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Abstract

Most metrics between finite point measures currently used in the literature have the flaw
that they do not treat differing total masses in an adequate manner for applications. This
paper introduces a new metric d; that combines positional differences of points under a
closest match with the relative difference in total mass in a way that fixes this flaw. A
comprehensive collection of theoretical results about dy and its induced Wasserstein
metric dp for point process distributions are given, including examples of useful
di-Lipschitz continuous functions, d» upper bounds for the Poisson process approx-
imation, and d» upper and lower bounds between distributions of point processes of
independent and identically distributed points. Furthermore, we present a statistical test
for multiple point pattern data that demonstrates the potential of d; in applications.
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1. Introduction

The two metrics most widely used on the space 1 of finite point measures on a compact
metric space (X, dp) are the Prohorov metric ¢ and the metric d; that was introduced in [3]. We
use 8 to stand for the Dirac measure at x. For§ = Y 7" 1 8, n = > 1 8y, € M,anddy < 1,
the metric d; is given by

1 n
m@ngﬁ;;@mym> (1.1)
1=
ifm =n>1anddi(§,n) = 1ifm n, where I1, denotes the set of permutations of

{1,2,...,n}. The gap between d| = dl(1 ando A 1= dl(oo) can be bridged by metrics dl(p),
where the average in (1.1) is replaced by a general pth order average (see [23]).

All of these metrics are good choices from a theoretical point of view, because they metrize
the natural vague topology on 1. Furthermore, d; has especially been highly successful as
an underlying metric for defining a Wasserstein metric d> between point process distributions:
letting $2 = {f: N — [0, 1]; | f(&) — f(n)| < d1(&, n) for all £, n € N}, we set
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FIGURE 1: The left is a realization of 99 independent and uniformly distributed points and the right is the

same as the left except that an additional point is added. Intuitively, we would say both point patterns are

very similar. However, the d-distance between the two is maximal, whereas the d,-distance is only 0.01
(out of a possible range of [0, 1]).

for any two probability measures P and Q on 91. Numerous useful upper bounds in this metric
have been obtained, including the results of [3], [6], [9], [11], [12], [22], and [23], which for
the most part assume that one of the probability measures involved is a Poisson (or compound
Poisson) process distribution. Such estimates can be used to compare the distributions of
point pattern statistics S(Z), where S € #;, for different underlying point process models,
since the Wasserstein distance dw (L (S(Z2)), L(S(E"))) (see [8, pp. 254-255]) is easily seen to
be bounded by d»(L(ZE), L(E")). For a concrete example where this was exploited, see [21,
Section 3.2].

However, there are certain limitations with respect to the practical applications of the
metric d; (as well as of the other metrics between point measures that were mentioned), which
are mainly due to the fact that d; (£, n) is always set to the maximal distance 1 if the total
numbers of points of the point patterns £ and n disagree. Such crude treatment results in a
metric that does not usually reflect very well our intuitive idea of two-point patterns being ‘far
apart’ from one another if the cardinalities of the point patterns are different, as can be seen
from the extreme case illustrated in Figure 1. This flaw is, in our opinion, the main reason
why such metrics have not been taken up in more application-oriented fields, such as spatial
statistics.

In the present paper we introduce a new metric dy, which refines the metric d; in the sense
that d (&, n) = d; (&, n) if the cardinalities of the two-point patterns £ and 1 agree, but d; (£, 1)
can take general values in (0, 1] if the cardinalities disagree. In particular, d; assigns a large
distance if the difference in the numbers of points is large compared to the total number of
points in the point pattern with more points, and it takes the quality of point matchings into
account even if the total numbers are not the same.

While dj is a slightly weaker metric than 1, it still metrizes the same topology as dy, and
its induced Wasserstein metric d, still metrizes convergence in distribution of point processes
and provides an upper bound for the Wasserstein distance dw (L(S(Z)), L(S(E"))) for many
of the useful point-pattern statistics S that d» does. As far as Poisson process approximation is
concerned, we are able to obtain better bounds in the dy-metric than in the stronger d-metric
for a wide range of situations. Furthermore, we present a simulation study that assesses the
powers of certain tests based on d; and demonstrates its usefulness in spatial statistics.
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2. Definition and elementary properties

Let (X, do) be a compact metric space with dyp < 1, on which we always consider the Borel
o-algebra 8. Denote the space of all finite point measures on X by 91 and equip it as usual
with the vague topology and the o -algebra N generated by this topology, which is the smallest
o-algebra that renders the point counts on measurable sets measurable (see [15, Section 1.1,
Lemma 4.1, and Section 15.7]). Recall that a point process is just a random element of 1.

Definition. Let d; be the symmetric map 9> — R, that is given by
1 m
dig,m =~ (;ng] Z; do(xi. y(iy) + (n — m)>
1=

for& = Y11 8o =Y -, 8y, € Nwith n > max(m, 1), and d, (0, 0) = 0.

In essence, we arrange for £ and 7 to have the same number of points by introducing extra
points located at distance 1 from X, and then take the average distance between the points
under a closest match (which is the d;-distance).

Proposition 2.1. The map d; is a metric that is bounded by 1.

The proof of this proposition, as well as further proofs that are of a more technical nature
and would otherwise disrupt the flow of the main text can be found in Appendix A. It is
convenient to introduce the ‘relative difference metric’ dr on Z., which is given by dr (m, n) =
|m — n| / max(m, n) for max(m, n) > 0. The triangle inequality for dr follows immediately
from the triangle inequality for d,, because we have dg (m,n) = d (méy, néy).

Proposition 2.2. The following statements about d hold.

() dr(€l.In) <di(§.n) <di(&.n) forall§,n €N
(ii) di metrizes the vague (weak) topology on N.
(iii) The metric space (M, dy) is locally compact, complete, and separable.

Next we define the metric d> on the space P(IN) of probability distributions on (N, N) just
as the Wasserstein metric with respect to dj.

Definition. Let £ = {f: 0t — [0, 11; | f(§) — f(n)| < d1 (£, n) for all £, n € N}. Then set

fro oo

Since this is exactly the Wasserstein construction (the fact that we restrict the functions in
%, to be [0, 1]-valued has no influence on the supremum, because the underlying d;-metric is
bounded by 1), it is clear that d is a metric that is obviously bounded by 1, and we can easily
derive basic properties. For two probability distributions @ and v on Z, write drw (i, v) =
ming~,, N~v E[dr (M, N)], which is the Wasserstein distance with respect to dr (compare
Proposition 2.3(i), below). The minimum exists because (Z, dr) is complete (compare the
proof of Proposition 2.3(i) in Appendix A).

d>(P, Q) = sup
fek

for P, Q € P(MN).
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Proposition 2.3. The metric d, satisfies

(i) d2(P, Q) = ming~p,u~¢ Eldi(E, H)] for all P, Q € P(N);

(i) drw(L(IE]), L(H]) < d2(L(E), L(H)) < do(L(E), L(H)) for any point processes E
and H;

(ili) d» metrizes the weak togology on‘B(N), sothat &, ) ifand only ifc?z (L(Ep), L(B)) —
0 as n — oo, where ‘=’ denotes convergence in distribution.

3. Lipschitz continuous functions

By the definition of da, upper bounds for a distance d>(L(Z), L(H)) also bound the difference
|E[f(E)] — E[f(H)]| for any f € F>. Tt is thus of considerable interest for the application
of estimates such as those obtained in Section 4 to have a certain supply of ‘meaningful’
d;-Lipschitz continuous statistics of point patterns (where we do not worry too much about the
Lipschitz constant, as it will only appear as an additional factor in the upper bound).

For the case of the dj-metric, a selection of such statistics was given in Section 10.2 of [8]
and in Subsection 3.3.1 of [20]. Since d; is in general strictly smaller than dj, we cannot
reasonably expect all of these functions to lie in . However, we are able to recover many
of the most important examples, which is illustrated by the two propositions below. This is
mainly due to the fact that these functions take all the points in the pattern into account without
fundamentally distinguishing how many there are, which is a situation where a d;-Lipschitz
condition typically provides too much room in the upper bound.

Our first proposition concerns certain U -statistics with Lipschitz continuous kernels (the
former are usually considered for a fixed number of points, but the extension is obvious). See
[16] for detailed results about such statistics.

Proposition 3.1. Suppose that Y O X, and extend the metric dy to Y in such a way that it
is still bounded by 1. Fixl € N = {1,2,...}, and write Yy, = {§€ € M; |&] > I}. Let
K : Yl — [0, 1] be a symmetric function that satisfies

()
1
K .. our) = K, .., o) < 7‘Zdo(u,-,v,‘)
i=1
foruy, ... u, vy, ..., €Y
(i) for every N € N, there exist iy, ..., un € Y such that, for any k € {1, ...,1} and any
selection 1 <ij < --- < iy < N of k indices,
K(IZH’IZIQ’"'7ﬁikvuk+lvuk+2’"'71'{1) 2K(MI,MZa'-~,Mk,”k+lyuk+27-~~au1)
foralluy,uy, ..., u; € X;

(iii) foreveryk € {1,...,1}, we have
K@i, up, oo Uy, U1, U2, oo up) < K@Uy, un, ooy Uy Uk 1, U2y -« -5 UT)

foralluy,us, ..., u; € X.

https://doi.org/10.1239/aap/1222868180 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1222868180

A new metric between distributions of point processes SGSA e 655

Define f: 4+ — [0, 1] by

—1
f&) = (’7) > KXo xi)

1<ii<ipg<--<ij<m

for&E=>", 8y, € Nwithm > 1. Then there exists an extension F of f to the whole of M
such that F € 5.

One possible choice for the function K in the above result is half the interpoint distance,
ie. K(uy,ur) = %do(ul,uz) forall uj,ur € X. If X c RP = Y for some D € N and
do(x,y) = |x —y| Al forall x, y € RP, we can consider more generally the diameter of the
minimal bounding ball, defining

1
Kuy,...,u) = 7 min{diamg(B); B C RP closed Euclidean ball with ui,...,u; € B}

for/ >2anduy,...,u; € RP, where diamg(B) = sup{dp(x, y); x, y € B}. It can be shown
that this again yields a function K that satisfies (i)—(iii) of Proposition 3.1.

The second proposition looks at the average nearest-neighbor distance in a finite point pattern
on RP. This statistic gives important information about the amount of clustering in the pattern.

Proposition 3.2. Ler X C RP, and let do(x,y) = |x — y| A1 forall x, y € RP. Define the
Sfunction f: Yy — [0, 1] by

lm
— ; do(xi . x:
f&) mzje{l}}}.r}’m} o(xi, x;)
=1

for& =31 8y, € Mwithm > 2. Then there exists an extension F of f to the whole of M

that is dy-Lipschitz continuous with constant tp + 1, where tp denotes the kissing number in
D dimensions (i.e. the maximal number of unit balls that can touch a unit ball in RP without
producing any overlaps of the interiors; see [13, Section 1.2] for details).

Proof of Proposition 3.1. Fix a point xg € X, and define
FE) = fE +U—18D%8x)
forevery &' € M. Ttsuffices to show that | f(§)— f ()| < di (&, n)for&, n e Mwith €], || > 1,
because this implies that
IFGE) = FOI = 1fE + A= 18DT8x) = f(' + T = ') 8x)]

<SdiE + A —1ED 8 1"+ = 1))

<di(.n)
forevery &', n' € M. Thenlet& = Y /L 8y, and n = Y i, 8y, where m, n > [ and, without
loss of generality, m < n (because of the symmetry of the inequality that we would like to

show). We add n — m points xp41, ..., X, to & in one of the following two ways depending
on whether f (&) > f(n) or f(§) < f(n), and call the result £ = ZL] By, -
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If f(¢¢§) = f(n), let xpyqr = ur,1 <r < n —m, for points uy, ..., i,—,; chosen as in
assumption (ii) with N = n — m. It follows that

-1
f& = (’;) Y K@iex)

1<ij<--<ij<n

z(io<’7><j:’7>>1§ Z K (xiy, ..., Xi)

J I<ij<--<ij<m
m+1<ijij<--<ij=<n

-1
> <";) 3 Ky x)

1<ii<--<ij<m
= f().

The inequality is a consequence of the fact that (le=0 aj)/ (Z[jzo bj) = ai/bjifaj/b; > a;/b
for every j; and the latter condition holds because, for max(0,/ —n +m) < j <[ — 1 (since
aj =b; =0if j <[ —n+ m, these pairs can be ignored altogether),

—1 -1
06D e

I<ij<--<ij<m
m+1<ijip<--<ij<n

-1 —1 N —1
() (77 L= ()
J = J I<ij<--<ij<m = J
m+1<ijij<--<ij<n

X E K(x,-],...,xij,xrjﬂ,...,x,l)
I1<rjy1<-<r<m
{rjttserinfin,....ij} =92

—1 N —1
m m—j
=() < ) E § K(xi]a'-~axij7xrj+1a~-‘yxr1)

[ — i
J J I<ij<--<ij<m I<rjy1<-<r<m
{rjst,ornlin,....ij}=2

/ —1 !
O 6T

1<ij<--<ij<m
-1
m
z(l) S K mi),
1<ij<--<ij<m

where the inequality follows by assumption (ii) and the symmetry of K.

If, on the other hand, f(£) < f(n),letx,,+, = x1, 1 <r < n—m. Itfollows, in exactly the
same way as for the first case, only this time with ‘>’ replaced by ‘<’ and using assumption (iii)
instead of assumption (ii), that f (é ) < f(&).

In total, we thus obtain

1FE) — fFMI<1fE) — f] <diE,n) =di(E,n) <di(E, ),

where the second inequality follows from the d; -Lipschitz continuity of the functions considered
in Proposition 2.A of [23].
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Proof of Proposition 3.2. Fix arbitrary ag, o1 € [0, 1], and define F(§) = o; if |§| =i €
{0, I}and F (&) = f(&) otherwise. Leté = Y 1" | 8, andn = Y7 | 8y, where, without loss of
generality, we assume that m < n. Since |F(§) — F(n)| <1 < (rp + 1)% < (p+1)di(,n)
if m € {0, 1} and n > m, the Lipschitz inequality remains to be shown for n > m > 2 only.

As before, we bring the cardinalities to the same level. Let § = Z?:l dy,;» where the points
Xm+1, - - - » X are chosen in the following way. If f(&) > f(n), let x;y+1, ..., X, be arbitrary
pairwise distinct points in R? that are at do-distance 1 from each other and from X. Hence,
f (&) > f(&) because, for each of the added points, the distance to its nearest neighbor is 1,
which is maximal. If, on the other hand, f(§) < f(n), let xy41 = -+ - = x,, = x1, whence it
is immediately clear that f(£) < f(£) because, for each of the added points, the distance to its
nearest neighbor is 0.

In total, we obtain

£ &) = fFI <1fE) = fFI < (zp + Ddi(E, m) = (tp + Ddi (€, n) < (zp + Ddi (5, ),

where the second inequality follows from the d;-Lipschitz continuity of the average nearest-
neighbor distance considered in Proposition 2.C of [23].

4. Distance estimates in &2

In this section we present upper bounds for some essential da-distances, which all clearly
improve on the bounds that are available for the corresponding d>-distances. However, the
improvement in general results of this type is not always as much as we would hope it to be,
and it seems that considerably better bounds can be obtained by a more specialized treatment
(see, for example, Subsection 4.2).

4.1. Poisson process approximation of a general point process
Using the fact that

Ah(E) = A(h(S +8a) — h(E)A(de) + /x(h(é — o) — h(§))§(dar), £eMN, 4D

is the generator of the spatial immigration-death process whose steady state distribution is
the Poisson process with expectation measure A, Barbour and Brown [3] established the Stein
identity for the Poisson process approximation as

AR(E) = f(&) —Po(h)(f) (4.2)

for suitable test functions f on 1. The solution of (4.2) is given by

hy(§) = —/O (BLS (Ze (1)1 — Po()(f)) dt, (4.3)

where Z;¢ is an immigration-death process with generator + and initial point pattern Zg (0) = &.

Using (4.2) and different characteristics of point processes, we can establish various versions
of Poisson process approximation error bounds (see [3], [4], [7], and [12]). To keep our text
concise, we present here a slightly simplified version of the main result in [12] only; it is an
obvious exercise to apply our estimates (4.4) and (4.5), below, to get parallel results in the other
papers mentioned above.
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We assume that, for each @ € X, there is a Borel set A, C X such that « € A, and the
mapping
X xN—> X xN: (,8) — (o, §lac)

is product measurable, where &|4c stands for the point pattern of & restricted to Ag, (see [15,
Section 1.1]). Such arequirement can be ensuredby A = {(x, y); y € Ay, x € X} measurable
in X2 (see [12]). We define, for any function . on 1,

Ah(§) = sup |h(§ +8a) — h(5)I,

A’h(E) = sup  |h(n+8s +8p) —h(n+8,) —h(n+8p) +h()l,  &eMN
n—&£eMN, a,f€X

Theorem 4.1. (Chen and Xia [12].) For each bounded measurable function f: N - Ry, let
hy be solution (4.3) of (4.2). If B is a point process on X with expectation measure ) then

|E[£(E)] — Po(M)(f)]

sEfozhf(Eu;)(s(Aa) — DE(da)
+E/x|<hf<E|Ag)—hf<E|Ag+5a)>—(hf(aaug)—hf(aaug+aa>>|i<da)
-I-E/ A% (Blae) E(Aa)A(da),
X

where By is the Palm process of & at location o € X (see [15, Chapter 10]).

Error bounds for the Poisson process approximation as in Theorem 4.1 (see [3], [4], [7],
and [12] for full details) pivot on the estimates of Ah ¢ and A%h f- The following proposition
summarizes these estimates for d.

Proposition 4.1. Let

Ah(§; o) = h(E + 8q) — h(8),
A’h(Eia, B) = h(E + 8o +8p) — h(E +80) — h(E +8p) +h(E), &eM o peX.

Then, for each d,-Lipschitz function f, we have

4.4)

, 0.95+Intx 1 —e M
[Ahy(§; )| < ming1, ,

A T OEIA A
1 1.09 +1 21n A
EIALJE|+1 A7 A

|A2hp(E; o, B)| < min{0.75, 1i5>1.76) +0.75 1{)L<1.76}},

(4.5)
where (1 —e%)/0 = 1 and ) = A(X).

Proof. Forconvenience, we write |§| = nand |Zg ()| = Zg(t). Let Ty and 72 be independent
exponential random variables with mean 1 which are also independent of Z¢ ; then we can write

Lig s, (t) = ZLg(t) + o iz >1}s Lg1sp(1) = Lg (1) + 8 Lizy>1)s
and  Zgys,+85 (1) = Zg (1) + 8 Vg1 +6p Lizy>1y -
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Hence, it follows, from (4.3) and the d;-Lipschitz property of f, that

[Ahy(€; )| = ‘/0 e "E[f(Ze(1) + 84) — f(Ze (1)) dt (4.6)
- / me_’E[;}dt @)
0 Ze(t) +1
< /ooe*’ dr
0
— 1.

Also,

|A%hy (& a, B)| = 'fo e_ZIE[f(Zg(t)'Ffsa+3ﬁ)—f(Zs(l)+5a)

— f(Ze(t) +6p)+ f (Zg(t))} dr (4.8)
s/ooe‘sz[ L1 }dt (4.9)
0 Ze)+2  Zs()+1
<15 /OO e 2 ds
0
= 0.75. (4.10)

However, since Zg has constant immigration rate 2 and unit per capita death rate, it is possible
to write

L (1) = Zg(t) + De (1),
where D is a pure-death process with unit per capita death rate independent of Zg. Direct

verification shows that Zg(¢) follows the Poisson distribution with mean A; = A(1 —e™),
while |Dg (¢)| follows Bi(|€[, e™). Hence,

|: 1 i| [ 1 ] 1 —exp(—As)
. <E _ , (4.11)
Ze() +1 Za(h) + 1 Y
1
E[;} =/ E[x%®W]dx
Zg(t) + 1 0
1
= / (1 —e~"(1 = x)" exp(—=A(1 — x)) dx
0
1
< / exp(—(ne~" + ) (1 —x)) dx
0
- /1 e (1A (1=2) 4
—Jo

1— e—n/\k

= 4.12
nAA ( )
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and, similarly,

E[;} = /1E[xzé<”“]dx
Ze(t) +2 0

1
- f x(1—e™"(1 —x))" exp(—A, (1 — x)) dx
0

1
5/ xe—(nAk)(l—x)dx
0

1 1
- (1=
nAA (nAA)z( ©

ARy, (4.13)

The claim

0.95+1In" A
[AhpE ) = ———— (4.14)

is obvious for A < 0.95 as the right-hand side is already greater than 1, so it remains to show
(4.14) for A > 0.95. Combining (4.7) and (4.11), with s = 1 — e™?, we obtain

1 —exp(—X;) Tl —e s 1 /e
AhpE a)| < 2 dr=| ——ds<—-[— +Inx ,
| f(éa)|_/0 e )»z /0 )\S s_)\ T +InA+y

where y is the Euler constant and the last inequality is due to items 5.1.39 and 5.1.19 of [1].
For0.95 <A <1, e_)‘/k +InA+y < e !+ y < 0.95, since e_)‘/)\ + In A + y is increasing
for A > 0.95, and, for A > 1, e_k/k +y < e !l 4+ y < 0.95, because the function e_k/)» +y
is decreasing, completing the proof of (4.14). The last claim in (4.4) is easily obtained from
(4.7) and (4.12).

We then apply (4.12) and (4.13) in (4.9) to obtain

0.5 1
A’hi(Ea, B)| < 2—e MM o (1 —eM 4.15
| f(éfocﬂ)l_nm( e nM( e ") (4.15)
1
< . 4.16
= (4.16)
Now, we show that
A2 ) <~y ] @.17)
PSP =0T T :

As a matter of fact, by (4.10) and (4.16), (4.17) clearly holds for n = 0 and n > X; hence, it
remains to show (4.17) for 1 < n < A. Using (4.15), it suffices to prove that

0.5(m+1)

(2 —e " — l(1 — e‘”)) < 1.09. (4.18)
n n

However, forn > 12,

0.5(n + 1 1 113
OS5t A D () e L ey oL B,
n n n 12

while, for 1 < n < 11, we can verify (4.18) for each value of n.
Finally, we prove that

5 2In A
[AhyE;a, B)| < > 1p>1.76) +0.75 11<1.76) - (4.19)
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Claim (4.19) is evident for A < 1.76, so we assume that A > 1.76. On the other hand, if Y
follows Po(v) then

1 1 1 v—1+e™
E =E - = .
Y +2 Y+1 (Y +DY+2) v2

Therefore,

R B S
ZeO+ 1 Zen +2 Zo+1 " Zo)+2
i 2)\.; -1 + (1 - )\.t)exp(—)\.t)

)

which, together with (4.9), ensures that

o0 20 — 14+ (1—2 —A
o2 2 + ( 1) exp( t)d[

A%h (€ @, B)| sf

0 A7
1 —AS
2is — 1 1—A
:/(l—s) s+ d Zhoe ™
0 )\2S2

3 2(1—e™?) 2 1 Al—et
=‘2+T+(X+Tz>/o o
3 2(1—e?) 2 1\/e™*
‘X+T+(2U—z)(7“‘””)

2 e (2 Dty
e —+ — ]dn
AT T LT Y

=a(),

where the first equality is obtained by the change of variable s = 1 — e~ and the last inequality
is obtained from items 5.1.39 and 5.1.19 of [1]. Now, b(A) = a(A)A — 21In X is decreasing in
Afor A > 1 and b(1.76) < O, which implies that a(X) < 21InX1/X for A > 1.76, completing the
proof of (4.19).

The following counterexample, adapted from [10], shows that the logarithmic factors in (4.4)
and (4.5) cannot be removed.

Example. Let X = {0, 1} with metric do(x,y) = |x — yl, let A satisfy A1} = 1 and
A0} = A — 1 > 0, and define a d;-Lipschitz function on 1 as

1 :
ro=Ern =0
0 if £{1} > 0.

Using the facts that Z g (¢) {0} follows Po((A—1)(1—e~")) and that Z & (¢) {1} follows Po(1—e ™),
we have, from (4.6) and (4.8), as A — 00,

. _ * —t 1 _
|Ah 4 (2; 1)|_/0 e E[—Zg(t){0}+li|P[Zg(t){1}_O]dt

_ /OO - 1 —exp(=(A — 1)(1 —e™))
0

— _ a1
0D _en  opCU-ed
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1] _e—(=Ds
= / (—e_x ds (wheres=1—e™)
0

A—1s
—1 A—1 —u
e 1—e
> / du
r—1 0 u
_ InA
Y

and

2 . _ *© —2t 1 _
IA h(®,1,1)|_/0 e E[—Zg(t){o}H]P[Zg(t){l}_O]dt

@] _ _ _ _
=/ o2 Lm0 - DA =) o _ ey

*r=DA—e)
e—(—Ds

[ (1— e ®ds (wheres=1—e™)

)s
— A— 1 u 1 —e
/ 1-— du

)» —1 0 A—1 u

In A

T

In both inequalities notation of the form a(A) < b(A) means that there are constants k1, kp > 0
and Ap > 0 so that kjb(A) < a(X) < kab(A) for every A > Ag.

Remark. Comparing the Stein factors for d; (see [26, p. 146]) with (4.4) and (4.5), we can
easily see that there is a substantial improvement for the Stein factor in (4.4), while the Stein
factor in (4.5) is essentially of the same order as the counterpart for d». To capitalize on the
improvement in (4.4), it is advisable to use the ‘first difference approach’ (see [25]) in bounding
Poisson process approximation errors (see Remark 4.1, below, for more discussion).

As noted before, d is the same as d; when the point patterns have the same number of
points, while it is smoother than d; when the point patterns do not have the same number of
points. On the other hand, for any two-point processes Z and H on X, we have

E[di(2,H)] = E[d1(E, H) | |E] = [H|]P[|E| = [H|]] + P[|E] # [H]]. (4.20)

When we consider P[|E| # |H|], which corresponds to the total variation distance between the
distributions of the total number of points of the two-point processes (see [4]), there is no such
logarithmic component in Stein’s factor, which means that the logarithmic component in d;
was brought in only by the discrepancies in the locations of points when the point patterns have
the same number of points. However, this problem is shared by d, that is, the Stein factors for
d; will inevitably have the logarithmic component as well.

It is also worthwhile to note that, since E[d(E, H)] replaces the term P[|E| # |H]]
in (4.20) with a smaller E[dr (| E|, |H|)], we would expect a bigger improvement on bounding
d>»(L(E), L(H)) when P[|E| # [H|] is ‘dominant’ at the right-hand side of (4.20) under the
best coupling. Such an improvement is obtained in the next two subsections.

4.2. Poisson process approximation of a Bernoulli process

Let X = [0, 1] with dp(x, y) = |x — y|, and let X1, ..., X, be independent and identically
distributed (i.i.d.) Bernoulli random variables with P[X; = 1] = p. Then E = Z?:l Xi8i/n
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defines a Bernoulli process on X. If we let Ty, 11, ..., T, be i.i.d. uniform random variables
on X which are also independent of {X1, ..., X, }, then

n
Y =) Xiby,
i=1

defines a binomial process on X (see [19, p. 29]). By [27],

= 1.»r !
> (L(E), L(Y)) < <2n + 2) N @21

To estimate da (L(Y), Po(i)) with 5»( dx) = np dx, we employ Stein’s method for the Poisson
process approximation. As a matter of fact, it follows from (4.1) that

E[AR(Y)] = E|:/ (h(Y 4 84) — h(Y))A(da) + / (h(Y —bq) — h(Y))Y(da)i|
% by

=npE[h(Y +87) — h(¥)] + > _E[h(Y') — h(Y' +57,)1p
i=1

= npE[(h(Y + 81,) — h(Y)) — (h(Y' + 87,) — h(Y '))],
where Y! =Y — X;87,. Define

(W) =ELh(Y +81) —h(Y) | Y| =i] = E[h(ZaT,) — h(ZaTjﬂ.
j=0 j=1

Then
|E[AR(Y)]| = np| E[g(|Y]) — g(1Y D]
=np?|E[g(IY'|+ 1D = g(1Y'D]]
< 2np?liglldrv (LAY D, LAY + 1)), (4.22)
where ||| denotes the supremum norm and, for any two nonnegative integer-valued random

variables U and U>,

drv(L(UY), L(U2)) = 3 sup E[g(UD] — Elg(U2)].
g Zy—[-1,1]

On the other hand, by Lemma 1 of [5],

1
2/ =DpdT=p)’

drv LY, LAY+ 1) < max PlY!=il<1A
0<i<n—1

and using (4.4), we have, for f € 55'2,

E[AR ()] < (0.95 + In*(np)) p
VN e e

which implies from (4.2) that

i} . (0.95 + Int(np))p
d>(L(Y), Po(h)) = E[Ah (V)] < .
2(£0), Poh) = sup [BLA (V)] = 70—

Now, collecting (4.21) and (4.23) gives the following theorem.

(4.23)
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Theorem 4.2. With the above setup, we have

P . 1 p 1 (0.95 + Int(np))p
(L(E), Pod) = (Zn - 2> N 12V Ya o hpd -

Remark 4.1. The main idea for getting the sharp bound in Theorem 4.2 is to use the ‘first
difference (of /) approach’ to obtain (4.22). If we use (4.5) in Theorem 4.1 then the bound
obtained will be much the same as that for the d>-distance except with a smaller constant.

Remark. Animmediate consequence of Theorem 4.2 is that, if n is large, it is almost impossible
to distinguish between the distributions of the two processes. It is quite a contrast to the
conclusion under d, where it is essential to have a very small p as well as a large n to ensure a
valid Poisson process approximation (see [24]). In practice, statisticians would use a Poisson
process rather than a Bernoulli process when 7 is large, confirming our conclusion under d;.

Remark. Itis a tantalizing problem to remove the In™ A term in the upper bound. We conjecture
that, at the cost of more complexity, the actual bound should be of order (1/n + p)/(1V /np).

4.3. Point processes of i.i.d. points

In this subsection we pursue a more direct approach for computing bounds of d»-distances.
While Stein’s method, which was used in the previous two subsections, excels by its versatility,
the direct approach performs well in the special case where both point processes have i.i.d.
points and yields an upper as well as a lower bound.

LetE = Z,Ail dx;, andH = vazl dy,, where M and N are integer-valued random variables,
(Xi)ien is asequence of i.i.d. X-valued random elements that is independent of M, and (¥;);eN
is a sequence of i.i.d. X-valued random elements that is independent of N. Denote by dw the
Wasserstein metric between random elements of X with respect to dp.

Proposition 4.2. We have
max (drw (L(M), L(N)), crdw (L(X1), L£(Y1)))
< d2(L(E), L(H)
< drw (L(M), L(N)) + c2dw (L(X1), L(Y1)),

where
c1 =c1(L(M), L(N)) = max(P[M > 0], P[N > 0])
and
¢y = c(L(M), L(N)) = E[M I{ng,>0}i| < min(P[M > 0], P[N > 0])
Mv N

for random variables M and N that are coupled in such a way that
E[dr (M, N)] = drw (£(M), L(N)).

Remark 4.2. An interesting special case is given if E and H are Poisson processes. For finite
measures [t and D on X, we obtain, from Proposition 4.2,

dr(Poit), Pod)) < - 4 (1 = eW”))dwe’ K>,
[TAYAY JTY)

https://doi.org/10.1239/aap/1222868180 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1222868180

A new metric between distributions of point processes SGSA e 665

which is an improvement by a factor of order 1/./ Vv for u, v — oo in the first summand
when compared to a corresponding d>-bound (see, for example, [9, Equation (2.8)]). Estimation
of the drw-term was achieved by considering a Poisson process Z on R with intensity 1 and
defining a coupling pair by M = Z((0, u]) and N = Z((0, v]).

Proof of Proposition 4.2. Upper bound. Let M Z Mand N 2 N (where ‘2’ denotes equal-
ity in distribution) be coupled according to a drw-coupling, so that

M—N
[|M—v1\7| 1{Mv1\7>0}] = drw (L(M), L(N)),

and let X; = X and Y; = Y with E[do(Xl, Y)] = dw(L(X1), L(Y})) for every i € Nin such
a way that the pairs (M N ), (X 1 Y DR (Xz, Yz) .. are independent. We then obtain

)

- MAN
|M — N| ] |:1{M\/N>0 ]
<E|l—1,; % +El ———— d X,Y
|:MVN {MVN >0} MV N Z o(Xi, Yi)

M
dr(L(8), L(H)) < E[cil (Z 85,
i=1

=

which, by the independence between (1\71 , N ) and {(X iy 17,'), i > 1}, and the assumptions on the
distributions of those pairs, yields the upper bound claimed.
The bound for the factor ¢; follows from

M AN
E|: 1

— ]5P[1\7I>0,1\7>0]
MV N

{MVvN=>0}
and P[M =N= 0] = min(P[M = 0], P[N = 0]), the proof of which is straightforward.

Lower bound. Let Fy, = {g: X — [0,1]; |g(x) — g)| < do(x,y) forallx,y € X},
and let ¢ € F};; be a mapping with |E[g(X1)] — E[g(YD)]| = dw(L(X1), L(Y1)). Such a
mapping exists by dw (L (X 1), L(Y1)) = SUPge |E[g(X1)]—E[g(Y1)]], where the supremum
is attained because T‘;‘, is a compact subset of C(X, R) by the Arzela—Ascoli theorem, and the
mapping [g — | E[g(X1)] — E[g(Y1)]|] is continuous (both statements are with respect to the
topology of uniform convergence).

Define f: 91 — [0, 1] by

- 1
f(E)=—/ g(x)&(dx)
&1 Jx

for & € 91\ {0} and f (0) = E[g(X)]. Next we check that f € F. Itis immediately clear that
|f&) — f(0)] <1=d(£,0)if& € M\{0}. Thenleté = Y 1", 8, andn = >_1 8y, both be
in 91\ {0}, where we assume, without loss of generality, thatm < nand f(&) > f ) (otherw1se
interchange & and n and/or replace g by 1 — g € ;) and that the points are numbered according
to a d}-pairing such that

1/ -
;(Zdo(xi, yi) + (n — m)) =di(§,n).

i=1
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Letk € arg max; _; ,, g(x;) and x; = xg form 4+ 1 < i < n, which implies that
1 « 1 o
F@® = Fol=—% g -~ &0
i=1 i=l1
| |
- 2g<x,-> - Eg(yi)
= 1=

1 n
=Y " do(xi, y)
n i=1

<di(&, ),

IA

IA

and, therefore, f € f';z.

Choose pairs (1\71, N), (f(l, )71), (f(z,j’z), ... in the same way as for the proof of the upper
bound (although the coupling of X; and Y; in each of the pairs is not important now). We obtain

i(Ese)] -4/ (5w)]

N
= ‘E[(ﬁ Zg(Xi) — ﬁzg(yj)> 1{1&1>0,1\7>0}]

dr(L(B), L(H)) >

1o .
+ E[(ﬁ D EX) — Eg(xo) 1o Nzo}}

1 &
+ E[<E[§(X1)] Y Zg(yj)) 1{M:0,1\”/>0}”
=1

= [(E[§(X1)] — E[g(Y1)])P[M > 0, N > 0]|
+ (E[§(X1)] — E[g(Y))]) P[M =0, N > 0]|
=dw(L(X)), L(Y))P[N > 0].

Since the above argument is symmetric in E and H, we obtain the lower bound when combining
it with Proposition 2.3(ii).

5. A statistical application

In order to show the potential of d; and d> in statistical applications, we propose a test
procedure based on these two metrics. For the following construction, only some of the
elementary statements in Section 2 are required, but none of the results from Sections 3 and 4
are used. Suppose that our data consists of a few i.i.d. realizations of a point process E, and we
would like to testif & ~ P for a certain probability measure P on ). Such multiple point-pattern
data may arise, among other examples, from recording degenerate cells in tissue samples or
plants in a large population that is sampled only via a few comparatively small windows.

https://doi.org/10.1239/aap/1222868180 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1222868180

A new metric between distributions of point processes SGSA e 667

In what follows, we restrict our attention to a test for spatial homogeneity under the assump-
tion that E is a Poisson process on W = [0, 11? with unknown expectation measure . This
limits the alternative hypothesis sufficiently to keep our simulation study within the scope of
this paper. Suppose that &, ..., &y are realizations of i.i.d. copies &1, ..., By of E and that
the total mass A = )AL([O, 11%) of the expectation measure X is known (otherwise we just take
the canonical estimate (1/N) ZlN: 1 1&1). Our null hypothesis is then E ~ Po(A Lebz), where
Leb? denotes the Lebesgue measure on [0, 1]2. Write

N
1

Py = — S N

N NiE:l g € PO

for the empirical distribution of our data. We perform a Monte Carlo test, where the test statistic
would ideally be }
T(€1.....6n) = da(Py, Po(ALeb%)),

but since this is computationally intractable, we replace it by the randomized test statistic

T, N1y - V) = da(PN, ON),

where Oy = (1/N) Z,N=1 dy; for realizations n; of Po(A Lebz)—processes H; that are indepen-
dent amongst each other and of the E;. For the metric dyp, we simply choose the
Euclidean metric cut off at 1. The null hypothesis is rejected at significance level o =
0.05if T(§1,...,&n; 11, ..., nn) ranks among the five highest values when pooled with 99
simulations of T'(91, ..., N; W1, -- -, NN), Where 71, ..., N, N1, . .., Ny are all independent
Po() Leb?)-realizations.

We choose N = 12 and A = 30 for the simulation study, which is both realistic for actual
data and keeps computation times at a tolerable level. One single test of two series of 12 point
patterns takes less than three seconds (given the simulated null hypothesis distribution) on an
ordinary laptop computer using the library spatstat (see [2]) that supplies tools for the analysis
of spatial point patterns within the statistical computing environment R (see [18]). Increasing
either N to 50 or A to 110 while keeping the other parameter fixed, still keeps the computation
time well under one minute. Note that the optimal point assignments needed for computing d,
and also d» between empirical measures, can be found efficiently (in O ((m v n)?) steps, where
m and n are the cardinalities of the point patterns), by using the so-called Hungarian method
from linear programming (see [17, Section 11.2]).

Table 1 summarizes the results of our simulations. The second of the five columns gives the
Monte Carlo powers of our test against Po(Af, (x, y) Leb2(d(x, y)))-alternatives, where

Ke—/(x
fK(xs )’) = 1 _e_K
forx,y €[0,1]andx =1, ..., 4. See Figure 2 to obtain an impression of the corresponding

distributions. By Monte Carlo power we mean the fraction of the number of rejected tests in
100 independent simulations of the alternative.

While it is natural to base dy on the Euclidean metric for our test, the choice of the cut off at 1
is very arbitrary and only yields reasonable results because it happens to be of the same order of
magnitude as typical interpoint distances in our observation window W. Often we would like
to be able to choose other cutoff values according to the size and geometry of the observation
window and possibly the expected number of points. In order to do this, we generalize our
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TABLE 1: Powers of the tests for two different cutoff values c against increasingly conspicuous alternatives.
The last two columns give the corresponding results when the test is based on the metric d; instead of dy
and are listed for comparison only.

dp d;
K
c=1 ¢=03 c¢c=1 ¢=03
1 0.10 0.23 0.08 0.02
2 041 0.97 0.12 0.06
3 093 1.00 0.06 0.04
4 1.00 1.00 0.10 0.10
3.0 1 | B
251 N\
201
1.54 "~ N
SN
1.0 e
0.5 1
0.0- o
0.0 0.2 0.4 0.6 0.8 1.0
(@)
T * N N + . +
- o oLt *
+ o+ * + . : .
+ N 4 R . L+t N
¥ + :» 4 + N + * .
e : + o + ot ’ ‘: * 3
Cate L L
. ‘o, b+t + Lo + . H .
" + “ +4 * +, ; ::: 3 *
(b)

FIGURE 2: (a) Normalized intensity functions f plotted against their first coordinate; (b) six independent
realizations from Po( f> Leb?).
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metric d; somewhat by introducing an arbitrary distance bound ¢ > 0. Furthermore, we
include an order parameter p > 1, following the idea in [23] for d{, which may be useful in
some applications. Assuming that dy < c, we thus set

_ 1 ' m 1/p
4" & n) = (;(7;161%1 > do(xi, yriy)? + P (n — m)))
"i=1

for& =Y ", 8, and = >i_18y; € Mwith n > max(m, 1), requiring again that aro is
symmetric and that d,”(0, 0) = 0.

Remark 5.1. It is straightforward to adapt the statements and proofs of Propositions 2.1-2.3
for cfl(‘" ’C), using the more general results of [23] about dl(p ) instead of the corresponding results
about d; where necessary. In this way, it can be seen in particular that c?f"’c) is a metric that
is bounded by ¢, metrizes the vague topology, and thus induces a Wasserstein metric c?ép ) on
P(DN) that metrizes convergence in distribution of point processes.

Regarding Sections 3 and 4, it is quite easy to accommodate the results for a general ¢ > 0.

In many cases this can be done by employing the fact that

=(p, =(p,1
d"OE, ) =cd "V E )

if&fp’c) isbasedondy < cand c?fp’ Disbasedondy = (1/c)dy, although sometimes a somewhat
different strategy is necessary. In particular, we find that the Lipschitz continuous functions
for d in Section 3 are Lipschitz continuous with the same constants for d l(l’c) if we consider
an arbitrary dy < ¢ for Proposition 3.1 and dp(x,y) = |x — y| A ¢ for Pgolposition 3.2.
Furthermore, the Stein factors in Proposition 4.1 hold true for the corresponding dé ©)_distances
after multiplication of these factors by ¢, which means that in applications the estimates of the
. . ~(1,¢) 1 . .
errors for the Poisson process approximation in terms of d, " -distances can be derived in the
same way with only minor modifications.

It can be seen that introducing a general p in Section 3 yields the corresponding pth-order
averages as Lipschitz continuous functions, whereas in Section 4 considerably more work is
necessary to adapt the distance estimates given (both situations are similar to the introduction
of p in the metrics d; and d> that was considered in [23]).

For our hypothesis test, we stick to the case in which p = 1, but give in the third column of
Table 1 the corresponding Monte Carlo powers if dy is the Euclidean metric cut off at c = 0.3
instead of 1, so that our test now puts less emphasis on cardinalities and more emphasis on
positional differences in the compared point patterns than it did before. There is no strong reason
for choosing exactly ¢ = 0.3; the value reflects the somewhat vague idea that in an optimal
pairing of about 30 points each, the pairing distances are ‘usually’ still below 0.3. As we can
see from Table 1, the power improvement is very noticeable, and this second test especially
detects the inhomogeneity quite well, even though it is not clearly visible in the simulated data.

For comparison, we have also added the results of the corresponding tests if d is replaced by
dy. Since there is typically a wide range of values for the cardinalities of realizations of a Poisson
process with 30 expected points, and since differing cardinalities are not appropriately addressed
by dj, these tests perform very poorly (for ¢ = 0.3, powers seem to increase substantially from
Kk =9 on).

In summary, the above procedure is rather successful for testing spatial homogeneity from
multiple point patterns. We have also obtained promising first results when testing for spatial
dependence, but a more extensive further study will be necessary in order to establish the
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possibilities and limitations of this test procedure and of tests or other statistical analyses based
on the dj-metric in general.

Appendix A. Proofs left out in the main text

Proof of Proposition 2.1. From the definition, it is clear that 0 < di (&, ) < 1,d(§,7) =0
if and only if & = 7, and that d; (§, n) = d1(n, &§). To show the triangle inequality, let

l m n

g:Z(Sxi, n:ZSyj, and ;:Zb‘zkem,

and add two points 1 and u; to X, extending dy by do(u1, uz) = do(u1, u) = do(uo, u) = 1
forevery u € X.
Note that, for / = m = n, it is immediately clear that

di€,m) < di(€, ) +di(¢, ), (A.1)

by the triangle inequality for d;. We now prove (A.1) in general, assuming that at most one of the
point patterns is empty (otherwise it is obvious). Since this inequality is symmetric in £ and 7,
we assume, without loss of generality, that/ < m in what follows. We show two separate cases.

Ca:vel.' m <n. Letx; =ujforl+1<i<nandlety; =upform+1=<j<n,and
write § = 31| 8y, and 7 = D"} 8y;. We then have

diE,m <di€n=diE 0 <diE ) +di 7 =diE 0+, n,

using, for the first inequality, the fact thata < m implies thata/m < (a+n—m)/n, and, for the
second inequality, the fact that (A.1) holds if all three point patterns have the same cardinality.
Case2: m >n. Letx; =zx =ujforl+1<i <mandn+1 <k < m, and write

m Ivn

5 Ivn _ 5 _ m
E=) 6y, E=) 08y, =) 68, and =) &,
i=1 i k=1

Note that x; = z; for (/ vV n) + 1 <i < m, by which it can be seen that c?l (é, E) < cfl (5, Z).
‘We then have

diE,m=diE,n<diE ) +di(C,n) <diE ) +di(@&, ) =diE ) +diC, ),

where we used, for the first inequality, the fact that (A.1) holds if all three-point patterns have
the same cardinality.

Proof of Proposition 2.2. Statement (i) is straightforward from the definitions of dg, d;, and
di.

(ii) Proposition 4.2 of [26] states that &, — & vaguely if and only if d1(§,,&) — Oasn — oo;
so all we need to show is that the latter is equivalent to d &, &) — 0.

If di(&,,&) — O, by (i) we have dr(|&,], |€]) — O, from which it is easily seen that
|€,] — |&], i.e. there is an ng € N such that |£,| = || and, hence, d|(&,, &) = d; (&, &) for
everyn > ng. Thus, d; (&,, &) — 0. The converse direction follows immediately from d; < dj.
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(iii) The local compactness and separability properties depend only on the generated topology.
See, for example, Proposition 4.3 of [26] for the proof. Note that, by the compactness of X,
the sets I = {£ € N; || = [} are compact forall/ € Z.

It remains to show the completeness. Let (§,),en be a d -Cauchy sequence in 9. It is
straightforward to see that this implies the existence of an ng € N such that |§,| = |§,,]| for
every n, m > ng, which means that there exists an [ € Z, such that the tail of (§,),cn is a
Cauchy sequence in 91;. By the compactness of 91, this tail converges.

Proof of Proposition 2.3. Statement (i) is a direct consequence of the Kantorovich—Rubin-
stein theorem, where the minimum is attained, because (1, Jl) is complete. See [14, Sec-
tion 11.8] for details. Statement (ii) follows by taking expectations and minima in Proposi-
tion 2.2(i). The last statement follows from [14, Theorem 11.3.3] using Proposition 2.2(ii) and
noting that d> is an instance of Dudley’s A-metric.
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