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Abstract

Let S be a regular semigroup and 4 a D(S)-module. We proved in a previous paper that the set
Ext(S, A) of equivalence classes of extensions of 4 by S admits an abelian group structure and studied
its functorial properties. The main aim of this paper is to describe Ext(S, 4) as a second cohomology
group of certain chain complex.
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Let S be a regular semigroup and 4 a D(S)-module. Denote by S the regular
semigroup obtained from S by adjoining an identity element I, I & S, and by A4'
the D(S’)-module obtained from A by taking 4} = liin DUS) A, where IS denotes
the subsemigroup generated by the idempotents of S. In Loganathan (1982) we
showed that the set Ext(S, 4) of equivalence classes of extensions of 4 by S
admits an abelian group structure and studied its functorial properties. One of the
purposes of the present paper is to construct a chain complex C in the category of
D(S”)-modules and to show that the group Ext(S, 4) is naturally isomorphic to
the second cohomology group H?*(C, A'). This generalizes the corresponding
result for inverse semigroups due to Lausch (1975).

After Section 2 which gives necessary preliminaries, we construct in Section 3
the chain complex C and compare the lower dimensional cohomology groups of C
and the category D(S’). It is shown that the second cohomology group
H*(D(S"), B) is isomorphic to a subgroup of H?(C, B) and that the first
cohomology group H'(D(S'), B) is isomorphic to the group H'(C, B), for any
D(S’)-module B. In Section 4 we prove that the group Ext(S, A) is isomorphic to
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[2] Cohomology and extensions of regular semigroups 179

the group H%(C, A'). The remainder of the paper is devoted to interpreting the
groups H2(D(S'), A'y and H*(D(S"), A') in terms of I-split extensions and
automorphisms of extensions respectively.

2. Preliminaries

Let S be a regular semigroup, and E(S) the set of idempotents of S. We denote
the set of inverses of an element x € S by V(x), that is,

V(x)={x' €8:xx'x = x,x'xx’ = x'}.

If x’ € V(x) then (x, x’) is called a regular pairin S. For e, f € E(S), let S(e, f)
be the sandwich set of e and f, that is,

S(e, f) = {h € E(S): he=h = fhand ehf = ef }.

LEMMA 2.1 (Nambooripad, 1979). Let S be a regular semigroup and let x, y € S.
Suppose that x' € V(x), y’ € V(y) and let h € S(x'x, yy’). Then y'hx” € V(xy).

A sequence (eg, ey,...,e,) of idempotents of S is called an E(S)-chain if
eRe,, orefle, fori=0,1,....n— 1.

LEMMA 2.2 (Nambooripad, 1979). Let S be a regular semigroup and IS the
subsemigroup generated by the idempotents of S. Then

(1) given any x in IS there exists an E(S)-chain (ey, e,...,e,) such that
X =epe, €,

(ii) given any regular pair (x, x') in IS there exists an E(S)-chain ( fy, f,....f..)
such that (x, X'y = (fofy = fous Jou =" 1 Jo)-

We recall from Loganathan (1981) that if S is any regular semigroup then
C(S) is defined to be the category whose objects are the idempotents of S and
whose morphisms from an object e to the object f are the triples (e, x, x") such
that x’ € V(x), e = xx’ and x’x = f. The category D(S) is the quotient category
of C(S) by the congruence generated by the following relation. If (e, x, x'),
(e, y, ¥'): e = f are morphisms from e to f then (e, x, x") ~ (e, y, y’) if and only
if x =y or x’ = y’. We denote the image of (e, x, x’) in D(S) by [e, x, x'].

Finally we recall the definition of the cohomology of a small category. For
more details we refer to Watts (1965) and to Loganathan (1981). Let Ab denote
the category of abelian groups. Let C be any small category. A C-module is a
functor 4 : € — Ab. Let 4, B be two C-modules. A C-homomorphism ¢: A — B is
a natural transformation from A to B. The group of all &-homomorphisms from A4
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to B is denoted by Homy(A, B). The category of &-modules and C-homomor-
phisms is denoted by Mod(C). The inverse limit functor lim,: Mod(C) — Ab is

left exact. Therefore the right derived functors of lim, can be defined. If 4 is a
CG-module then the value of the nth right derived functor of lim, on 4, denoted

by H™(C, A), is called the nth cohomology group of C with coefficients in A.

Let AZ: C — Ab be the constant G-module at Z, the additive group of integers,
that is (AZ), = Z for every object e of C, and (AZ)u is the identity homomor-
phism for every morphism u of C. Then H"(C, A) = Ext}(AZ, A). Therefore the
cohomology groups of C may be calculated using a projective resolution of the
module AZ.

Let €, denote the discrete subcategory determined by the identity morphisms
of C. A Cy-set is a functor from C, to the category of sets, and a C,-map is a
natural transformation between such functors. Note that a C-module (resp.
C-homomorphism) may be regarded as a Cj-set (resp. C,-map) in an obvious way.

Let X be a Cy-set and F a C-module. F is called a free C-module on X if there
exist a Cy-map i: X — F such that to every G-module 4 and to every Cj-map
j: X > A there is a unique C-homomorphism ¢ : F > A4 such that ip = j. Given a
Coset X = {X,: e € ObC} a free C-module F on X can be obtained by associat-
ing to each object e of C the free abelian group F, generated by the symbols
(x, u), where u: h — e runs through the morphisms of € with range ¢ and x € X,
and to each morphism v: e — f the homomorphism Fov: F, » F;, where Fv is
given by (x, u)(Fv) = (x, uv). The Cymap i: X - F is defined by xi = (x,1,),
where x € X, and 1, is the identity morphism of € at e. We usually identify X
with its image in F under i.

3. Chain complexes over AZ

Let S be a regular semigroup. In this section we construct a chain complex C in
the category of D(S’)-modules. The cohomology of C will be used in Section 4 to
describe the group Ext(S, A).

Throughout the remainder of this paper S will denote a regular semigroup with
an inverse map x> x*:§ - S; a map x> x*: S - § is called inverse if (i)
x* € V(x)foreachx € §; (i) x* € H,if x € H,. Weextend x> x*: 5§ > S to
S’ by defining I* = 1. If x, y € S’ then we denote the D(S’)-morphisms

[y*y, p*y(r)*xy, (xy) o] : y*y = (39 )*xy
and
[x*x, x*xy, (xy)*xh] : x*x > (xy)*xy,
h € S(x*x, yy*), by K, , and J, , respectively.
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LemMA 3.1 (Loganathan 1982). For x, y, z € S’, we have
(l) Ky‘sz,yz =K

xy,z?

(ll) Jx,y']xy,z = x,yz;
(i11) Kx'nyy‘z = Jy‘sz‘yz.

Let C,, n =0, be the free D(S’)-module on the D(S7),set S" = {S;': e €
E(S")}, where forn = 1,
SI={(x,.0x,):x, €S, 1<i<n, (x;--x,)*x, -~ x, = e}

and for n = 0, S consists of a single element, denoted by { ), and S? is empty if
e # I. Note that SJ* is an empty set for all n = 1. We define D(S’)-homomor-
phismsd,: C, - C,_, by

(xl""’xn)dn = ((x2""’xn)’Kx,,x2-~~x,,)

n—1 )
+ 3 D) (X, s XX e %)

i=1
+ (D" (s X )iy )s 1>

and
(x)dy = (( ), 11 %%, xx]) = (), 11, x, x*]).
A routine verification shows that d,d,_, = 0. Hence
(3.1) C:----C,-C,_,—»--->(C~-0
is a free chain complex in Mod(D(S”)). If B is a D(S’)-module then the nth
cohomology group of C with coefficients in B is the abelian group
H"(C, B) = H"(Hom ,,5,(C, B)).

The following description of the second cohomology group of C is needed in
Section 4. Suppose that A is a D(S)-module. Then we denote by A' the
D(S')-module extended from A4 by taking 4} = lim sy and defining, for every
morphism [/, x, x']: I — e,

A1, x,x']) : 47~ 4, (= 4,)

to be the composite

l. y Pxx’A A([xx’, x, x'])

1m - , — s
— xx e
D(IS)

where p, .- is the projection from lim , .. 4 to A, . If we regard § X S and § as

D(S),-sets by taking for each e € E(S), (§ X §), = S2 and S, = S/ respectively
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then, since S is an empty set for all n = 1, it follows that
HomD(S’)(CZ’ AI) = HomD(S)o(S XS, A4)

and

Hom p, 5,(C,, 4') = Hom s, (S, 4).

Hence, a 2-cocycle a can be considered as a D(S),-map a: S X § — A4 such that
3.2) (y, z)aA(nyyz) —(xy,2)a+ (x, yz)a — (x, y)aA(ny,z) =0,

for all x, y, z € S; a is a coboundary if and only if there exists a D(S),-map
B: S - A such that

(33) (x, y)a=(y)BA(K, ,) — (w)B + (x)BA(J, ),

forallx, y € S.

We would like to compare the lower dimensional cohomology groups of C and
the small category D(S”). For this purpose we shall construct free resolutions of
the D(ST)-module AZ.

Let G,, n =1, be the free D(S’)-module on the D(§'),set Y" = (Y :e €
E(S")}, where Y consists of all composable sequences (u,,...,u,) of mor-
phisms of D(S’) with domain of u, = I, and range of u, = e. Put G, = C,,.
Define D(S’)-homomorphisms ¢: G, > AZ by ({ ))e = 1, the identity element of
the group (AZ), = Z,and d,,: G, > G,_, by

{uy,...;u,yd, = {[L e, eluy,uy,....u,)
n—1 )
+ X Dy u,)
i=1

+ D gty )5 uy,),
where ¢, € E(S”) and domain of u, =ey;
(M, %, x ]y dy = (€ ), [, x'x, x'x]) = (€ ), [1, x, x']).
Define D(S'),-homomorphismss,: G, - G,,,(n=0)and §: AZ - G, by
Cuysesu), 0)s, = (1" (., 0);
(), 11, x, xso = ({[1, x, x’]);
(Ms=({).[1,ee)),

where 1 is the identity element of the group (AZ), = Z. It is easy to verify that

de=1y,, sod, ted=1l;, s,d, . +ds,_,=1; (n>0).
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Using these relations one can show as in Mac Lane (1963), page 115, that
d’l
-—)G"—>Gn_1—> —>G0—-)O

is a free resolution of AZ.

In G, put ((uy,...,u,), v) =0, whenever one of the variables u; = identity
morphism or u, = [1, f, f] for some f €& E(S’). Then we get another free
resolution

d'l
(3.4) F:--->FE—>F_, > -->F-0

of AZ such that F, = G, = C,, and F, is the free D(S’)-module on the D(S’),-set
"= {X":e & E(S")), where X is the subset of Y, consisting of all (u,,...,u,)
such that u, # [, e, e] for any e € E(S’) and such that none of the u,,...,u, are
identity morphisms. Note that X} is an empty set for all n = 1.
Now

cC:-C,-C,_,—>----C—-0
is a free chain complex over AZ and
F: > F->F_ - "'_’FE)_’O
is a free resolution of AZ. Therefore the identity homomorphism of AZ can be

lifted to a chain map ¢:C — F and any two such chain maps are chain
homotopic.

PROPOSITION 3.2. Let ¢ : C — F be a chain map such that ¢y e = €. Then for any
D(S’)-module B,

(i) ¢t: H'(D(S'), B) -~ H'(C, B)
is an isomorphism and
(ii) o¥: H*(D(S"), B) - H*(C, B)

is a monomorphism.

PrROOF. We choose ¢ so that ¢, : C,

n

- F,,n=20,1,2 are given by
¢, = identity homomorphism;
(X)(’Pl - <J1,x>;
(x, y)(PZ = <Jl.x’ Jx,y>+ <‘]l,y’ KX,)’ >

(1) Suppose B: F, - B is a cocycle such that ¢,8 is a coboundary. Then there
exists a unique b € B, such that

(x)(plB = (J[,x)ﬂ = bB(Jl,x"x) - bB(‘II,x)’
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for all x € S. Since
([1, x, x*], [x*x, x*x, x'x])(B)d% =0,
it follows that
([1, x, x']) B =bB([1, x'x, x'x]) — bB([I, x, x']),

for all {[I, x, x']) € X'. Hence B is a coboundary. Thus ¢* is a monomorphism.
Now suppose that 8: C, —» B is a cocycle. Then (x)8 = 0 for all x € IS. If we
define 8’: F, > B by

([1, x, x']) B’ = (x)BB([x*x, x*x, x'x]), ([1, x, x']) € X',

then B’ is a cocycle and @, 8 = B. Hence ¢ is an epimorphism.
(ii) Suppose that [a] € ker @, and let ' = @,a. Then there exists a D(S')-
homomorphism 8’ : C, — B such that

(35 (%) = ()FB(J.,) + (DEBK,.,) - (08
for all (x, y) € S If x, y € IS then (x, y)a’ = 0 because
(x, y)’ = (x, y)pa
= <J1,x’ Jx,y>a + <J,‘y, K., >a
= <Jl,x*X’ Jx,y>a + (Jl.y‘y’ Kx,y >a
=0.

Since every element of IS can be expressed as a product of idempotents of S,
using (3.5) one can prove by an induction argument that (x)B8’ = 0 for all x € IS.
This implies that 8: F, — B given by

(3.6) (1, %, 1) B=(x)B'B(K,, xox) = (Jj s Korn orx Y@

is well defined and it is a D(S’)-homomorphism from F, to B. We claim that
a = (B)d3. To prove this let

([1, x,x'),[e, y, yI)E X}, fEE(S).

Consider

(L1, %L es v, »1)(B)E = (L1, 3, 1) B — (L1, 39 y'x’]) B
(1, %, <) BB(Le. . y'])
(3.7) = (x, )a'B(K;(,)r,) — <Jl,y’ K\, )a
+ (T Kpapyny ) @
(1o Koo yaB([e, y, y'])
(using (3.5) and (3.6)).
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Now
(X, y)a’B(Kf,(xy)‘xy) = <J],x’ Jx,y > aB(Kf,(xy)‘xy)
+ <‘Il-y’ Kx,y >aB(K/,(Xy)‘Xy)
= <KXJJx,y’ Ky (xyyxy >a - <']l,xe,y’ Ky (xyyxy > @

+ <JI,X’ Jx,ny,(x,v)‘Xy >a
(3.8) - <Jl,ny,,v’ Ky (xpyexy >a

+ <Jl,y’ Ky, v Ky (xyyxy >a

= _<Jl,xy’ K/»(xy)"Xy > at <JI,X’ Jx,ny,(xy)‘xy >a

+ <Jl.y’ Ky yey ),
since K, ,J, ,=J; K, , by Lemma 3.1; and, since (J; , K, ,+,.[e, y, y' I (@)d3
= 0,

<Jl,x’ Ke,x'x >(IB([8, Y y/]) = _<JI,xKe,x‘x’ [e7 Y, y,]> a
+ <Jl,x’ Ke,x'x[e’ Y, y,]>a
(3.9) = —([1, x,x],[e, y, )«
+ <J,,x, [x*x, x*xy, y’e]> a.
Substituting (3.8) and (3.9) in (3.7) we get
<[I’ X5 x’]’ [e’ Vs )”])(B)d; = <Jl,x’ Jx,yK[,(xy)‘xy > a
+{[1, x,x'],[e, y, y]) a
—{J; o [x*x, x*xy, y'e]) a
={[1,x,x].[e, y, y]D e,
since J, (K e, = [X*x, X*xp, y'y(xy)*xh] = [x*x, x*xy, y’e]. Thus a =
(B)d3. Hence @3 is a monomorphism.
If S is an inverse semigroup then the chain complex C is exact and hence a free

resolution of AZ. In this case ¢ becomes a chain equivalence inducing isomor-
phism on the cohomology groups. In the general case, ¢* need not be an

isomorphism. The reader is advised to compare Proposition 3.1 with Theorem 7.5
and the subsequent Remark in Lausch (1975).

4. Description of Ext(S, A)

Let #: T - S be an idempotent separating homomorphism from a regular
semigroup T onto S. Then, for each ¢ € E(S),

(Kerm), = {t€T:tm=¢}
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is a subgroup of T  and the following two properties hold:

af = fa, foralla € (Kerw),and all f € E(T)
(4.1)
such that e = fr;

x’'(Ker o) ,x C (Ker @)y x)x, for all regular pairs

4.2
(4.2) (x, x’) in T such that e = (xx") 7.

Suppose now that the groups (Ker 7),, e € E(S), are abelian. Thus, using (4.1)
and (4.2), it is easy to see that = defines a D(.S)-module, denoted by Ker =, which
associates to each object e the abelian group (Ker#), and to each morphism
{e, x, x'}: e = f the homomorphism

(Kerx)[e, x, x’] : (Ker7), — (Ker @)/,

given by a((Ker 7)[e, x, x']) = y’ay, where (y, y’) is a regular pair in T satisfying
(ym, y'm) = (x, x').

Let A be a D(S)-module. We recall from Loganathan (1982) that an extension
of A by S is a triple E = (T, m, i) consisting of a regular semigroup 7, an
idempotent separating homomorphism # from T onto S such that the groups
(Ker7),, e € E(S), are abelian, and an isomorphism i: A —» Ker# of D(S)-
modules. Two extensions E, = (T}, 7, i;) and E, = (T,, m,, i,) are said to be
equivalent if there exists a homomorphism (in fact an isomorphism) §:7, - 7,
such that 6=, = 7, and ai,§ = ai,, for all a € 4. Let Ext(S, 4) denote the set of
all equivalence classes of extensions of 4 by §. We have shown in Loganathan
(1982) that Ext(S, A) admits an abelian group structure. We now show that the
abelian group Ext(S, 4) is naturally isomorphic to the group H?(C, 4').

LEMMA 4.1. Let w: T — S be an idempotent separating homomorphism from a
regular semigroup T onto S. Suppose that tm = um = x, t,u € T. Then, for each
e € E(S) N L, there exists a unique element a in T such that u = ta and aw = e.

PrOOF. Let x” be an inverse of x such that x'x = e. Choose ¢’ € ¥(¢) and
u’ € V(u) such that ¢'m = x" = w’w. Then, since 7 is idempotent-separating,
tt’ = uw’, and t't = vu'u. If we take a = t'u then u = uw’u = tt'u = ta, and an =
x'x = e. The element a is unique, for if b is another element of T satisfying u = tb
and br = ethen b = t'u = a.

Let now E =(7T,7,i) be an extension of 4 by S. Fix an inverse map
t t*: T — T such that (¢*)7 = (¢7)* for all t € T. Choose a sectionj: S - T;
that is, j is a map from S to T such that xjm = x, for all x € S. Since
{xj ) y)m = xy = (xy)jm, it follows from Lemma 4.1 that there exists a D(S),-
map «: S X § —~ A such that

(x)j(y)j=(x)j((x, y)a)i, foralx,y€S.
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We shall prove that a is a 2-cocycle. First we prove a lemma.

LEMMA 4.2. Lett,u € T,and let a € A(;pyrns b € A(ynysun- Then
t(a)iu(b)i = w(ad(J, ,,) + bA(K,, ..))i.

PrOOF. Let h € S(t*t, uu*). Then t*thuu* = t*tuu*, t*t = t*th and uu* = huu*.
Since a € Ay (1mys (@)it*t = t*1(a)i = (a)i. Now
t(a)iu(b)i = t(a)it*thuu*u(b)i
= u*th(a)iu(b)i (by (4.1), since t*1 = t*th)
= tuu*h(a)iu(b)i.
Since (tuu*h(a)iu)m = (tu)7 and since = is idempotent separating, it follows that
tuu*h{(a)iu = tuu*h(a)iuk, where k = (tu)*tu.
Hence
t(a)iu(b)i = tuu*h(a)iuk(b)i
= tu(ku*h(a)it*tu)(k(b)iuu*k) (by (4.1), since u*u = u*uk)
= w(aA(J,, un) + bA(K 7 un))i-

Hence the result.

Let « be as above. Suppose x, y,z € S. Put e = (xyz)j*(xyz)j and f=
(yz)j*(yz)j. Then

(N N)) = () (y2) iy, 2)ei
= (xyz) j(x, yz)ai(y, z)ai
= (xyz) j(x, yz)aiefe(y, z)ai (since ef = e and (x, yz)aie = (x, yz)a)
= (xyz) j(x, yz)aie(y, z)aife (by (4.1), since f = fe)
= (x2) j((x, yz)a +(y, 2)ad(K, ,.))i;
where as
() INZ) = (xp)j(x, y)ai(z)
= (x)j(z)((x, y)ad(J,,,))i (using Lemma4.2)
= (2) j((xy, 2)a + (x, y)ad(J,, ))i.
Since (x7 )} (¥ X z/)) = () ¥/))(zj), Lemma 4.1 implies that
(x, y2)a + (. 2)ad(K, ,.) = (w, 2)a + (x, y)ad(J,, ).
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That is,
(v, 2)ad(K,,,) — (xp, 2)a + (x, yz)a — (x, y)ad(J,, .) = 0.

Hence a is a 2-cocycle by (3.2).

Suppose E’ = (T, #’, i) is another extension of A by S which is equivalent to
E=(T,n,i)and 6: T — T is an isomorphism such that =’ = 7 and aif = ai’,
foralla € 4. Leta’ = § X § — A be the cocycle induced by a sectionj’: § - T".
Since jln’ = j'w’, it follows from Lemma 4.1 that there exists a D(S);,-map
B: S — A such that xj8 = (xj")}(xBi’), for all x € S. It is easily seen that a — o’
= (B)d}. Consequently, the cohomology class of a does not depend on the
extension £ but only on the equivalence class [ E]. Hence we have a well defined

mapping
[El- (IEDZ :Ext(S, 4) » H¥(C, 4").

PROPOSITION 4.3. 2 is a homomorphism of abelian groups.

PrRoOOF. Consider two extensions E, = (T, m, i,), E;, = (15, m, i,) with sec-
tions j,: S = Ty, j,: S — T, and corresponding 2-cocycles a;: S X S - 4, a,: §
XS —>A. Let E, + E,=(T; + T,, 7, i) be the sum of E, and E,. If we define
Jj: S —> T, + T, by xj =(xj,, xj,) then j is a section and the 2-cocycle induced by
jis «; + a,. Therefore

((E)+[EDZ=([E + EDZ = [ay + 03] = [o] + [a]
= ([E.])=+ ([E.D=.

Hence 2 is a homomorphism.
THEOREM 4.4. £ : Ext(S, 4) - H*(C, A") is an isomorphism of abelian groups.

PrROOF. To show that £ is a monomorphism, assume that E = (T, 7, i) is an
extension of A by S such that ((E])2 = 0. Then there exists a sectionj: S - T
such that the 2-cocycle a induced by j is of the form a = (8)d} for some
D(S),map B:S — A. Now define p: S — T by (x)p = (x)j(~(xB))i. Then, for
x,y €S,

()u(y)u = (x)j(- (xB))i(») j(- (¥B))i
= () j[(x, )a = (x)Ba(4,.,) — (V)BA(K, ,)]i
(by Lemma 4.2)
= (x2)J(-(x»)B)i (since a = (B)d3)
= (o )u.
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Thus g is a homomorphism. Further, pm = 15. Hence E = (T, 7, i) is a split
extension of 4 by S and so, by Theorem 3.3 of Loganathan (1982), [ F] is the zero
element of Ext(S, A4).

To show that 3 is an epimorphism, let a: § X S — A4 be a 2-cocycle. Set

T,={(x,a):xE€S,a€A4,..}
and define a multiplication on T, by
(x,a)(y, ) = (3. (x, y)a + aA(J,,) + bA(K. ).

Using Lemma 3.1 and (3.2), it is easily seen that the above multiplication is
associative. The set E(T,) of idempotents of T, is

E(T,) = {(e,~ (e, e)a) : e € E(S)}.
If (x, a) € T, then, for each y € V(x),

(y’ (_ (yx, yx)a - (y’ x)a)A(Jyx,y) - aA(Jx,yKy‘y,xy))

is an inverse of (x, a). Hence T, is a regular semigroup. Define #: 7, — S by
(x, a)m = x. Then 7 is an idempotent separating homomorphism from 7T onto §
such that

(Kerw), = {(e,a):a€A4,}, e€E(S).
Definei: A — Ker 7 by
(a)i=(e,-(e,;e)at+a), a€A,.

Then E, = (T,, m, i) is an extension of 4 by S. If we define a section j: § — T,
by (x)j = (x,0,.,), x € S, then the induced 2-cocycle is a so that ((E_])2 is the
cohomology class determined by «. Thus Z is an epimorphism and hence an
isomorphism.

By Proposition 3.2, H*(D(S"), A') can be identified with its isomorphic image
in H*(C, A'). We next characterize the subgroup of Ext(S, 4) which corresponds
to HY(D(S'), A") under the isomorphism =.

An extension E = (T, 7, i) of A by S is called I-split if #|{IT: IT - IS is an
isomorphism of regular semigroups. If £ = (7, m, i) is an I-split extension of A
by S then any extension which is equivalent to E is itself I-split. Further, the
subset E(S, A) of Ext(S, A) consisting of all equivalence classes of I-split
extensions of 4 by S is closed under taking sums and inverses. Hence E(S, A)isa
subgroup of Ext(S, A).

THEOREM 4.5 (Loganathan, 1978). 2| E(S, A) is an isomorphism of abelian
groups from E(S, A) onto H>(D(S'), A").

We first prove the following lemma.
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LEMMA 4.6. Let w: T — S be a homomorphism from a regular semigroup T onto S
such that w|IT: IT — IS is an isomorphism. Let (m, 7). RP(T) - RP(S) be the
induced map, where RP(T') and RP(S) denote the set of all regular pairs in T and S
respectively. Then there exists a section (j,, j,) of (w, w) satisfying the following
conditions.

(i) If e € E(S), then ((e, e)j,,(e, e)j,) = (&, &), where € is the unique idempo-
tent of T such that em = e.

(i) If (y, ¥"), (x, x') are regular pairs in T such that (y, y') = (e, - - egx, x'e,
- - e,) for some E(S)-chain (ey,...,e,), withey = xx’ and e, = yy’, then

((ya y’)jl’(y9 y’)JZ) = (e.n U EO(X’ x’)jl’ (x’ x,)jZe_O T én)

ProoF. Consider the equivalence relation p on RP(S) defined by (y, y")p(x, x’)
if and only if (y, y") = (e, - - egx, x'ey - - - €,) for some E(S)-chain (e,,...,e,)
satisfying e, = xx’ and e, = yy’. (Note that (y, y")p(x, x’) if and only if [7, y, y’]
=[I, x, x’] in D(S”).) Let U be a transversal of p such that (e, ¢) € U for all
e € E(S). Define (j, j,): U~ RP(T) such that (e, e)j, = (e, e)j, = ¢ for all
e € E(S), and ((x, x")j,7,(x, x)jom) = (x, x") for all (x, x") € U. We extend
(J1» J») to RP(S) as follows. Suppose that (y, y’) € RP(S). Then there exists a
unique (x, x’) € U and an E(S)-chain (e,,...,e,), with e; = xx’ and e, = yy’,
such that (y, y') = (e, - - - eyx, x’ey - - - €,). We define

((y’ y,)jli (y’ y’)jZ) = (én o e—O(x9 x,)jl’ (x7 x,)jZEO e én)

Since # | IT is an isomorphism, the above map is well defined. It is quite obvious
from the definition of (j;, j,) that it satisfies (i) and (ii).

PROOF OF THEOREM 4.5. Suppose E = (T, m, i) is an I-split extension of 4 by
S. We must show that ((E])= € H?(D(S"), A'). To prove this, take any section
(J1» o) of (m,7): RP(T) —~ RP(S) satisfying (i) and (ii) of Lemma 4.6. Let
j S — T be the section of 7 defined by (x)j = (x, x*)j,, x € S, and let a’ be the
corresponding 2-cocycle so that [«’] = (E])Z. Define a : F, —» A' implicitly by

<[I, X, x’], [xlx’ y9 )”])ai = (xy, ylxl)jz(x’ x,)jl(y7 y’)jl’
{1, x, x'}, [x'x, y, y']) € X°. Then using Lemma 4.6 and the fact that € is the
identity element of the group (Ker =), it follows that a is well defined and
(a)d¥ = 0. We claim that (a)p¥ = «’, implying that ([a])¢3 = [a'] = ((E])Z. To
prove this take any x, y € S. Pute = x*x, f = yy*, and k = (xy)*xy. Then
(X, y)(a)q);l = (<Jl,x’ Jx,y>a + <J1,y’ KX.y>a)i
= (xp, ky*hx*) j(x, x*) ji(ey, ky*h) j,
X (yk’ ky*)jZ(y’ y*)j](/k’ k)j],
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where h € S(e, f). Now by Lemma 4.6,

(xy, ky*hx*) jo = (xy, (ap)*) ol x, x*) s (x, x¥) jy

and

(ey, ky*h) j, = eh h hf (yk, ky*) j, = &f (yk, ky*) ji.

It follows that

(x, y)(@)o3i = (xp, (xp)*) jo(x, x*) ji( ¥, y*)jr = (x, y)ei.

Hence (a)p} = o'.

Next suppose [a] € H*(D(S'), A') C H*(C, A") and let « be a representative
of [a]. Then (x, y)a = 0 for all x, y € IS. It follows that the associated extension
E,=(T,, m, i) is I-split and ([ E,DZ = [a].

ReMARK. If S is an inverse semigroup then every extension of 4 by S is I-split.
Hence E(S, A) = Ext(S, A) and 2| E(S, A) = Z. In this case, Theorem 4.5 is
equivalent to Theorem 7.4 of Lausch (1975).

5. The group H'(D(S”), 4')

In this section we interpret the group H'(D(S'), A') in terms of automor-
phisms of extensions. We begin by describing the group H'(D(S'), A"). Since
Hom ,51(C,, 4') = Hom ) (S, A), a l-cocycle B can be considered as a
D(S)y-map B: S ~ A4 such that

(5.1) (¥)BA(K, ) — (xy)B + (x)BA(J,,) =0,

for all x, y € S. Since Hom p, 5/(Cy, 4') = lim , . A4, a 1-cocycle B: S — A is a

D(IS)
coboundary if and only if there exists a ¢ in h(r_n D IS)A such that
(52) (x)B = (x*x)o — (xx*)oA(J,,- ),

for all x € S. Hence H'(D(S'), A’) is the group of all D(S),-maps satisfying
(5.1) modulo the subgroup of all D(S),-maps satisfying (5.2).

Let E = (T, m, i) be an extension of 4 by S. Let Aut E denote the group of all
automorphisms 8 of T satisfying @7 = 7, and aif = ai for all a € A. For each

6 E liPD(,s)A define §,: T —» T by

(5.3) (1)0, = 1(tm)Bi,
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where 8: S — A is the 1-cocycle defined by (5.2), 8, is a homomorphism because
(1)6,(u)8, = t(x)Biu(y)Bi
= t((x)BA(J,,) + (¥)BA(K, ,))i (byLemma4.2)
= tu(xy)Bi (since B is a cocycle)
= tu(tu)mBi
= (tu)8,,

where x = t7 and y = um. Clearly 8,7 = =, and (a)if, = (a)i for all a € A.
Hence 6, is an automorphism of T and 6, € Aut E. Let

V= [00: o € lim A}.
D(IS)

We now will define a map 7n:Aut E - Z(D(S?), A"), where Z,(D(S'), A"
denote the group of all 1-cocycles. Let § € Aut E. Since 7 = 7, by Lemma 4.1
we can associate with each 7 in T a unique element a, in A4, such that
t0 = t(a,)i. If tm = um then a, = a,. Hence we obtain a D(S),-map B:S — 4
such that (tw)8 =a,,t € T. If t, u € T then it follows from Lemmas 4.1 and 4.2

that
a,,= a,A(J,, ) + a,A(K

Hence B is a cocycle. We associate with 8 the element (8)n = 8. Clearly 5 is a
homomorphism of groups.

7 UT I‘n,uﬂ)'

THEOREM 4.6. Let E = (T, m, i) be an extension of A by S. Then the homomor-
phism
n:Aut E > Z,(D(S'), 4')
induces an isomorphism

(Aut E) |V = H'(D(S"), 4').

PrOOF. If B: S — A is a 1-cocycle then the map 8 : T — T, defined by (¢)8 =
1(tm)Bi, is a homomorphism by Lemma 4.2. Further 76 = = and (a)if = (a)i for
all a € A. Hence @ € Aut E. Obviously (8)y = B.

It is easy to see that 8§ € V if and only if (8)n is a coboundary. Hence
H'(D(S"), A") is isomorphic to the quotient group (Aut E) | V.
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