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Factorisation of Two-variable p-adic
L-functions

Antonio Lei

Abstract. Let f be a modular form that is non-ordinary at p. Loeffler has recently constructed four
two-variable p-adic L-functions associated with f. In the case where a, = 0, he showed that, as in
the one-variable case, Pollack’s plus and minus splitting applies to these new objects. In this article,
we show that such a splitting can be generalised to the case where a, # 0 using Sprung’s logarithmic
matrix.

1 p-adic Logarithmic Matrices

We first review the theory of Sprung’s factorisation of one-variable p-adic L-functions
in [Spr12b, Spr12a], which is a generalisation of Pollack’s work [Pol03].

Let f = > -, a,q" be a normalised eigen-newform of weight 2 and level N with
nebentypus €. Fix an odd' prime p that does not divide N and v,(a,) # 0. Here, v,
is the normalised p-adic valuation with v,(p) = 1. Let o and 3 be the two roots to

X*—aX+e(p)p=0

with r = v,(a) and s = v,(3). Note in particular that 0 < r,s < 1.

Let G be a one-dimensional p-adic Lie group, which is of the form A x (v, ), where
A is a finite abelian group and (v,) = 7Z,. If H is a subset of G, we write 1y for the
indicator function of H on G. Let F be a finite extension of (), that contains g}, @,
and e(n) for all n > 1. For a real number u > 0, we define D) (G, F) to be the set of
distributions p on G such that for a fixed integer n > 0,

0 (1)) 25

for some constant R € IR that only depends on 1. Note that we can identify D™ (G, F)

with the set of power series
S oty — 1",
n>0 c€A

where ¢, , € F and sup,_ (|¢;.u[p)/n" < oo forall o € A (here |-|, denotes the
p-adic norm with |p|, = p~'). Let X = ~, — 1. If  is a character on A, we write
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1Our results in fact hold for p = 2. Since the interpolation formulae of p-adic L-functions are slightly
different from the other cases, we assume that p # 2 for notational simplicity.
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ey for the n-isotypical component of 1, namely, the power series

Z Z conn(@)(yp, — )" € FIIX]].

n>0 c€A

For py € D“"((’yp)7 F) and p1, € D™(G, F), we say that 1, divides 11, over D™)(G, F)
if 111 divides all isotypical components of yi; as elements in F[[X]].

Definition 1.1 We say that (u,, i13) € DY(G,F) ® D¥(G, F) is a pair of interpo-
lating functions for f if for all nontrivial characters w on G that send -y, to a primitive
p”’l—st root of unity for some n > 1, there exists a constant C,, € F such that

fo(w) =a7"C, and pglw)=pBL""C,.

Remark 1.2 The p-adic L-functions L,,Lg of Amice-Vélu [AV75] and Visik
[Vi§76] associated with f satisfy the property stated above, with G being the Ga-
lois group Gal(Q(1p~)/Q) and C,, being the algebraic part of the complex L-value
L(f,w™", 1) multiplied by some fudge factor.

Definition 1.3 A matrix
Mp _ mpyp My
myy My2
with my 1, my; € D(’)(<’yp>,F) and my 5, my, € D“)((fyp),F), is called a p-adic log-
arithmic matrix associated with f if det(M,) is, up to a constant in F*, equal to

IOgP (’Yp)/(’}/p — 1), and det(Mp) divides both My 2o — M2 1 43 and —my oo+ my g
over D(G, F) for all interpolating functions j,, 15 for f.

Lemma 1.4  Let p,, pp be a pair of interpolating functions for f. If M, is a p-adic
logarithmic matrix associated with f, then there exist ji4, i1, € D')(G, F) such that

(Ha  ns) = (s 1) M.

Proof Let

My afbe — My 143
= d =
e det(M,) ane

—Mya e + My 1B
det(M,)

By definition, the numerators lie inside D" (G, F), and the coefficients of det(M,)
have the same growth rate as those of logp(’yp), so ¢ and fi, lie inside D(G, F).
The factorisation follows from the fact that

My,  —Miy [ det(M,) 0
<—m271 mj ) Mp B ( 0 det(Mp) ’ u
We now recall the construction of Sprung’s canonical p-adic logarithmic matrix

associated with f.
Let

_ ap 1
&= (ot o)
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where ®,. denotes the p”-th cyclotomic polynomial for n > 1,

e 1 (-1 -1
C= <—6(p)p 0) and A= ( B« ) .
Define My := C, - --C,C~"2A.

Theorem 1.5 (Sprung) The entries of the sequence of matrices M;,") converge in

DW((v,),F) asn — oo (under the standard sup-norm on p-adic power series), and

the limit lim,_, oo M l(,”) is a p-adic logarithmic matrix associated with f.

Proof We only sketch our proof here, since this is merely a slight generalisation of
Sprung’s results in [Spr12a, Spr12b].
Since C,p; = C mod (X + 1)" — 1, we have

M}(,”“) = Mj;” mod (X + 1)?" — 1.

Note that A™'CA = ( § §) , which implies that

. B a*ﬂ*Z 0 _ _afnfz _671172
(11) C 2A =A < 0 5—71—2) - (ﬁa—n—Z aﬁ—n—Z) .

Since all the entries in C; - - - C, are integral, the coefficients of the first (resp., second)
row of Ml(,") grow like O(p~™) (resp., O(p~™")) as n — oo. Therefore, by [PR94,
§1.2.1], the entries of the first (resp., second) row of MI(,") converge to elements in

DY ({,), F) (resp., D((7,), F)).

Let
m m
M, = 1,1 12
My My
be the limit lim,,_, o M}(,”). If w is a character that sends -y, to a primitive p"~Lstroot

of unity, then
Mp(w) = Ci(w) -+ Cpey (w)C " AL

Note that C,_j(w) = (% ), so from (1.1), we see that there exist two constants
A, B, € Fsuch that

(@A A [(—aTmTh g (—aThA, —BTTA,
MP(W) - (apBw Bw> (ﬁa—n—l aﬂ—n—l - —a~ "B, _ﬂ_an .
In particular, if u,, ps is a pair of interpolating functions for f,
ma o (w)pa(w) — myy(w)pg(w) = —m 2 (W) pa (W) + my 1 (w)ps(w) = 0.
By [Spr12a, Remark 2.19],
logp(l +X) -«
X )
X (aB)?
But o # 3 by [CB98, Theorem 2.1], hence the result. [ |

det(M,) =

Remark 1.6 Similar logarithmic matrices have been constructed in [LLZ10] using
the theory of Wach modules, but they are not canonical.
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2 Two-variable p-adic L-functions
2.1 Setup for Two-variable Distributions

We now fix an imaginary quadratic field K in which p splits into pp. If J is an ideal
of K, we write Gy for the ray class group of K modulo 3. Define

Gy =1limG "y Goo:hmGu, Gy = lim Gy,
p pa. p p P P P — P

These are the Galois groups of the ray class fields K(p*°), K(p°), and K(p°) re-
spectively. Fix topological generators vy, and 75 of the Z,-parts of Gyeo and Gpeo
respectively. We have an isomorphism

Gpoo = A X {yp) X (79),
where A is a finite abelian group. For real numbers u, v > 0, we define D" (G, F)

to be the set of distributions y of Gy such that for fixed integers m,n > 0,

geigpfoo VP(M( Lotyyem <%>”") ) 2 R—um—wvn

for some constant R € R that only depends on p.
Let X = 7, — land Y = ~3 — 1. We can identify an element of D" (G, F)

with a power series
E E Co—‘ri,]’O'XIY],
i,j>00€A

where ¢, ; ; € F. Upon identifying each A-isotypical component of 1 with a power
series in X and Y, we have the notion of divisibility, as in the one-dimensional case.
We define the operator J, to be the partial derivative 8%'

For x € {p, P}, we let €, be the set of characters on Gy~ with conductor (x)" for
some integer n > 1.

Let u € D(“*")(Gpoo ,F), where u,v > 0. If w, € 2, then we define a distribution

1) by 1) (wy) = pwpwy).

Lemma 2.1  The distribution ) lies inside DV)(Gyoe , F'), where F' is the extension
F(Wp('}/p))-

Proof By definition, for any integers m, n > 0, we have

(2.1) inf v, (N( Lo (yayem (%N’”) ) 2 R—um—wvn
gEG)o

for some R. Since wy, is of finite order, we have

wp= > (M lhker(wy)-

h€Gyoo / ker(wy)

Moreover,
(2.2) vp(wp(h)) =0

for all hand ker(wp) N (7o) (V5) = (1p)2" (75) for some integer .
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Ifg € Gy and n > 0 is an integer, we can lift the coset g(75)?" in Gge to one in
Gy that is of the form g’ (y,) (v5)?". Therefore,

/‘(%) ( 1g<%>”") = “( Z Wp (M) Lker(u) 1gr <v’v><%>”">

h€Gpoo [ ker(wy)

= Z oM 1t ( Ty erten)ng’ () (1))
h€Gyoo [ ker(wy)

= D> wMu(lapyr )

h€Gpoo [ ker(wy)
heg’ () ()"
Therefore, by (2.1) and (2.2), we have
vp () (gpn) ) = (R — um) — v,
as required. ]

Similarly, for wy € (5, we can define a distribution ,u(‘”T) S D(u)(Gpoo ,F"), where
F' = F(ws(g)).

2.2 Sprung-type Factorisation

Let Loo> Lag> Lpa> Lgg be the two-variable p-adic L-functions constructed in
[Loel3] (note that L, , and Lg g have also be constructed in [Kim11]). By [Loel3,
Theorem 4.7], L, o is an element of DV ()-vp(e)) (Gpeo, F) for x, ® € {a, 3}. Moreover,
if w is a character on Gy of conductor p™»p" with n,, nz > 1, we have

(2.3) Lyo(w) =a ™a " ™C,
(2.4) Lyglw) =a ™7 "C,
(2.5) Lgolw) =B ™a™"™C,
(2.6) Lgp(w) =pB~"B7"C,

for some C,, € F that is independent of o and 3.
Let M, be the logarithmic matrix given by Theorem 1.5. On replacing -y, by 7,
and g, respectively, we have two logarithmic matrices

P P P P
M= (i i) and b= (M
my, My, my1 My,
defined over DV ((7,), F) and DV ({~5), F) respectively.
Our goal is to prove the following generalisation of [Loel3, Corollary 5.4].
Theorem 2.2 There exist Ly g, Ly 4, Ly, Ly, € D(O’O)(Gpoo , F) such that

(La,a Lﬂ,a La.ﬂ L33) = (L#,# Lb,# L#,b Lb,)) Mp & ME-

We shall prove this theorem in two steps, namely, to show that we can first factor
out M,, then M.
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Proposition 2.3 For* € {«, 8}, there exist Ly ., L, , € D(0="P(*))(Gpoc,F) such that
(2-7) (La.* Lﬁ,*) - (L#,* Lb,*) Mp-

Proof We take x = « (since the proof for the case x = 3 is identical). Let w, € £,
and wy € (y and write w = wywy.

By (2.3) and (2.5), Lfi” E) and Lf;fy) is a pair of interpolating functions for f. In
particular, det(M,) divides both ‘

ZZL&“E) — m;lLf;jz) and — mfyngfg) + m?lL(ng)

over D) (Gpeo, F). Therefore, the distributions
My sLaa —my Lga and = mj,Laa+my Lya
vanish at all characters of the form w = wpwy. This implies that

(wyp) (wp)
(mggLa,a - mg,ﬂﬂa) Y= (_mf,zLa-,a + m?,lLﬂ,a) " =0,

since these two distributions lie inside D) (Gpes, F') for some F' with r < 1, and they
vanish at an infinite number of characters for each of their isotypical components.
Hence, det(M,) divides

p
My Lo —my Lgo and  —mj Lao+m) Loa
over DU (Gpeo, F). Let

mg,zLa,a - mgﬁlLB,a _mll)‘zLa.a + m‘lilLﬁ,a
Lyo = and L, := :
det(M,) det(M,)

We can then conclude as in the proof of Lemma 1.4. ]

Lemma 2.4  Let w be a character of Gpeo of conductor p"* 9" with ny, ny > 1. There
exist constants D,, and E,, in F such that

6DL0¢,0¢(W) =a "D, 8DL(L/1(W) = 37" D,,,
OpLpalw) =a ™E,,  Oylgs(w) =B "E,.

Proof We only prove the result concerning 9,L,  and 9,L, 3. Fix an wy € Q5. By
(2.7) and (2.8), we have

BLE) (wy) = o LS (wy)
for all wy € Q. But L(OZE),LE,/“:‘;) € DV (Gpee, F') for some F'. As r < 1, this implies
that

8L = L.

In particular, their derivatives agree, that is
B 0,LL%) = a0, L.

«,f =

But for a general u € D("'S)(Gpoo , F), we have
Op (M(wi)) (wp) = Opp(wpwy)
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for all wy, € Qy, hence
Bnﬁapl’a,ﬁ(w) = anﬁapLa,a(w)

as required. ]

Proposition 2.5 Forx € {#,b}, there exist L, 4, L., € D®0(G e, F) such that
(2-8) (L*,a L*.ﬂ) = (L*,# L*,b) MB

Proof Let us prove the proposition for x = #. Let w, € Q, and wy € )y and write
w = wpwy. Recall that

Ly o det(Myp) = m} Lo — mb Lse

for ¢ € {a,B}. Since det(M,) is, up to a nonzero constant in F*, equal to
logp(l +X) /X, we have det(M,)(w,) = 0 and J, det(M,)(wp) # 0. On taking par-
tial derivatives, Lemma 2.4 together with (2.3)—(2.6) imply that

K,

brel) = (O ety ()

where K, is the constant
m;’z(wp)Dw + 8pm§ﬁ2(wp)a_”“cw — m;](wp)Ew — Gpm;l(wp)ﬁ_""()w.

In particular, we see that Lf;_”g) and Li‘_‘g) is a pair of interpolating functions for f, so we

can proceed as in the proof of Proposition 2.3 (with the roles of p and p swapped). W

Combining the factorisations (2.7) and (2.8), we obtain Theorem 2.2. Note that
our proof is very different from that of [Loe13, Corollary 5.4]. In fact, it only relies on
the properties of logarithmic matrices as specified in Definition 1.3. Therefore, if we
replace M, by any logarithmic matrices, Theorem 2.2 still holds. For example, one
can take M, to be the noncanonical logarithmic matrices mentioned in Remark 1.6.
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