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The simplest example of two non-isomorphic groups with the same character 
tables is provided by the non-abelian groups of order pz, p ^ 2. Let Gx be 
the one of exponent p and let G2 be the other. If Q denotes the field of rational 
numbers, then Berman (2) has shown that QG\ ~ QG2, where QGt denotes 
the rational group algebra. In this note we shall show that the corresponding 
statement is false for ZGU where Z is the ring of rational integers. More 
explicitly we shall show that ZGi does not contain a unit of order p2 so that 
it is impossible to embed ZG2 in ZGi. 

We represent the elements of G\ by the ordered triples [r, s, t] of integers 
(mod p) where 

[r, s, t][r', sf, t'] = [r + r',s + s'y t + ? + sr']. 

It follows that the unit vectors generate Gi, and [0, 0, 1] generates the centre 
of Gi, which is also its commutator subgroup G/. Let <j> be the homomorphism 
of ZG\ onto Z(Gi/G/) , and let T denote one of the non-linear irreducible 
representations of QG±. Obviously ZGi can be embedded in the direct sum 
of the irreducible representations of QG\. Since the linear representations of 
ZG\ can all be factored through Z(Gi/G/) and since the non-linear repre
sentations are all conj ugate, it follows that </> © T embeds ZGi in Z (G i/G/) © M, 
where M is a ring of p X p matrices with entries from Z(w), co a primitive £>th 
root of unity. In fact we can choose M to consist of matrices with entries 
from Z[co] since the representations are monomial. More explicitly wre define 

r[i,o,o] = 

l 

l 

, r[o, i,o] 

l 

p - i 

r[o,o, l] = ui. 

Since ZGi is embedded in Z(Gi/Gi') © M, it follows that U(ZGi), the 
group of units of ZGi, is embedded in U(Z(Gi/Gi)) X U(M). Thus to show 
that ZGi has no unit of order p2 it suffices to show this for Z(Gi/G/) and M 
separately. Since Gi/G/ is abelian, every unit of finite order in Z(Gi/G/) is 
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trivial, i.e., of the form ±v, v Ç G i / G / (see 1). I t follows t ha t no unit in 
Z(Gi/Gi) can have order p2. Thus we need only consider the units of M. 

We next show tha t in fact we need only consider a certain homomorphic 
image Mi of M. Let P be the unique prime ideal dividing p in Z[co], so t h a t 
P = (1 - co). 

LEMMA. If A — ( a ^ ) , o ^ G Z[œ] is an n X n matrix of p-power order such 
that A = I ( m o d P 2 ) , then A = I. 

Proof. Assume A = I + (1 - œ)aB, where B = (/3„), (1 - c o ) | ptj for 
some i, j , and A1 = I, where t = pb. Then, using the binomial theorem, we 
have 

i Q [(i - „)•*]< = o. 

If a > 2, then (1 — co)2a+2,_1 divides all the terms from i = 2 on, since 
(1 - Co)2*-1 divides £ exactly. I t follows tha t (1 - (x>)2a+p~l divides £( l -co) a /3 0 -
for all i, j . T h u s (1 — co)a divides ptj for all i, j , which is a contradiction, and 
so our lemma is proved. 

Using the Lemma we see t ha t if Mi is the ring obtained by reducing the 
entries of the matrices in M (mod P 2 ) , then this homomorphism preserves the 
order of units (of ^-power order). Thus it suffices to show tha t Mi has no 
unit of order p2. 

Let « b é a unit of finite order in ZGi. Then since <f>(u) is a trivial unit in 
Z(Gi/Gi), we have <t>(u) = 0([r, s, t]), where we can assume tha t 

[r, s, t] = [0, 0, 0] = 1 

or t h a t r and 5 are not both zero. In the lat ter case Gi has an automorphism 
sending [r, s, t] to [1, 0, 0] ; and since we are only interested in the order of 
u, we can assume then tha t [r, s, t] = 1 or [1, 0, 0]. Thus either u — 1 or 
u — [1, 0, 0] is in ker 0. 

We shall now give a Z-basis for Y (ker <j>) and Y (ker 4>) (mod P2). Clearly 
ker </> consists of those elements of ZGi which sum to zero on the conjugate 
classesof Gi, i.e., on thecosetsof G / i n G i . Leta^ = 1 — wk; and let z = [0 ,0 , 1] 
so t ha t G\ = (z). Then T ( l — zk) = akI and so {akI\ is a Z-basis of the ele
ments summing to zero in Gi. 

The elements [0, s , 0 ] ( l — zk) form a Z-basis for the elements which sum 
to zero on the [0, s, 0]-cosets of G / . By means of a unimodular transforma
tion we can take the elements ( [0 ,5 ,0] — 1)(1 — zk) as a basis instead. 
However, 

T(([0, 5, 0] - 1)(1 - zk)) = diag (0, (co* - l)ak, . . . , (co^-D - l)an) 
= 0 (mod P2) 

and so these yield nothing new ( m o d P 2 ) , i.e., in Mi. 
Finally we turn to the [r, s, 0] cosets. We shall refer to the main diagonal 
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of one of our matrices as the 0-stripe, the elements a2i, #32, . • • , uv,P-i, a\%v as 
the 1-stripe, etc. Then a basis for the elements which sum to zero on the 
[r, s, 0]-cosets maps under V to the matrices with ak on the r-stripe and 0 
elsewhere (mod P2) . 

Now recall that u - 1 or u — [1, 0, 0] G ker<£; hence T(u) = A + B, 
where B £ r (ke r$ ) , and where either A = I or A = r [ l , 0, 0] and hence 
has 1 on the 1-stripe and 0 elsewhere. It follows from our description of a 
Z-basis (mod P2) for r ( ke r^ ) that B is constant on the various stripes, and 
hence AB = BA (mod P2) in either case. Thus 

( r («) ) p = (A +BY = I (mod P2) . 

It follows from the lemma that uv = 1 and so ZG\ has no unit of order p2. 
It may be added that the isomorphism Qd ~ QG2 mentioned in the intro

duction can be realized explicitly by observing that the element xu, where 

u = 1 - l- (1 - z-1) Z ys 

and x, y, and z are the elements of Gi represented in our notation by the 
unit vectors, is a unit of order p2 which, with y and z, generates a group 
isomorphic to c72. Since u is itself a unit (of order p) in Z\l/p](y, z), it follows 
that the group rings of G\ and G2 are already isomorphic over the coefficient 
ring Z[\/p). 
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