WEIGHTED QUADRATIC NORMS AND LEGENDRE
POLYNOMIALS

I. I. HIRSCHMAN, ]JR.

1. Introduction. Let w,(x) = (n + 3)P,(x), » =0, 1,..., be the nor-
malized Legendre polynomials. If f(x) € L'(—1, 1) and if

w= | () S(0) ds

then we write
J6) ~ 3 ann (@),

Let T = {¢,} (0 <7 < ») be a sequence of real constants. T" determines a
linear transformation on setting T f(x) = g(x) if g(x) € L'(—1,1) and if

8E) ~ 2 i)
(In general T will not be defined for every f € L(—1, 1)). Let

vt = | [ a0+ 070 - ot |

where —1 < o, 8 < 1. N5 will also be used to denote the space of functions
f(x) for which N, 6[f] is finite. Because of the special role played by x = 41
in Legendre series such norms are quite natural. Our objective in the present
paper is to give a rather general sufficient condition for 7" to be a bounded
linear transformation of M, into itself.

The origin of this problem lies in the fact that T is a multiplier transforma-
tion and multiplier transformations for Fourier series have been extensively
studied. Let, just as above, T = {#,} (— © < 7 < =) be formally defined as
that linear transformation which carries

fO) ~ 20 ae™
into

TFO) ~ 3 taane™.
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@l = U_ I£(6) I”de]llp.

T is said to be of type [p, ¢] if there exists a constant 4 such that || Tf|[,<4||fll»
for every f for which |[f]|, is finite. Many classical investigations in the theory
of Fourier series have been concerned with the problem of showing that a
particular multiplier transformation is of some prescribed type. Thus the con-
jugate function theorem of M. Riesz asserts that {isgnn} is of type [p, #]
for 1 < p < =, and the fractional integration theorem of Hardy and Little-
wood is equivalent to the assertion that {(in)~°}’ is of type [p, p(1 — po)~1]
for1 < p < ¢! < «. (Here the prime indicates that the term corresponding
to » = 0 is omitted.) An investigation of particular relevance to the present
paper is that of Marcinkiewicz (4) who, by making use of some very difficult
researches of Paley, Littlewood, and later Zygmund, was able to prove that
T is of type [p, $], 1 < p < o, if

Let

1.1 ] < 4 (m=0, %1, £2,...),
F2n+1
g; [ty — ta| < A n=0,1,2,...).

Marcinkiewicz’s result plays a central role in the theory of multiplier trans-
formations in that many of the other results can be deduced from it. Let

ko = [ vorioras |

T will be said to be of type [(a, $), (8, ¢)] if there exists a constant 4 such that
UTfllg.e < A|lfllep for all £(8) for which [|f]|« is finite. The author has recently
proved that if the conditions (1) hold then T is of type [(«, ), (e, )] for
1<p< o, —pt<a<1l—p~L See (3). The arguments used depend
heavily upon the connection between Fourier series and power series, and thus
cannot be extended to other orthogonal expansions. However it can be shown
that the conditions 1.1 imply that T is of type [(«, 2), («, 2)] by quite different
arguments. This is, of course, the case of weighted quadratic norms. In the
present paper we shall apply these arguments to Legendre series. It will be
convenient to state our principal result.

DeriNiTION. T = {#,} (0 < n < ©) s said to belong to class M (C) if:

(a) 8] < C n=0,1,2,...);
on+1
(b) 2 lh—tal<C (n=0,12,...).
We shall show that if T belongs to class M (C) then
Na sl Tf] < D(a, B) CNe slf] (=3 <8 <3

1

where D(a, 8) depends only upon « and B. The restriction —3 < a, 8 < %
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here is essential and the result is not otherwise true. As an example let Sy =
{syn} where sy,is 1 for 0 <7z < Nandis 0 for N < n < «. .Sy belongs to

M(1). Thus
1.2 ma,ﬂ[SNf] < D(O{, ﬁ)%a,ﬁ[f] (_% < a, 6 < %)'
For the sake of comparison we recall that Pollard has shown in (6) that

1Sl < D@)Ifll G<p<4),
the result being false for other values of p. See also in this connection the paper
of Newman and Rudin (5).
Our method of demonstration depends upon the following inequalities,
valid for 0 < a < %,

E'(a) < %o,a[f]”’; [0,G+ 97 = ale 4+ H7T0%Rj) < E'(@),
E'(a) < i)?a.o[f]'2’;j [(=1)e,G+ 37 = (=D'ax(k + )T Q% 5) < E’ (),

where
Qk,j) = (k4 3G+ DIk — 7%k + )7L

Here E’(«) and E" () are positive constants depending only upon e.

2. Preliminary estimates. The present section is devoted to establishing
results which are needed to prove the identities announced at the end of §1.
Let us write ¢(x) ~¢(x) (x € X) if there exist finite positive constants
¢1 and ¢y such that ¢; < ¢(x)/¢¥(x) < ¢z (x € X). Similarly ¢(x) < ~¢(x)
(x € X) if there exists a positive constant ¢ such that ¢ (x) < ¢y (x) for (x € X).
We define

)

Qu(x) = D, [1 — Po(e) w72

n=1

LEMMA 2a. For a fixed 0 < a < % we have
Qo(x) ~ (1 — x) (-1 <<x<K.
Proof. Letg, =1,

13...@m—1)
gn=""904. . . 2m '

then (8, p. 92)
P,(cos 6)

]

";"0 Zmln—mCOS(n — 2m)6.
Setting 6 = 0 we see that

1= Z% En&n—ms
and thus

1— P,(cosf) = 2 gnnnll — cos(n — 2m)6].
m=0
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Distinguishing between even and odd, we find

o

[1 — Py (cos 0)](2n) ™™ = 22 [1- cos(2j>e1n§j (6223 R S SR

Ms

3
]
~

iMs

[1 — Pypii(cos 0)](2n + 1)—1 2a

3
Il

™s

=22, [l — cos(2j + 1)] Z @n + 1) g gnrrse

7=0

Since
gn(rm)t — 1 (m — o)

it is easy to establish that
Z (2”)_1_2agn—jgn+.1 =~ (25 )_1—2a7

n>j

2 @n+ D) g > (2 + 17
n2J

and thus that

2 [1 — P,(cos 6)]n " ~ f: 1 — cos(i )]~

Jj=

-

Let
p () = Z (1 — cos(j0)]5 7™

=
then
PO = X G0l
—
It follows (10, pp. 112-116) that p’(f) ~ 62! (§ — 0+) and thus that
p(0) ~62(0 < 0 < 7). Combining these results we have the conclusion of
our lemma.

LemMa 2b. If a s fixed, (0 < a < 1), then
1
J 0t P Pyt~ == G+ > 5> 0).
Proof. The integral

J'_l Py (x) P;(x) P,(x) dx k>

is zero except for those values of 7 such that ¢ — j <7 <k + j and such
that the parity of » equals the parity of j + k. In these cases the value of the
integral is given by the formula (1, p. 311)

1 28— o8 j—sLs
‘Ill Pk(x) Pj(x) Pk+j—2s(x) dx = (2k + 2]' —_ S + 1)gk+j—a )

https://doi.org/10.4153/CJM-1955-050-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1955-050-x

466 1. I. HIRSCHMAN, JR.

Thus
1
| 0w Pty Py d = = 5. 5),
where
N 2 2glc—sgj—sgs . —1-2%
S(k, j) = Z=% T2 =t Da, B~ 2977
We have

J
S(k,j) ~ k-%Zo E+1=9)G+1 =6+ D)HTE+5— 257"

If #>3j/2, 0<s<j then (k+1—s)~Fk, (k+3j— 25) >~k so that

J
Sk, 7) = k_2_2a20 GH1—s) s+ 1) ™™,

which can be rewritten as
S(k,j) >~ (b — j)~72(k + j)* (B > 3j/2).
On the other hand if j < B < 3;/2 then
Sk, ) = Sulk, 5) + Selk, §) + Ss(k,§) = >

9,535y yidsei—k  0&5<ys
If 7<k<3j/2 and if 2j —k<s<j then (R+1—5)~(k—j),
(B4+j—25)~(k —j),and (s + 1) >~ &, so that
Sk, j) =k k=N S GH1-97

2j—k<s<J
(= )
If j<k<3j/2 and j/2<s<2j—k then (B+1—3s)~(k—23),
B+j—2)~((k—35),(s+ 1)~k and (j+ 1 —s) >~ (k — s), so that
Sk )K" T (= o) (= )R ).

1i<s<2j—k
Finallyif j < £ < 3j/2,0 < s < ij,then (A +1 — )~k G+ 1—35)~%k,
and (k + j — 2s5) ~k, so that

Sk, /) ~E S s+ D<= TR+

0<s<3j
It follows that

Sk, j) ~ (& — 7>k + 7)) (G <k <3j/2),

and our demonstration is complete.

Let us set

' d kE=j
1 y 1 . — ks =7
J_l Qu(x) (B + 3) Pr(x) (G + 3) Py(x) dx {_ij, ko j.

Since Q, > 0 it is clear that d; > 0, while ¢;; > 0 by Lemma 2b.
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LeEMMA 2c.
Z g =dy
k=0

k]
Proof. We have (9, p. 332).

p(h,x) = ghk(k + 3) Pi(x) = {1 _%;lhx__f}zz)a/z .

If —1 <k <1 then

1 ©
J @G+ D P@ s ds = aj - 3o

k#=f

It is easily verified, by integrating term by term, that
1
f p(h,x)dx =1, —-1<n<l,
-1

and it is easy to see that
lim p(h,x) =0

hol—
uniformly for —1 < ¥ < 1 — € for any fixed ¢ > 0. From these relations we
have

1

lim @)+ 3) Pyw) p(h %) de = (1) + 3) P;(1) = 0;

51— ¢V —

that is,
lim > ¢ b = d,,

h-1— k=0
k#j

and since the ¢, are positive the series on the left is not only Abel summable
but actually convergent.

3. Some inequalities. The following result is demonstrated in (2):

THEOREM 3a. If¢,(0) n = 0, 1, ... 1is a uniformly bounded orthonormal set on
0 <0 < 1andf for F(6) € L1(0, 1)

1
0
then
© 1
> ar(m 4+ 1) < A(a) f F(6)%6*dp 0O<a<d),
0 0

where no, N1, Na, . . . 15 any rearrangement of 0,1, 2, .. ..
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In order to apply this theorem to Legendre polynomials let us define

¢, (8) = w,(cos m0)[r sin w0]*
F(8) = f(cos m0) [ sin w0]*

(0 < 6 < 1). Setting x = cos 10 we see that
1 1
U = f f(x) wa(x) dx = f F(6) ¢,(0) db.
-1 0

The functions ¢,(f) are evidently orthonormal, that they are uniformly
bounded follows from (8; p. 161). Thus

o) 1
Da (e + 1)< A(a) f F(6)°6°d6.
0 0
We have
1 1 1 2c
f F(6)%0%do = f f(x)Q[; arc cos x] dx =~ No..[fT.
0 -1

Combining these results we have proved (7)

THEOREM 3b. If 0 < a < % then

Z: ak2(nk + 1)_2a < B(a) Sﬁo,m[f]z,

where no, N1, Na, . . . 15 any rearrangement of 0, 1,2, .. ..
We proceed to prove

LemMAa 3c. If0 < a < §andif

(i) f(x) E %O,ay
(i) F@) ~ f: non (),
then

N
lim > ap(N —n+ 1) = 0.

Noo 0

Proof. Given e > 0, let us choose a finite sum
£6) = 3 (o)
such that No.[f — g]? < e. By Theorem 3b,
EN‘B, (@ = 8)’(V =+ 1) < A Moulf — gl < 4e
where b, is defined as 0 if » > M. Now

N N M .
S aN—n+1"= 3 (@ —b)WNVN—n+1)"+ > as(N—n+1)""
0 M+1 n=1
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Thus
lim supz @ (N —n+ 1) < A4e.

N-ooo

Since e is arbitrary our desired conclusion follows.

4. The basic norm relations. We need the following version of the Riesz
Fischer theorem, the proof of which is omitted:

LEmMA 4a. Let a(—1 < a < 1) be fixed. If constants {a,}5 are given and
if
lim inf mo,a[ > anwn(x):| <4
T 0

then there exists a (unique) function f(x) such that

mo,«{f] < Ay f(x) ~ zo: anwn(x)-
TaeOREM 4b. If, for 0 < a < %, a fixed

@) fx) € Noa
(ii) flx) ~ Z A (%),
then

Ro.alf]" = ; [ax(k + 3)7 — ¢, + Q. ).
Proof. Let
glx) = ZZ bicor (%) ;
then by Lemma 2a,
No.olg f () [g () .

Using Lemma 2c we see that
n

J et = Zane+ 7 - 3 ant+ G+

J,k=0, j=k

=2 [+ )T —0,G+ H e

k>7

where in this sum % and j vary from 0 to «, b; being equal to zero, for & > #.
Applying Lemma 2b we have

Ro.ale]” = ;j [ba(k + )7 = 5,G + DO, )

Thus our theorem is true for finite sums of Legendre polynomials.
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Let f(x) € Mo and let
h.(x) = g;oa,,kwk(x)

be a series of polynomials such that

m Noulf — 2] =0

(R

Note that this implies that
lima,; = a (=0,1,...).

T—00

We have, if IV is fixed,
2 larte + 97 =50+ DR, ) < A Rolh ]
0<j<k<N
Letting 7 increase without limit, we obtain

> (e +3)° Y—a,(G+ DO, 1) < 4 NolfT

0< j<k<N

and finally, since NV is arbitrary,

> lalk + D7 = a,G+ HTPOR, 5) < 4 NoolfT

k>j

To establish the converse inequality let

5@ = 2 ).

We have
Moalf P T anlh+ 97 = 0, + DPFOR)
+3 0+ DT 0.
Now
120, Jae + D7 =a,(G + 7T )
< T lanle + 7 = oG+ 17O
and

2aG+ D7 X 0k <A dr—j+ D7
= . =
Applying Lemma 3c, we see that
lim sup Ro.f]" < 43 [as(k + 7 = 0, + DT, ).

T->c0

The desired conclusion now follows from Lemma 4a.
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This theorem is equivalent to the first relation announced at the end of §1.
The second relation there can be obtained from the first on noting that

N o[ ()] = Noulf(—2)].

5. Bounded multiplier transformations. We are now in a position to prove
our main theoyem in the case 8 =0,0 < a < %. Let S, be the multiplier
transformation which carries

© N
flx) ~ E A, (x) into Syf(x) = Z Ay (%),
0 0
LeEMMA 5a. If 0 < a < % then

%H.,O[SNf] < A (a) ma,o[f]'
Proof. We may suppose o > 0, since the case @ = 0 is trivial. By Theorem

4b we have
No.o[Sifl” < 4 Z;N[an(n + 37 = anlm + H)7HQm, n)
+4 ;Nafn(m + 370 (m, n).
A>SN

Using Theorem 4b again we see that
2 e+ 57— an(m + H7TQm, n) < AT

Further
2an(m+3)7TQmn) KA dnd (n—m) 7,
’Zfll\v{ m<N n>N
<AY an (N+1—m)™,
m<N
< A %O,a[f]Z)

by Theorem 3b. These inequalities imply our desired result.
Let b, = 3.2#72, 7, = 2+~ let o, be the set of integers b, — 7, <k < b, + 7y,
and let

o) = [1 — r(x — B)"].
If
1) o 3 aren(w)

then we define

Eﬂ(x) = E QnPp (”) wn(x)

LEMMA 5b. If 0 < a < 3 then

fo RoalE)* < A Rl
=

Proof. We may again suppose o > 0. By Theorem 4b,
Roal B =D+ 20+ 20
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where

2
2

2 () au(n + )7 = pu(m) an(m + H7Q0, m),

m.neo'“
n>m

2 pu(m)’an(m + 3)7Q(n, m),

meoy
7L>a

ds= 2 pu(n) ar(n + 3)7'Q(n, m).

nea
m<a

Let us begin withEZz For m € ¢, we have

2 0m,m) < Am (b + ry — m)™™

n>:r

where A is indepdnent of 7 and u. Since

pu(m)* < 4(buy + 7w — m)’ry? (m € ay)
it follows that

; pu(m)*(m 4+ $)7Q(n, m) < Abu + 7 — m)* 77" (m € ay).

Making use of the inequalities

Ou+ 7 —m) 2 < A(m + 1) (m € o),
m + 1 A ry (m E O'I‘)Y
we obtain
;m%ﬂm+%”@mM<AW+JW“ (m € ),
and thus

22 <A lan|'(m + 1)7

meo,

We next turn to Y. s, which follows the pattern established for > .. For
n € o, we have

2 Qm,m) < An(n — b+ 1),

m<oy

where 4 is independent of # and u. Since

p(n)’ < 4(n — by + 1)
it follows that

; pu(m)’(n + 3)7'Qn, m) < A(n — by + 1)
m 17“
Making use of the inequalities

n—0b,+r)22L A(n+ 1)22 (n € oW,
ra> A+ 1) (n € au),
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we obtain

2 o)’ (m+3) Qn,m) < A(n + 1) (n € a,),

m<a

and thus

D<A |aal'tn + 1)

nGU

It remains to treat >_;. Since

@npu(n) (1 + 3)7F = appu(m) (m + )= [aa(n + ) F— an(m + $)F] pu(n)
+ an(m + 3)Hou(n) — pu(m)],

and since 0 < p,(n) < 1, we have

21 < 22 [aa(n + 1) — an(m + 3)7Q(n, m)

+23 an(m + D7) = pu(m)Qn, m).
We assert that
bty
n_zm: (m + 3 ou(n) — pu(m)’Q(m, m) < A(m + 1)~ (m € a,).

To verify this we note that
pu(n) — pu(m) = — (n — m)(n + m — 25,) 7';2:

lou(m) — pu(m)| < A(n — m) ?';1.
It follows that

bytru byt
nme: (m + )7 [ou(n) — pu(m)*Q(n, m) < Aﬁiz “(n — m)'™,

<4 Tu (b + 74 — m)2_2a:
<Am + 1)
as desired. Thus

2 <22 [a(n+$)” Ve gu(m + DO, m) + A an(n + 1)

n, mw” ﬂtU
n>m

Summing and applying Theorems 3b and 4b, we have

“Z; NoalEal® < 4 Noo[f1%

and our lemma is proved except for the fact that u starts at 2 instead of 0,
which is evidently without significance.

Let S, be the set of integers 2#"1 < k < 2¢, u = 1,2, ...; Sois the integer
k=0.
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LemMA 5c. If0 < a < % and of n, € S, then

> X ak(m — m] + D7 < A (@Rl 1%

p=0 meS

Proof. By Theorem 3b,
2 pu(m)’an(jm — my| + 1)7* < A Nool B

meoy,

For m € S, p.(m) > A and thus
2 an(m —m| + 1)< A X pm)’an(fm — m| + 17,

mes“ meoy,
< A NoolE].

Summing over u and using Lemma 5b we obtain our desired result. Note that
a similar inequality holds for 9,0.

TrEOREM 5d. If

(i) $@) ~ 3 ann() fERmO<a<h
(1) T = {1,}5 belongs to class M(C),
(i) Ti(w) ~ 35 e (),
then

Noo[Tf] < AC Noo[f]-

Proof. We set
aﬂ(x) = E antnwn(x)
nesu
forun=0,1,2,....1If
M
FM(x) = Z% 6,,(30),
pre
then, by Lemma 4a, it is enough to prove that
NoolFul < AC Noself] M=1,2,..).
We have

Rl Far]? f () [For () i

and since

[ atraera = 3 f 0u(2) 5

f Qo (x) 8,(x) 8,(x) dx,

'8 P~0 pEY
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it is sufficient to show that

5.1 f Qo (%) 8,(x) 8,(x) dx| < ACRo[fT,
1, 1‘—0 pFEY
and
5.2 > [ @b < 4C.7
Let us set
1
L,= l J‘_l Qu(x) 8u(x) 8,(x) dx (v # v);

then

)

— Qplmlatn(n + %)_}(m + %)_%Cm.n

nes,,meSy

I,_" =

and thus by Lemma 2b,
SAC Y laanl(n 4+ H 7w 4+ 1700, m),

neS, meS M

<4AcC Z [IanP + lanl1(e + ) Fom + 17O, m).

ne ,me

From this we obtain

2 B SACE B ol S 3 n o+ 070+ 070 )
viu

Now
(n + 2)—%(7’” + 2)‘%Q(n, m) < Aln — m|~12,

and if m € S, then
> o= m < Alm — w4+ 1) () — m+ 1),

v=0,vu

where #n,/ and »,”’ are the first and last points of S,. Applying Lemma 5a it
follows that

> Ly SACE 3 lanl(m = nil 4+ D7+ (bm = o] + 17
HFEY »

< ACR[ST,
and 5.1 is seen to hold.
Let us next consider

I e

For u fixed we set

s(n,x) = Z Ampu(m) ().

_,-"
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It follows from Lemma 5a that
5.3 No.ols (1, )] < ANo,olE,).
We have, if u(n) = t,/p.(n),
u(x) = 2 um)ls(n, x) — sn — 1,%)].

nesS,
Summing by parts we find that
du(x) = Z; s(n,x) [u(n) —uln + 1)] + u(2") s@" — 1,x)
o — N s@7 = 1, %),
from which using 5.3 it follows that
Roalts] < 4 Mool BulL 2 Juln) — (o + D] + [w@)] + @I}

Now it is easily verified that
> lutn) —ulm + D] + [u@)] + @7 < AC

nesﬂ

and thus
No.albu] < ACNR.[E,].

Squaring and summing over u we see using Lemma 5b that 5.2 holds.

6. Multiplier transformations, continued. Let P(B, @) stand for the pro-
position that if T € M(C) then Ng o[Tf] < AC Ng [f] where 4 depends only
on a and . Theorem 5d shows that P(0, &) is valid if 0 < a < 4. We wish to
show that P (B, @) is valid for (—% < 8, @ < 3). We begin with two general
principles.

LemMA 6a. If P(B, @) is valid so is P(a, B).
Proof. Let f(x) € Nap; then, if F(x) = f(—x),
Naplf] = Np.alFl, Nas[Tf] = Np,o[TF].
LeEmMA 6b. If P(B, @) is valid so is P(—pB, —a).
Proof. Let f(x) € Mg Let
£ = 3 bn(e).
We have

1
e e s

and since

< mﬁ.a[Tf] 9?—B.—ar[g] < Acmﬂa[f] SIE-—19,—oz[g],

J m@iew i = [ s@imawias,
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this can be rewritten as

| serewnax| < ca g v,

which, since it is true for every f € Ng.q, impliesthat N_s,_o[Tg] < CA N_s _.[g].
An evident approximation argument enables us to remove the restriction
that g(x) be a finite sum of Legendre polynomials.
Lemmas 6a and 6b together imply that P(0,a) and P(B, 0) are true for
_% <a, B < %
LemmA 6¢c. P(B, @) is valid if —% < a,8<0.
Proof. Letf € Ng ... We have
Ns.alTf] < A Nool[TS1 + A No,ol T,
< CA mo,a[f] + CA mﬂ,o[f]’
where we have used the fact that P (0, ), P (B, 0) are true for — 1 <ea, <0.

Since
No.[f] < 4 Npolfl Ns.olf] < 4 Npelfl
we have
No.«[Tf] < CA Np ol f],
as desired. v

Lemma 6¢ in conjunction with our previous results shows that P(B, a) is
valid if —% < @, 8 < %, and if @8 > 0; that is if @ and B are of the same sign.
The case where a and 8 are of different signs is slightly more difficult.

Lemma 6d. If 0 < o, B < 1, if T € M(C), and if

Fx) = (1 —x) Tlf(x)] — T — =) f(x)]
then
m_p'o[F] < AC %o.a[f]

where A depends only on o and 8.

Proof. It is enough to prove this in the case where f(x) is a finite sum of
Legendre polynomials. We have

f6) = Do) = DRE®,  Re=ak+
Since (9, p. 308),
(1 — %) Pu(x) = — (n+ 1) @n + 1)7'Ppya(x) + Pa(x) — 2(2n + 1)7'P,s(x),
we find, after a short computation, that F(x) = Fi(x) 4+ Fa(x) where

Fi@) = 3 6+ D@ + D7 Rl—to + fass] Para(e),

Fo(x) = Zo n(2n + 1) Ru[—ty + taci] Paci(x).
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Note that these series are only formally infinite. Let g(x) € Mg, and let
8@ ~ 2 bon(w) = 2 RIPIRG = bull + D)
We have
_f_ll Fi(x) g(x) dx = 22: (n+ 1)@n + 17 @n + D7 RuBia[—tu + tua],

} J:l F(x)gx)dx| < 4 Zw: Z Ianbn+1|ltn = tut1l.

w=0meS,

If ¢y = Lu.b. |a,|forn € S,and B, = L.u.b. |b,|forn € S, then (see the remark
following the proof of Lemma 5c¢)

’ f_ll Fi(x) g(x) dx

<4 E an(ﬁn + 6u+1) Z ltn - tn+ll
p=0 neS,‘

o0 o } o) &
< Acgoau(ﬁu + Bu1) < Ac(g aﬁ) (2:‘0 ﬂi)
< Acmo,a[f] mﬂvo[g]'

Since this is true for every g € Mg,o it implies that N_g o[F1] < AC No o [f].
Similarly we can show that N_s o[F2] < AC No[f].

LEMMA 6e. P(8,a) tswvalid if —1 <8< 0<a< i
Proof. We have
Ns o[ Tf] < A No ol Tf] + A Np o[ (1 — x) TS

Since P (0, @) is valid
No o[ Tf] < AC N o[ f].

If F(x) is defined as in Lemma 6d, then

N0l (1 — x) Tf] = N o[ T{(1 — %) f(x)} + F(x)]
< R o[ T{(L — x) f()}] + N o F ()]

By P (8, 0)

Na o T{(L = %) f(2)}] < ACNg o[ (1 — ) f(x)]
< AC Ngalf(x)].

Since f € Ny, Lemma 6d implies that
Nao[F(x)] < AC Noalf] < AC Npulf].
Thus combining these results
Ns.o[Tf] < AC Ny o],

as desired.
Our lemmas yield

TueoreEM 6f. P, 8) is valid for —1 < a, 8 < }.
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It is to be noted that there is another general principle which we have not
invoked. It is easily shown by arguments like those used in the Riesz-Thorin
convexity theorem that if P(o/, /) and P(e’, B’') are valid then so is P (e, 8)
where o = o’(1 — 60) + '8, 8 = 6'(1 — 6) + 876, 0 < 0 < 1. However this
would not have shortened our arguments.

We shall now indicate briefly and without going into detail how it can be
seen that the restriction — 3 < o, 8 < % is essential in Theorem 6f. If Theorem
6f were valid for @ and B not satisfying the above restriction then 1.2 of §1
would hold. That this is impossible can be seen using the methods of Newman
and Rudin (5).

7. Fractional integration. Let f(x) € N where —% <, 8 < % and let
f(x) have mean value zero so that

J@) ~ 3ty (x).
We set
1) f@) ~ 3 10+ DIty (x).

I(0) is a fractional integration operator if ¢ is positive and a fractional differ-
entiation operator if o is negative. Note that

I(=2) f(x) = [(=* = 1) f'(x)]".

In the present section we shall apply our results to the study of I(s).
THEOREM 7a. Let f(x) have mean value zero. If

() —3<a,Bi1<3} —3<ayB2<3,

i) 0<Ko6<1,
(iii) o =00, a= (1 —0)as+ 0as,B = (1 —0)B1+ 08,
then

N pl1(0) 1 < A N, 5 [f1"0 Na, 6, [1(02) f1°
where A depends only upon ay, B1, az, B2, o2 and 0, but not upon f.

Using Theorem 6f we can show that, if f(x) has mean value zero and if
—1<aB <% then
Na pl1(i7) f1 < A (7) Naplf]

where A(r) = 0(|r]) as r — =% «. Note that although Theorem 6f is stated
for real multipliers, it evidently holds for complex multipliers as well. This can
be seen by decomposing into real and imaginary parts. The inequality we
have just established asserts that ‘‘fractional integration’ of purely imaginary
order is a bounded transformation of N,z into itself. It now follows from a
general theorem on groups of multiplier transformations that this property
of fractional integration of purely imaginary order implies (3;11) the con-
clusion of Theorem 7a.

https://doi.org/10.4153/CJM-1955-050-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1955-050-x

480 I. I. HIRSCHMAN, JR.

We shall now use Theorem 7a to prove an analogue of a classical theorem of
Hardy and Littlewood (10, p. 227). The method employed here could also
be used to give a new demonstration of their result.

THEOREM 7b. Let f(x) have mean value zero. If

(i) i=a—0g,f1=B—0 (e > 0),
(ii) arﬁ < %1 -% < ai, :81’
then

Npa,,[L(0) /1 < A Npalf],
where A depends only upon o, 8 and o but not upon f.

Proof. It is enough to prove this for f(x) a finite sum of Legendre poly-
nomials. We first assert that if —% < a < § then

7.1 Noe,[1(0) 1 < A o alf],

where ¢ > 0, a1 = a — ¢, a1 > — 1. Suppose first that a1 < 0 < a. Let
No,—e [g] < 1, where

8 ~ 3 ban().
We have

| [ 16 s ) 5| = | 55 aalnn+ 015,

[eo)

< A[ > ain + 1>-2“]%[ 2 baln + 1>*“""]i
A No.ol ] No—a,[g]
A Roolf]-

Here we have used Theorem 3b. Since this is true for an arbitrary g such that
Ny, [g] < 1, it implies 7.1 for —3 < a1 <0< a < 3.

Next assume that 0 < a; < a < %, where oy = @ — ¢. We have from the
case already considered,

<
<

No,olI (@) f1 < 4 NoWf]-
By Theorem 7a, if ¢ = fa
Noa [1(0) f1 < A No o[ f177N0,0[1 (@) f]° < 4 No oS

Thus 7.1 istrue if 0 K <a < 3. If =3 <a1 <a <0, let Mo [g] < 1.
We have

| [ 1160y s 000 05| = I SEI(@) g x| < Roalf] R0l 1(2) ()]
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But
No,—a[I(0) g)] < A No—a [g(x)] < 4

(because —a = —a; — 0,0 < —a < — a1 < 3), so that

J @ i@ @ as| <4

Since this is true for every g with o . [¢g] <1, it implies 7.1 for
—1 < a1 <a<0. Thus, finally, 7.1 is true if —% < a1 < @ < %. Similarly
we can show thatif —3 <81 <8< 3 B1=8— 0 (¢ > 0), then

7.2 %g‘,o[I(U) f1 < A Ng olf].

Let us set
filx) = 3[1 — sgn x] f(x),
fa(x) = 3[1 + sgn x] f(x).

We have from 7.2 that

7.3 N, ol (o) f1] < 4 Ng0(f1] < 4 N ulf].

Since I(¢) € M(C) (for some C) Theorem 6f gives

74 Ns..[1(0) f1] < 4 Np o, [f1] < 4 N alf].

The inequalities (3) and (4) together yield

7.5 N, [1(0) f1] < A Ng, 0[1(0) f1] + A Npa,[1(0) fi]
< A Npalf]

Similarly from 7.1 we have that

7.6 No,w[1(0) f2] < 4 Roalfe] < A Npolf]-

Again, since I(¢) € M(C) (for some C),

7.7 N, ol1(0) f2] < 4 Np, olfo] < 4 N lf],

and hence

7.8 Np, 0 [1(0) fo] < A No0,[1(0) fo] + 4 Np.alI(0) fol
< A Np ol f1.

Making use of 7.5 and 7.8, we obtain

Np, e [1(0) 1 < N, o [1(0) f1] + N, [ () f2]
< 4 mﬁ,a[ﬂ;

as desired.
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