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Abstract

Let A be a unital torsion-free algebra over a unital commutative ring R. To characterise Lie n-higher
derivations on A, we give an identity which enables us to transfer problems related to Lie n-higher
derivations into the same problems concerning Lie n-derivations. We prove that: (1) if every Lie n-
derivation on A is standard, then so is every Lie n-higher derivation on A; (2) if every linear mapping Lie
n-derivable at several points is a Lie n-derivation, then so is every sequence {d,,} of linear mappings Lie
n-higher derivable at these points; (3) if every linear mapping Lie n-derivable at several points is a sum
of a derivation and a linear mapping vanishing on all (n — 1)th commutators of these points, then every
sequence {d,,} of linear mappings Lie n-higher derivable at these points is a sum of a higher derivation
and a sequence of linear mappings vanishing on all (n — 1)th commutators of these points. We also give
several applications of these results.
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1. Introduction

Let A be a unital algebra over a unital commutative ring R. A linear mapping ¢
on A is called a derivation if 5(xy) = 6(x)y + x6(y), a Jordan derivation if 6(x o y) =
0(x) oy + x0d(y), a Lie derivation if 6([x,y]) = [6(x), y] + [x,(y)] and a Lie triple
derivation if 5([[x, y], z]) = [[6(x), ¥], z] + [[x, 6(V)], z] + [[x, y], (2)], in each case for
each x,y,zin A, where x o y = xy + yx and [x, y] = xy — yx. A derivation ¢ is called an
inner derivation if there exists some a in A such that 6(x) = ax — xa for each x in A.
Define a sequence of polynomials as follows:

pi(x1))=x1 and  pu(x1, X2, ..., %) = [Pr—1(X1, X2, .. ., X)), Xn]

for each xy, x5, ..., x, € A and each positive integer n > 2. Thus, p>(x1, x2) = [x1, x2],
p3(x1, X2, x3) = [[x1, 2], x3] and p,(x1, x2, ..., x,) = [... [[x1, 2], 3], ..., x;].  For
n>2, pu(xy,x3,...,Xx,) is also called an (n — 1)th commutator of x1, xp,...,x, € A.
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A linear mapping ¢ on A is called a Lie n-derivation (n > 2) if
n
S(Pa(xt, X, X)) = D Pt Xt SO, Xt - %) (L.D)
i=1

for each x, xp,...,x, € A. Thus, ¢ is a Lie derivation when n = 2 and a Lie triple
derivation when n = 3. The notion of a Lie n-derivation was first proposed by
Abdullaev [1]. He described the form of Lie n-derivations of a certain von Neumann
algebra (or of its skew-adjoint part). Lie n-derivations on various unital algebras are
considered in [2, 4, 15, 18].

Let R# be a nonempty subset of A”. A linear mapping 6 on A is Lie n-derivable
on R4 if it satisfies (1.1) for each (xq, xo,...,x,) € Rg. A Lie n-derivation ¢ on A is
standard if 6 = h + 7, where h is a derivation on A and 7 is a linear mapping from A
into its centre Z(A) vanishing on all (n — 1)th commutators of A.

From now on, A is a torsion-free algebra, which means that for each positive integer
n, nx = 0 implies that x = 0 for each x in A. Let ¢ be a linear mapping on A. Define a
sequence {d,,} of linear mappings on A by

dy=1 and mld,=75" (1.2)

for each positive integer m, where [ is the identity mapping on (A. If ¢ is a derivation,
then, by [13, Section 1], {d,,} satisfies

dy(ab) = )" d(@)dn_;(b) (1.3)
=0

for each a,b in A. A sequence {d,,} of linear mappings satisfying dy = I and (1.3) is
called a higher derivation or Hasse—Schmidt derivation, after Hasse and Schmidt [6].
Similarly, we can define Jordan higher derivations by replacing normal multiplication
in (1.3) with Jordan multiplication. A (Jordan) higher derivation {d,} satisfying
(1.2) is called an ordinary (Jordan) higher derivation. Mirzavaziri [13] characterised
higher derivations on algebras over a field of characteristic zero. Li ef al. [9] found
the connection between (Jordan) derivable mappings and (Jordan) higher derivable
mappings. Similar to the result in [13, Section 1], we have the following proposition.

ProrosiTion 1.1. Let 6 be a Lie n-derivation on A and {d,} be a sequence of linear
mappings on A satisfying (1.2). Then, for each xi, x,, ..., x, in A, {d,} satisfies

dn(pn(X1, X2, ..., X)) = Z Puldi (x1),diy(x2), ... ., dj, (Xp)). (1.4)

i| +i2+'--+i,,=m

Proor. We prove the proposition by induction on m. It is obvious that (1.4) is satisfied
for m = 0, since dy = I. Suppose that (1.4) is satisfied for m =k -1 (k> 1). When
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m = k, we have k!d; = 6 = 66! = (k — 1)!6d,_, and

Kldi(pa(x1, %2, . . o, X)) = (k = D16di—1 (pa(x1, X2, - .+, Xn))
—G-0( D P ), di), i ()

l'1+l'2+-+i,,:k71

=(k—=1)! Z 6(pu(d;, (x1), diy(x2), . . ., dj, (X))

i +ip++i,=k—1

k=1 > paldi, (1), 87 (i) - i (60)))

i +iy++i,=k—1 j=1

=k T Y paldi () dia (), i (60)))

iy +ix++i,=k—1 j=1

=kl D paldy (0, dy (), - i (50).

iy +ip++i,=k
Since A is torsion-free, (1.4) is satisfied for m = k. O

A sequence {d,} of linear mappings on A satisfying dyp = I and (1.4) is called a
Lie n-higher derivation (n > 2). In particular, {d,,} is a Lie higher derivation when
n =2 and a Lie triple higher derivation when n = 3. A Lie n-higher derivation is
ordinary if it satisfies (1.2). Let Rg be a nonempty subset of A”. A sequence
{d,,} of linear mappings is Lie n-higher derivable on R4 if it satisfies (1.4) for
each (xy, x2,...,x,) € Rg. A Lie n-higher derivation D = {d,,} on A is standard
if d, = gm + fin, Where {g,,} is a higher derivation on A and {f,} is a sequence of
linear mappings from A into its centre Z(A) vanishing on all (n — 1)th commutators
of A.

This paper is organised as follows. In Section 2, we give an identity to characterise
Lie n-higher derivations on torsion-free algebras. This enables us to transfer
problems related to Lie n-higher derivations into the same problems concerning Lie
n-derivations. In Section 3, we show that if every Lie n-derivation of a torsion-free
algebra (A is standard, then so is every Lie n-higher derivation of A. In Section 4, we
show that if every linear mapping Lie n-derivable on a nonempty subset R 4 of A" is a
Lie n-derivation, then every sequence {d,,} of linear mappings Lie n-higher derivable
on Rz is a Lie n-higher derivation. Let R 5 and R # be two nonempty subsets of A”. We
also prove that if every linear mapping Lie n-derivable on R4 is a sum of a derivation
on A and a linear mapping from A into Z(A) vanishing on all (n — 1)th commutators
of R 4, then every sequence {d,,} of linear mappings Lie n-higher derivable on Ry is a
sum of a higher derivation on A and a sequence of linear mappings from A into Z(A)
vanishing on all (n — 1)th commutators of R 4.

Throughout this paper, A is a unital torsion-free algebra over a unital commutative
ring R and / is the identity mapping on A, unless stated otherwise.
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2. Lie n-higher derivations

In this section, we show that each Lie n-higher derivation can be expressed as a
combination of Lie n-derivations.

PropositioN 2.1. Let {d,,} be a sequence of linear mappings on A. Then {d,} is a Lie
n-higher derivation if and only if dy = I and, for each positive integer m,

mdy = ) St @.1)
k=1

where {0,,} is a sequence of Lie n-derivations on A.

Proor. We prove the necessity by induction on m. If {d,,} is a Lie n-higher derivation,
then, according to the definition, we have that dy = I and

(a5, X)) = Y paldiy (), dy (), - 5, (5))

i1 +i+-+i,=1

n
= an(xl, e Xint, d1(X), Xig 1y - -y Xn)
P

for each x1, x», ..., x, in A. Take §; = d;. Then 8, is a Lie n-derivation and d; = 6,dj.
Now suppose that there are Lie n-derivations {d,,} (m <k — 1 and k > 2) satisfying
(2.1). Set 6 = kd; — ];} 0sdi—s. We only need to prove that ¢y is a Lie n-derivation.
For each xy, xp,...,x,1in A,

Supn(x1, X0, =k Y0 paldiy (x1),diy (), ., d, (x,))

i1 +ip++iy=k

k=1
=20 D, pald () i), ()
s=1

ip+ip+e+i,=k—s

= D (it i)paldi (1), diy(0), . i, (5))

i1 +iy++i,=k

k-1 n
=D D paldi () Sl (), i ()

s=1 ij+ir+-+i,=k—s j=1

:i( Z Pn(dil()q),...,ijd,'j(xj),...,d,-n(xn))

J=1 iyt =k

k-1
S Y e Bl (i ()

s=1 iy teetijtetip=k—s

=~

-1

Qj (say).

©
1l
—_
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Then
Q)= i, ki), x) + Y paldi (00, (X)), o s ()

iy tr ety =k
1<rj<k-1

k-1
- Z p}’l(xla o 765dk—s(xj)’ e 7le)
s=1

T
= D D pldi () bidy (), ()
i+t tip=k s=1
1<rj<k-1

k-1
= pax1s o K = Y Bl
s=1

Y pald ) = D O )
s=1

it et =k
1<rj<k-1

= pn(xl, e ’(5k(xj)$ e ’xn)’
80 Ok (pu(x1, X2, ..., X)) = Z’}:l Pu(X1,...,0k(x)), ..., x,) and Jy is a Lie n-derivation.
Now we prove the sufficiency. Since dy = I, (1.4) holds for m = 0. Suppose that

(1.4) is satisfied for each d,, (n <k —1 and k > 1). By (2.1), for each x, x5, ..., x,
in A,

k
Kd(pa(x1, %2, X)) = D 6 D0 paldy (), dy (), - ()
s=1

iy +iy+e+i,=k—s

k n
Do DL Dupadi. . 8di(x)), e di (60)

s=1 ij+ir+-+i,=k—s j=1

Z Zj i puldi (x1), ..., 05dy (X)), . .., d;i (x,))

ittt tip=k s=1 j=1
riz1

DD Pl () (), d ()

ittt tipg=k j=1
riz1

D Dbl (). dr ()., ()

riteetrjteetr, =k j=1

=k D paldn (0, d () dy, (60),

P tr e, =k

Since A is torsion-free, (1.4) is satisfied for dj. O
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Remark 2.2. Let D be the set of all Lie n-higher derivations {d,,} on A where d, = I,
and let A be the set of all sequences {d,,} of Lie n-derivations on A with dg = 0.
Then there is a one-to-one correspondence between O and A, which we can describe
explicitly as follows. For {d,,} in A, set dy = I. The recurrence relation

mdyy = ) Sk (22)
k=0

defines a unique sequence {d,,} of linear mappings on A and, by the sufficiency of
Proposition 2.1, {d,} € D. Conversely, for each {d,,} in D, set 6o = 0 and consider
Om = md,, — 22”:_01 Oxdy—. This is just another version of (2.2) and defines a unique
sequence {d,,} of linear mappings on A. By the necessity of Proposition 2.1, {6,,} € A.

CoroLLARY 2.3. With the notation of Remark 2.2, suppose that {d,} € D corresponds
to {6,,} € A. Then {d,,} is ordinary if and only if 6,, = 0 for each m > 2. In this case,
m!d,, = dY' for each positive integer m.

Proor. The sufficiency is obvious. We prove the necessity by induction on m. Since
{d,,} is ordinary, there exists a Lie n-derivation ¢ on A satisfying m!d,, = 6™ for each
positive integer m. Then d; = § and 2d, = 82 By Remark 2.2, 6,, = md,, — ZZ’;OI Ordyn—x
for each positive integer m. Then 6, = d| = § and 6, = 0. Suppose that §,, = 0 for each
integer 2 <m <k — 1 and k > 3. Then & = kdy — Y2} 6,di_s = kdy — 8dy—. Thus,
(k= 1)!6 = k!dy — 8(k — 1)!dy_y = ¥ — 66! = 0. Since A is torsion-free, 6y =0. O

The proof of the next corollary is similar to the proof of [13, Theorem 2.3].

CoroLLARY 2.4 [13]. Let A be an algebra over a field of characteristic zero, I the
identity on A and {d,;} a Lie n-higher derivation on A with dy = 1. Then there is a
sequence {6,,} of Lie n-derivations on A such that

m i 1
=2 X (mmg)oteo) =tz

i=1 ri+r+tri=mo j=1

3. Characterisations of standard forms of Lie n-higher derivations

TueoreMm 3.1. If every Lie n-derivation of A is standard, then every Lie n-higher
derivation of A is standard.

Proor. Let {d,} be a Lie n-higher derivation on A with dy = I. By Proposition 2.1,
there is a sequence {0,,} of Lie n-derivations on A satisfying (2.1). By assumption,
Om = hyy + T, for each nonnegative integer m, where h,, is a derivation and 7, is a
linear mapping from A into the centre Z(A) of A with 7,,,(p,(x1, x2, ..., x,)) = 0 for
each x, xo,...,x, in A.

We prove the theorem by induction on m. Set gg = I and fy = 0. Then dy = go + fo.
By (2.1), it is obvious that d) = 6; = h; + 7;. Set gy = h; and f; = 7. Then d; =
g1 + f1, {8m}m=01 1s a higher derivation and {f,,}m=0,1 is a sequence of linear mappings

https://doi.org/10.1017/S0004972717000338 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972717000338

[7] Lie n-higher derivations and Lie n-higher derivable mappings 229

from A into Z(A) with f,(p,(x1,x2,...,%,)) =0 (m =0,1) for each x1, x2,..., X,
in A.

Suppose that, for each nonnegative integer m < k, there are a higher derivation
{gmlm<r and a sequence {f,}u<x of linear mappings from A into Z(A) with
Jn(Pn(x1, X2, ..., %)) =0 (m < k) for x;, x2,...,x, in Aand d,, = g, + fiu- By 2.1),

k+1 k+1

(k+ Dt = ) Sedier—s = Y U5 + T)(8kr1—s + fieri—o)
s=1 s=1
k+1 k+1

= Z hsgk+1—s + Z(hsfk+1—s + Tsdlﬁ—l—s)'
s=1

s=1

Set (k+ 1grr1 = X4t] hgrer—s and (k+ Dfisr = T2 (A fis1—s + Tydisr—s).  Then
{gm}m<i+1 18 @ higher derivation by [13, Theorem 2.5], fi+ is a linear mapping from A

into Z(A) and (k + 1)dy,1 = (k+ 1)grs1 + (k + 1) fiy1. For each xq, xo, ..., x, in A,

k+1

e+ Dz, cox) = Do m( ) palda (e ds() i)
s=1

i +iy+ i, =k+1-s

k+1
=X D e, i), . di ()
s=1 iy +ir+-+i,=k+1-5
=0.
Since A is torsion-free, diy; = gk+1 + fie1 and fro1(pu(x1, X2, ..., x,)) = 0 for each
X1, X2, ..., X, I A. O

Remark 3.2. The above theorem generalises [5, Propositions 3.1 and 3.2], which state
that if A is an algebra over a field of characteristic zero and every Lie derivation
(respectively Lie triple derivation) of A is standard, then every Lie higher derivation
(respectively Lie triple higher derivation) of A is standard.

In [2, 4, 18], the authors discussed sufficient conditions for Lie n-derivations to
be standard on A, where A is a triangular ring, a von Neumann algebra without
abelian central summands of type /; or a unital algebra with a wide idempotent. From
Theorem 3.1, we can obtain sufficient conditions for Lie n-higher derivations to be
standard on A.

4. Characterisations of Lie n-higher derivations by local actions

THeOREM 4.1. Let R g be a nonempty subset of A". If every mapping Lie n-derivable
on R g is a Lie n-derivation, then every sequence {d,,} of linear mappings Lie n-higher
derivable on R4 with dy = I is a Lie n-higher derivation.

Proor. Suppose that {d,} is Lie n-higher derivable on R4 and dy = 1. Let {0,,}
be a sequence of linear mappings on A with 6y = 0 and ¢,, = md,, — kaz_ol Oy
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By Proposition 2.1, it is sufficient to show that each ¢,, is a Lie n-derivation. We prove
this by induction on m.

Clearly 6; = d, is Lie n-derivable on R 4 and it is a Lie n-derivation by assumption.
Suppose that ¢,, is a Lie n-derivation for each m < k. Then, proceeding in the same
way as in the proof of Proposition 2.1, for each (x1, x2, ..., x,;) € Rg,

Ot (Pn(x1, X2, .., X)) = (K + 1) Z Puldiy(x1), diy(x2), . ... . d;, (X))

i1 +iy+-+i,=k+1

=6 D paldy (), di (), ()

s=0 iy +iy++i,=k+1-s

=

= > pu(xi, ., Opp1 (X)), -0, Xp).
j=1

Thus, d4,; is a Lie n-derivation. O

RemARrk 4.2. The above theorem prompts us to find conditions under which every
linear mapping Lie n-derivable on some nonempty subset R4 is a Lie n-derivation.
While results of this type do not seem to be known, there are a number of papers
which prove that for n = 2 or 3, every linear mapping 6 Lie n-derivable on some
nonempty subset Ry has the form 6 = 4 + 7, where £ is a derivation on A and 7 is
a linear mapping from A into Z(A) vanishing on all (n — 1)th commutators of R#
(see [3, 7, 8, 10, 12, 14, 16, 17]). In view of these results, we obtain the following
theorem.

TueorEM 4.3. Let Rz and R 4 be two nonempty subsets of A". If every linear mapping
0 Lie n-derivable on R has the form 6 = h + T, where h is a derivation on ‘A and
T is a linear mapping from A into Z(A) vanishing on all (n — 1)th commutators of
Rz, then every sequence {d,,)} of linear mappings Lie n-higher derivable on Rz with
do = I has the form d,,, = g, + fin, where {g,,} is a higher derivation on A and { f,,} is
a sequence of linear mappings from A into Z(A) such that each f,, vanishes on all
(n — 1)th commutators of Ra.

Proor. Suppose that {d,,} is Lie n-higher derivable on R4 and dy = I. Let {,,} be a
sequence of linear mappings on A with 6y = 0 and 6,,, = md,, — 21:_01 Oxlm_i-

We prove the theorem by induction on m. Set go = I and fy = 0; then dy = go + fo.
It is obvious that §; = d; is Lie n-derivable on R4. By assumption, d; has the form
01 = h; + 71, where h; is a derivation of A and 7, is a linear mapping from A into
Z(A) vanishing on all (n — 1)th commutators of R. Set g1 = hy and fi = 7. Then
di = g1+ fi, {gmlm=0.1 1s a higher derivation and {f,,}m=01 1S a sequence of linear
mappings from A into Z(A) such that each f,, (m =0, 1) vanishes on all (n — 1)th
commutators of R 4.

Now suppose that for each nonnegative integer m < k, J,, is Lie n-derivable on R #,
Om = hy + 7, and d,,, = g,y + fin, Where {h,,},,<x 1s a sequence of derivations, {g,,}mu<k
is a higher derivation and {7,,},u<t, {f;n}m<x are two sequences of linear mappings from
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A into Z(A) vanishing on all (n — 1)th commutators of R4. As in the proof of
Theorem 4.1, we show that, for each (x1, x,...,x,) € Raq,

St (Pa(x1, %2, 50)) = D a1 () X).
j=1

Thus, 841 is Lie n-derivable on R 4. But 641 has the form 6,1 = hi1 + Tre1, Where
hy+1 1s a derivation of A and 74, is a linear mapping from A into Z(A) vanishing on
all (n — 1)th commutators of R4. Now

k+1 k+1

(k+ Ddyy1 = Z Oslis1-5 = Z(hs + T )(ks1=s + firi=s)
s=1 s=1

k+1 k+1
= hsgk+l—s + Z(hsfkﬂ—x + Tsdk+1—s)-

s=1 s=1

Set (k + Dgre1 = XX hygraios and (k + Dfier = X5 (hyfiris + Todis1—5).  Then

{gm}m<k+1 1s @ higher derivation by [13, Theorem 2.5], fi;; is a linear mapping from A
into Z(A) and (k + 1)di1 = (k+ 1)gis1 + (kK + 1) fir1. As in the proof of Theorem 3.1,

we see that, for each (x1, xa, ..., X,) € Ra, (k + D) fer1(pu(x1, X2, ..., X)) = 0. Since
A is torsion-free, we have dy1 = gi+1 + fir1 and fir1(pn(x1, X2, ..., x,)) = 0 for each
(xl,xz,...,xn)ERg(. O

Remark 4.4. Take A to be a generalised matrix algebra, a triangular algebra, a unital
prime algebra with nontrivial idempotents, an algebra of all bounded linear operators, a
von Neumann algebra or a [ -subspace lattice algebra (see [11]). Define two nonempty

subsets of A" by
Ra(n, ) ={(x1,x2, ..., %) | X1, %2, ..., Xy € A with x1x, = 1},
Ra(n, 1) = {(x1, X2, - -, X0) | X1, X2, - . ., X € A With p(x1, X2, ..., X,) = 1}

for some positive integer n and some element ¢ in ‘A. Let P be an idempotent
of A. Under certain conditions, [3, 7, 8, 10, 12, 14, 16, 17] obtained respective
characterisations of Lie derivable mappings on R#(2, P), Lie derivable mappings
on R4(2,0), Lie derivable mappings on R#(2,0), Lie triple derivable mappings on
R4(3, P) or Lie triple derivable mappings on R#(3,0), as sums of derivations and
central mappings vanishing on all commutators of the respective subsets. By Theorem
4.3, we can characterise Lie higher derivable mappings and Lie triple higher derivable
mappings on these same subsets.
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