8
+

3ε

16

< u(ρn)(x, y) +
7ε

16
.

The last inequality is true by (3.8).

Case 3 x, y /∈ B ∪ Bn. Then

u(ρ)(x, y) = min{σ(x, y), β(x, y)}

and

u(ρn)(x, y) = min{σn(x, y), βn(x, y)}.

Suppose first that u(ρ)(x, y) = β(x, y).

Let a, b ∈ B and C(x, a) ∈ Aρ(x, a) and C(y, b) ∈ Aρ(y, b) be such that

β(x, y) +
ε

2
> Lρ(C(x, a)) + ρ(a, b) + Lρ(C(y, b)).

Let C(x, a) and C(y, b) have natural linear orders with initial points x and y respec-

tively. Let e ′ ∈ C(x, a) be the first point with e ′ ∈ S(B, η/3) and let c ′ ∈ C(y, b)

be the first point with c ′ ∈ S(B, η/3). Let e, c ∈ B and en, cn ∈ Bn be such that

r(e ′, B) = r(e ′, e), r(c ′, B) = r(c ′, c), r(e ′, Bn) = r(e ′, en), r(c ′, Bn) = r(c ′, cn). Then
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r(e, en) < η and r(c, cn) < η. By Lemma 3.2 we may suppose a = e and b = c. Then

u(ρn)(x, y) ≤ Lρn
(C(x, e ′) + Lρn

([e ′en]) + ρn(en, cn) + Lρn
([cnc ′]) + Lρn

(C(y, c ′))

<
(

Lρ(C(x, e ′)) +
ε

16

)

+
ε

16
+ Lρ([e ′e]) +

(

ρ(e, c) +
ε

16

)

+ Lρ([c ′c]) +
ε

16
+

(

Lρ(C(y, c ′)) +
ε

16

)

= Lρ(C(x, a)) + ρ(a, b) + Lρ(C(y, b)) +
5ε

16

< u(ρ)(x, y) +
13ε

16
.

Now suppose that u(ρ)(x, y) = σ(x, y). There is an arc C(x, y) ∈ Aρ(x, y) such

that

σ(x, y) +
ε

8
> Lρ(C(x, y)).

If C(x, y) ∩ S(B, η/3) = ∅, then C(x, y) ∩ Bn = ∅ and

u(ρn)(x, y) ≤ Lρn
(C(x, y)) < Lρ(C(x, y)) +

ε

16
< σ(x, y) +

3ε

16
.

Now suppose that C(x, y) ∩ S(B, η/3) 6= ∅ and let C(x, y) have its natural linear

order with initial point x. Let e ′, c ′ ∈ C(x, y) be the first and the last points from

S(B, η/3), respectively. Let e, c ∈ B and en, cn ∈ Bn be such that r(e ′, B) = r(e ′, e),

r(c ′, B) = r(c ′, c), r(e ′, Bn) = r(e ′, en), r(c ′, Bn) = r(c ′, cn). We obtain as before

u(ρn)(x, y)

≤ Lρn
(C(x, e ′)) + Lρn

([e ′en]) + ρn(en, cn) + Lρn
([c ′cn]) + Lρn

(C(y, c ′))

<
(

Lρ(C(x, e ′)) +
ε

16

)

+
ε

16
+

(

ρ(e, c) +
ε

16

)

+
ε

16
+

(

Lρ(C(y, c ′)) +
ε

16

)

≤ Lρ(C(x, e ′)) + σρ(e, c) + Lρ(C(y, c ′)) +
5ε

16

≤ Lρ(C(x, e ′)) +
(

Lρ([e ′e]) + Lρ(C(e ′, c ′)) + Lρ([c ′c])
)

+ Lρ(C(y, c ′)) +
5ε

16

< Lρ(C(x, y)) +
ε

16
+

ε

16
+

5ε

16
< σ(x, y) +

9ε

16
< u(ρ)(x, y) + ε.

The needed inequalities for all remaining cases can be shown similarly. In some

cases the roles of ρ and ρn are interchanged.
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